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The CoNnTEN Ts of the Third Book. 


H E Third Book is an Analyſis in Species of the choiceſt of Dio- 

phantus's much admired Queſtions concerning Squares, Cubes, 
and right-angled Triangles in rational numbers , with other Que- 
ions of like nature. To which i alſo added a brief Expoſition 
upon Monſieur Fermat's Analytical Invention, -— _ to Monſieur Ba- 
chet's Comment upon Diophantus, Printed at Toloze, Ann. 1670. The 
number of Queſtions in the Third Book is 130. 
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The Cours of the Fourth Book. 


T HE Fourth Book is an Introduction to Mathematical Reſolution and Com- 
poſition ; where, the excellent uſe of the _Algebraical or Analytical 
Wy Art is evidently ſhewn , both in finding out the Solutrons of Geometrical Plane 
| Problems, ( viz. of ſuch whoſe Delineations require only t dr awing of Right 
and Circular lines; as alſo in diſcovering Synthetical Demonſtrations from 
the Analytical teps, to prove the truth of thoſe Solutions by a Series of Con- 
ſequences deduced altogether from things really given or granted. All which 
are clearly expounded , and copiouſly exemplified both Geometrically and Arithme- 
tically , 4 4 choice Collection of uſeful and delightfull Problems, The Fourth 
Book is divided into Ten Chapters, the Contents whereof are theſe, viz. 


Cu ar. 
7 I. The Explication of Characters, &c. 


2. The Explication of Axioms. 
3. The Explication of Definitions concerning the uſual ways of 


| arguing to deduce one Analogy from another. 
4. Various Fundamental Theorems demonſtrated. 
| 5. A Collection of Canonical Geometrical Effections. 
| 6. Algebraical Fractions Geometrically expounded. 
| 4 Four Claſſes of Examples of the Reſolution and Compolitib# of 
9. Plane Problems. | 
10. 


MEI Faults 


Faults to be Correfied in the Third and Fourth Books , 
before they be read. 


Faults, thus to be Corrected. 


part , pair, : 

To the given difference 60, | The given difference is 60. 
adding 2, adding 3. 

Chapt. Book. 


8 upon the fourth Book, upon Queſt. 2. Book IV. 


244 g 244 
723 729 


16098918400 , 160989184000 , 
right-angle , right line. 

leſſer, 

26, 

30, 40. 

and the extremes of, of the extremes and. 
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ALGEBRAICAL ARI. 
BOOK III. 
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Mong all the Writers upon the Algebraical Art, there hath none 
been hitherto known more antient, nor any more famous for 
ſhewing the admirable force of that Art in ſolving Arithmetical 
Problems, than Diophantus of Alexandria, who lived, (as Authors 
compute,) above thirteen hundred years ago. He wrote thirteen 
Books of Arithmetick, and one concerning Aultangular numbers 
but of thoſe thirteen, ſix only are extant, which contain two hundred 
and eight Queſtions, many of which are ſo knotty and abſtruſe, 
| that they can hardly be folved without the help of Diophantus 
his peculiar Method; whoſe Speculations are ſo ſublime, that where there ſeems to be 
an impoſſibiliry of finding out a fingle Anſwer to a Queſtion , he ſhews how to find our 
innumerable Anſwers in rational { or ordinary ) numbers. Now to give the ingenious 
Reader of theſe Elements a delightful Proſpect of the rare Inventions of that Prince of 
Arithmericians , I have with no ſmall labour framed this Third Book, and therein explain'd 
the Reſolutions of the hardeſt and choiceſt of his Queſtions, in the ſecond, third, fourth, 
fifth and ſixth Books of his Arithmetick before- mentioned; as alſo of divers other ſubtil 
Queſtions invented upon his grounds by Yieta, Bacher, (the beſt Commentator hitherto 
upon Diophant us,) Fermat and others; among which alſo divers Queſtions of my own 
are inſerted, ro wit, thoſe which haye no citation referring to any Author: 

Note, That A ſtands for the word Triangle, and U for a Square munber; but as to 
the reſt of the Characters uſed in this third Book, they have already been explain'd in 
Chap. 1, Book 1. of theſe Elements. 


QUEST. 1. (This is the gth of the ſecond Book of Diophantuu.) 
To divide a given ſquare number into two Squares, 


RESOLUTION I. 


1. Let the ſquare number given to be divided be. 16 1 
2. "The Root or (ide thereet i „ 4 | ;4 
3. For the Root or (ide of the firſt of the two Squares fought put 4 125 
4. Therefore the firſt Square iss [ 44 2 
5. And conſequently, (by the firſt and fourth ſteps,) the ſecond 6 
Square muſt be equal tio 8 + "Wage 
6. Now let the fide of the ſecond Square be feigned to be. .> 24—4, or 4 —24 
7. Thetefore the Square of the ſaid feigned fide is . , . 44 — 164-16 
8. Which Square muſt be equal to 16=a-in the fifth ſtep, hence tliis following Equation 
ariſeth, vic. ö 5 1 : | : . 
1 444 164 ＋ 16 = 16—44; | | 
| 18 A 9. From 
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9. From which Equation, after due Reduction, the ſide of the firſt 8 
Square will be made known, vi 4M. 
10. And by the ninth and ſixth ſteps, the (ide of che ſecond Square 


—— a 
will likewiſe be diſcovered , vids. 5 % 


So the ſides of the two Squares ſought are found 4 and +} ; which will ſolve the 
Queſtion, for the Square of ** is 32, and the Square of +4 is 42%, both which Squares 
added together make 25, that is, 16; as was required. 

Note. That which is moſt remarkable in the foregoing Reſolution of Diophantus, is, 
his ingenious and peculiar way of feigning the fide of a Square to be equated to 16 — 4s 
in ſuch manner, that after the Equation is duely reduced, the number repreſented by 4 will 
neceſſarily be Rational. Now becauſe he makes great uſe of the like manner of feigning 
the ſides of Squares to be equal to Algebraical quantities, in reſolving divers hard Queſtions, 
(as will copiouſly appear in this third Book,) the Learner muſt endeavour to be very well 
acquainted with the ſaid Method; for his caſe therefore 1 ſhall explain ic in the following 
Obſervations. 


Obſervations upon Queſt, 1. 


1. Concerning the feigned ſide 24 — 4 in the ſixth ſtep of the foregoing Reſolution, 
it may be asked, why — 4, and not — 5, —6, or ſome other number? to this I anſwer, 
There is a neceſſity that this number be alwayes the ſide of the Square given to be divided 
into two Squares; ſo Diophantus feigns the ſecond (ide to be 24 — 4, ( 4 being the fide 
or ſquare Root of 16 the given Square, ) to the end that in the Square of 24 — + there 
may be found the Abſolute number 1 6, to wit, the Square given to be divided; for then 
the Square of 24 — 4 being equated to 16 — 44, (as in the eighth ſtep of the Reſolution, 
there will be found E16 on each part of the Equation , whence by ſubtracting x 6 from 
each part, there ariſeth 544 = 164; and conſequently each part of this Equation being 
divided by a, the Quotients give 54 = 16 , wherefore 4 = 4. 

2. One of the parts of the ſaid feigned ſide of the ſecond Square muſt (in this 2xeft. 1.) 
neceſſarily have the ſign — prefixt to it; ſo Diaophantus feigns the ſaid ſecond (ide to be 
24—4 , for if it were 24-4, all the parts or terms of its would be Affirmative, 
and conſequently no poſſible Equation would ariſe ; as will eaſily appear by comparing 
the Square of 24 ＋ 4, that is, 44a f 164 ＋ 16 to 16 — a4, Whence 344 þ- 164 = ©, 

3. The Learner may alſo demand, why in the ſixth ſtep of the foregoing Reſolution, 
the ſide of the ſecond Square ſought is feigned to be 24 — 4, or 4—24, and not 4— 4, 
or 4—4, viz. why is 2, and not 1 or ſome other number prefixt to 4 ? to this I anſwer, 
If the (ide of the firſt Square ſought be aſſumed or ſuppoſed to be 4 or 14, (as it is in the 
third ſtep of the Reſolution,) then the (ide of the ſecond Square cannot be a — 4, or 4 — 4, 
as will be evident by a due proceſs upon that ſuppolition ; for the Square of 4 — 4, or 
4 — 4, that is, aa — 84 - 16 being equated to 44 — 16, there will ariſe, after due Re- 
duction, a = 4, and conſequently, a — 4, or 4 — 4, Which was put for the ſecond Square, 
will be equal to nothing: The like abſurdity will follow as often as the numbers prefixt, 
ro 4 in the feigned ſides of the two Squares ſought are equal to one another, viz. it the 
Grſt {ide be feigned to be 54, and the ſecond 54— 4, or 4—54; or if the firſt ſide be 84, 
and the ſecond *4a — 4, or 4 — 84, &c. from ſuch ſuppolitions a fruitleſs Equation will 
enſue, for the (ide of the ſecond Square will be found equal to nothing. Now fur the 
avoiding of ſuch abſurdity, the Learner may take this for a Rule, (the reaſon whereof will 

hereafter appear by Obſervar. 1. of the following Reſolut ion 2. of this Queſt. 1.) Let 
the numbers prefixt to à in the feigned ſides of the two Squares ſought be any two unequal 
numbers, viz. it a or 14 be put for the firſt (ide, the ſecond may be 224, or :4—4, &c. 
Again, it we put 34 for the firſt ſide, the Square thereof will be gas ; and conſequently 
becauſe the Square given to be divided into two Squares is 16, the ſecond Square ſhall be 
equal to 16 — ga, whoſe (ide we may feign to be 24 — 4, or 4 — 2 4, the Square whereof 
is 444 — 1642 ＋- 16 this æquated to the ſaid 16 — gas, gives atter due Reduction 
a 1, therefore 34 which was put for the fide of the firſt Square ſhall be 724, and 
4 — 24 which was put for the ſide of the ſecond Square will be found £2, and conſequently, 
the two Squares ſought ſhal] be 2425 and $23 , whoſe ſumm makes 16, as the Queſtion 
requires. 

In which laſt Example (which is worthy of the Learner's obſervation) it happens, that 
in reſolving the Poſitions, the ſecond (ide is expounded by 4 — 24, not by 24 — 4, although 


the 


1 _ 
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8, Which ſumm muſt be equal to the given Square dd, 
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the Reſolution be juſtly formed from either of them; for the Square 44a — 164 ＋- 16, 
whiles 4 is unknown, may have for its {ide either 24 — 4, or 4 — 24, and which ſo ever 
of theſe ſides be feigned, the ſame Equation will ariſe to find out the number a, which, after 
it is diſcovered, is to be compared to ſuch of thoſe two feigned ſides as will produce a number 
greater than nothing; ſo the number à being before found out to be 14, it is manifeſt that 
24—4 is leſs than nothing, but 4 — 24 gives 23, which is the true fide of the ſecond 
Square. So likewiſe in the Example of Diophantus, the ſide of the ſecond Square cannot 
be expounded by 4 — 2, (although the value of 4 may be rightly found out from that 
ſuppolition, as well as from 24 — 4 ;) for 4 being found equal to 14, the laid 4 — 24 is 
leſs than nothing. 

4+ Here I ſhall recommend to the Learner one general Obſervation, viz. The principal 
ſcope in feigning the ſide of a Square to be equated to ſome Algebraick Quantity wherein 


the higheſt unknown Power is 44, muſt be to feign the ſaid fide in ſuch manner, that aftet 


due Redudion, either the Abſolute numbers may vaniſh, and conſequently an Equation 
remain between ſome number of 44, and ſome number of 4, whence by Diviſion the 
oumber à will neceſſarily be Rational; or elſe, (as hereafter will fully appear in this Book,) 
that 44 may vaniſh out of each part, and conſequently an Equation remain between ſome 
number of 4, and ſome Abſolute number; hence alſo the number à will be Rational, 

Having explain d Diophantus his Reſolution of 2zeft. 1. by Numeral Algebra, I ſhall 
in the next place reſolve the ſame by Literal Algebra, whence divers uſeful Canons will 
be brought to light. | | 


RESOLUTION 2. of 9neft. 1. which is here repeated, vix. 
To divide a given ſquare 'number into two Squares: 


1. For the fide of the given Square pur: 2 5 
2. Therefore the ſaid Square is if 


3. Take any two unequal numbers, ſuppoſe s the 
greater, and » the leſſer, (which 7 and # are to be 
uſed inſtead of the numbers prefixt to 4 in the fore- ra 
going Reſolution , ) then tor the ſide of the firſt 

uare ſought „„ © +0. ++ as 

4. And for the ſide of the e > 4 — d, or, 4 — 514 

5. Therefore, from the third ſtep, the firſt Square is Þ 7ra4 

6. And from the fourth ſtep, the ſecond Square is . Þ 3544 — 2:54 dd 

7. Therefore the ſumm of thoſe Squares is r 154a-+-rraa — 2544+ dd 


hence this Equation ariſeth, vg. naa - rraa—254a - dd = dd 


9. Which Equation, after due Reduction, gives .5 4 = _23d _ 
10. Therefore out of the ninth and third ſteps, the ſide 88 rr 
of the firſt Square ſought is now made known, for 2784 


£ 


it is equal to 1 rr 


11. And from the ninth and fourth ſteps the ſide of 4 224. — rd 


ſecond Square is alſo known, for it's equal to 3s ＋ rr 
Obſervations upon the preceding Reſolution 2. of Quelt. i. 


1. The eleventh ſtep of the ſaid Reſolution diſcovers that the known numbers + and - 
muſt be unequal, to the end the difference of their Squares may be greater than nothing. 
2. After the number à is made known, (as in the ninth ſtep,) it will be manifeſt that the 
ſide. of the ſecond Square is td be expounded by 5z — d, not by d— 3a; for ſince 4 


is found equal to MR... (as appears by the ninth Rep of Reſelut. 2.) it follows that 
—— and 4 — 34 = Pn which is leſs than nothing, for 5 is greatet 


than v by ſuppoſition: But whiles 4 is unknown, the fide of the ſecond Square inay be 
feigned 4 — 54 as well us 4 — 4, for each of theſe produceth the ſame Square 5544 — 

2 34a |= dd. WF: | 
3. The lide of the firſt Square may be feigned 54, and the (ide of the ſecond rs d, ot 
d — ra, for from theſe Poſitions the true lides of the two Squares fought will be found 
A 2 the 
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the ſame as before are expreſt in the tenth and eleventh ſteps of Neſolut. 2. but in this 
latter way of feigning the ſides, the (ide of the ſecond Square will be expounded by 4 — ra, 
not by xa — d, for this will be found leſs than nothing. | 

4. The tenth and eleventh ſteps of the foregoing Reſo/ution 2. give this 


CANON. 


Take any two unequal numbers; multiply ſeverally the double of the Product of their 
multiplication, and the difference of their Squares by the (ide of the given Square; laſtly, 
divide thoſe Products ſeverally by the ſumm of the Squares of the two numbers firſt taken, 
and the Quotients ſhall be the ſides of the two Squares ſought, 


An Example in Numbers. 


Let the fide of the given Square be 4, then take two unequal numbers at pleaſure , as 
x and 2; the double Product of their multiplication is 4, the difference of their Squares 
is 3 , then by multiplying the ſaid 4 and 3 ſeverally by 4, (the ſide of the given Square,) 
the Products are 16 and 12; theſe divided ſeverally by 5, (chat is, by the ſumm of the 
Squares of 1 and 2 the numbers firſt taken, ) give the Quotients *$ and , which are 
the ſides of the two Squares ſought , for the Squares of 4$ and 2+ added together make 16, 
which was given to be divided into two Squares. 

5. For as much as (by Prop. 47. Elem. 1. Euclid. ) when a Square is equal to two 
Squares, the ſides of thoſe three Squares will make a righi- angled Triangle, the preceding 
Lueſt. 1. may be thus ſtated , viz. 

A Rational number being given for the Hyporhenuſal of a right-angled Triangle, to find 
Rational numbers to expreſs the Baſe and Perpendicular, vic. the ſides about the right-angle, 

This may be ſolved by the preceding Canon; for if d be put to repreſent the given 
Hypothenulal , and 7 and r any two unequal numbers, » being the leſſer , theſe three fol- 
lowing numbers will conſtitute a right-angled Triangle having 4 for its Hypothenulal, viz. 

Hypothenuſal , Baſe, Perpendicular. 
4 an bmen -vrd 2 rsd 
, $5 ＋ rr . 4 r 

6. Moreover, if thoſe three ſides of a right-angled Triangle be ſeverally multiplied 
by the Denominator 4. E rr, the Products ſhall alſo be the ſides of a right-angled Triangle, 
to wit, theſe following; 

- Hypothen, Baſe, Perp. 
d- rrd , 46d —rrd b zrad. 

7. And by dividing every one of the three ſides laſt expreſt, by their common Factor 4, 
the Quotients will give theſe three following ſides of a right-angled Triangle, wiz. + 
Hypothen, Baſe, Perp. 

A ry N $5 — rr ; 274. 

8. Which three ſides laſt above expreſt are in words the following uſeful Canon, to form 

a right-angled Triangle in numbers by the help of any two unequal numbers given. 


CANON. 


Take any two unequal numbers, (ſuppoſe 5 the greater, and » the lefler,) then the ſumm 
of their Squares ſhall be the Hypothenuſal , the difference of the ſame Squares ſhall be 
one of the ſides about the right-angle , and the double Product of the multiplication of the 
ſaid two numbers, the other fide. 

The Prof of this Canon. 
The Square of 55 {rr is znr, 
The Square of r is „ rA, 
The Square of zr is T 4er. 


The firſt of thoſe three Squares is manifeſtly equal to the ſumm of che other two, and 
therefore the ſides of thoſe three Squares, if they be expreſt by numbers, ſhall be the meaſures 
of the ſides of a right-angled Triangle. 


An Example of the ſaid Canon in Numbers. 

Take two unequal numbers at pleaſure, as 1 and 2; then the ſumm of their Squares is 5 
for the Hypothenuſal, the difference of the Squares of the ſame two numbers is 3 for the 
Baſe, (that is, either of the ſides about the right-angle,) and the double Product of the two 

numbers 
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numbers is 4 for the Perpendicular; but that the numbers 5, 3, 4 may be taken for the | 
meaſures of the ſides of a right-angled Triangle is evident, for the Square of the firſt is 
equal to the Squares of the two latter. 


9. Three Corollaries deduced from the laſt preceding Canon. 


Firſt , in every right-angled Triangle in ſuch whole numbers which are Prime between 
themſelves, the ſumm of the Hypothenuſal ( + rr) and (275) one of the ſides about the 
right-angle is a ſquare number, to wit, (= Er- 275) the Square of the ſumm of (and -} 
the two numbers by which the ſaid Triangle may be formed according to the laſt preceding 
Canon. | 

Secondly , the ſumm of the Hypothenuſal ( + rr) and (5s — 77) the other of the ſides 
about the right-angle is the double of a ſquare number, to wit, the double of (35) the 
Square of ( 5) the greater of the two numbers by which the Triangle may be formed; 
And the exceſs of the Hypothenuſal ( 5s rr) above the ſaid fide (r — 77) is the double 
of the Square of ( 7 ) the leſſer of the ſame two numbers; therefore, 

Thirdly, the three ſides of any right-angled Triangle in ſuch Rational whole numbers 
as are Prime between themſelves being ſeverally given, we may find two whole numbers 
by which the ſaid Triangle may be formed according to the Canon in Obſervat. 8. As, 
for example, to find two numbers to form theſe three ſides of a right-angled Triangle, 
to wit, 65, 3 3, 56, (which are Prime between themſelves, for they have no common Diviſor 
but Unity,) I add the Hypothenuſal 65 to 33 and 56 ſeverally, and it makes 98 and 121; 
which latter ſumm is à Square, and therefore ( per Coroll. 1.) its Root 11 is the ſumm of the 
two numbers ſought, and the firſt ſumm 98 is the double of the Square 49, whoſe Root 7 
ſhall be the greater of the two numbers fought, 6 per Coroll. 2.) laſtly , by ſubtracting 7 
from 1 1, the Remainder 4 is the leffer number ſought ; whence I conclade, that the right- 
angled Triangle propoſed may be formed out of 7 and 4 , for the ſumm of their Squares 
makes the Hypothenuſal 65; the difference of the ſame Squares is 33 one of the ſides about 
the right-angle, and the dGuble Product of > and 4, to wit, 56 is the other ſide. 

10, From the rwo preceding Canons (in Obſervar. 4, and 8.) another may be deduced 
to ſolve Queſt. 1. viz. to divide a given ſquare number into two Squares; or a Rational 
number being given for the Hypothenuſal of a right-angled Triangle, to find the Baſe and 

Perpendicular in Rational numbers. 
. CANON. 


By the foregoing Canon in Obſervat. 8. let a right-angled Triangle be formed out of 
any two unequal numbers, and call this Triangle the firſt , then it ſhall be, as the Hypo- 
thenuſal of the ſaid firſt Triangle is to its Baſe , ſo is the given Hypothenuſal of a ſecond 
Triangle deſired to its Baſe ; and as the Hypothenuſal of the firſt Triangle is to its Per- 
pendicular , fo is the Hypothenufal of the ſecond to its Perpendicular. 


An Example in Numbers. 


Let it be required to find the Baſe and Perpendicular of a right-angled Triangle in 
numbers whoſe Hypothenuſal ſhall be 7. 


Firſt, by the Canon in Ob/ervar. 8. I form a right-angled 4 5.4 
Triangle in numbers, as. 1 , a l 
_— by = n * _ 4; * 8 * * —_— 0 
Likewiſe 5+ for the deſired Perpendicular , thus, . „ 5 4 3: 7 » 57 
Therefore 7, 4+, 51 will conſtitute a right-angled Triangle whoſe Hypothenuſal is 7, 
as was deſired. | 
11. After the ſame manner, as many right-angled Triangles in numbers as ſhall be 


defired may be found out , which ſhall have one common — ry given: As, for 
example, it three right-angled Triangles in Rational numbers be deſired, that 2 may be 


a Hypothenuſal to every one of them, they may be found out thus; 


Firſt, by the Canon in the foregoing Obſervat. 8. let = 1 


I i — > $6 ** 
right-angled Triangles be formed, ſuppoſe theſe, . . « +» 


==. 
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Then by the Rule of Three, the Baſes and Perpendiculars of the three right-angied 
Triangles ſought may be found out thus; | 


L233 - 5 


NH 0 8 vv 


BOT 13 

ah $2 12 111 (Perp.) 
II = „ ie nd oa ras) 
b „ 12 ( Perp.) 


Whence the deſired ſides of the three right-angled Triangles having 2 for a common 
Hypothenuſal are found to be thele , vis. 


Hypoth. Baſes. Perp. 
2 I 5 | II 
2 13 173 
2 . 


12. But note well, that in the ſearch of the Triangles laſt mentioned, the preparator 
right-angled Triangles firſt found out by the Canon in the preceding Ob ſervat. 8. mu 
not be like, (that is, ſuch as have proportional Sides,) for it will not be difficult to apprehend, 
that if from them, other — be deduced by the Rule of Three in ſuch manner as 
before hath been ſhewn , there will be but one right- angled Triangle found out, when many 
are deſired to have a common Hypothenuſal : That your labour therefore may not be 
in vain , the ——, right - angled Triangles muſt be unlike; to which end they muſt 
be formed from pairs of numbers ex different Reaſons, and ſuch, that the two num- 
bers by which any one of the preparatory Triangles is formed, muſt not be in ſuch pro- 
portion to one another as the ſumm is to the difference of two numbers by which any other 
of the preparatory Triangles is formed, As, for example, if a righi-angled Triangle 
be formed from 1 and 2 , then another right-angled Triangle muſt not be tormed from 
2 and 4, 3 and 6, &c. becauſe each of theſe pairs of numbers expreſſing the ſame Reaſon 
3 1 and 2 will produce a right-angled Triangle like to the firſt, nor from 3 and 1, 
6 and 2, Ce. becauſe 3 having ſuch proportion to 1, likewiſe 6 to 2, as the ſumm of 
x and 2 to their difference, thoſe pairs alſo will produce right-angledTriangles like to the firſt. 
But that two right-angled Triangles formed from pairs of numbers expreſſing the ſame 
Reaſon, or from two ſuch pairs, that one number of the one pair hath ſuch proportion 
to its yoak-fellow , as the ſumm of the two numbers of the other pair hath to their dif- 
ference, are like, i prove thus; 

Firſt , let a right-angled Triangle be formed from two? Hyp. Baſe, Perp. 
numbers s and v, ſo the three ſides will be theſe, vic. S n , ur, 257 

Then let a ſecond right-angled Triangle be formed 
from ds and dr, which have the ſame proportion to = dais + dd, ddrs - darr , 2 ddr 
another as s and 7; ſo the three ſides will be theſe, vic. 

Again, let a third right-angled Triangle be formed 
from Y and 5 — y, viz. the ſumm and difference 
of the two numbers by which the firſt Triangle was 27, 4, 2 — 277 
formed, ſo the three ſides will be theſe, vid. 


Now I ſay, that the ſecond Triangle is like to the firſt, for the ſides of the ſecond 
are the Products of the ſides of the firſt multiplied by the common Factor 4d. The third 
Triangle is alſo like to the firſt, for the ſides of the third are the doubles of the ſides of the 
firſt, and conſequently Proportionals to them, but in this order, viz. As the Hypothenuſal 
of the firſt is to its Baſe, ſo is the Hypothenuſal of the third to its Perpendicular , and, 
As the Hypothenuſal of the firſt is to its Perpendicular , ſo is the Hypothenuſal of the third 
to its Baſe. . 

13. By the help of the preceding Canon in Obſervat. 8. as many right-angled Triangles 
in » ar 5 dow - {hall be defired? and which ſhall have a — n = 
be found out in manner following, vis. 

Let it be required to find out three tight-angled Triangles in whole numbers, which ſhall 
have one common Hypothenuſal. ; 


Firſt, 


-_ 
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Firſt by the Canon in the foregoing Obſervar. 8. with. reſpectꝰ 5 


alſo to the N?re in the laſt preceding Obſervation, let three unlike 13 . / 2 
right · angled Triangles be formed, ſuppoſe theſe, . . > bY '. 64 + 8 


Secondly , multiply ſeverally the three ſides of the firſt Triangle 
5, 3» 4, by 221, that is, the Product of the ſecond and third Hy- „„ 
pothenuſals 13 and 17; ſo the three Products ſhall be the ſides 1105 663,884 
of a right-angled nge, town, . co co „„ „„ „ 

Thirdly , multiply ſeverally the three ſides of the ſecond right- 
angled Triangle 13,5, 12, by 85, that is, the Product of the firſt 
and third Hypothenuſals 5 and 17; ſo the three Products ſhall ET » $355 1026 
the ſides of this _— Triangle, viz . o cad 

Laſtly , multiply ſeverally the three ſides of the third right- 
angled Triangle 17, 1 5, 8, by 65, that is, the Product of the firſt and 4 | 
ſecond Hypothenuſals 5 and 13 fo the three Products ſhall be alſoc 597552 
the ſides of a right-angled Triangle, to wit, . . «. . . . 


From the premiſſes it is manifeſt that three right-angled Triangles are found out in 
Whole numbers, having 1105 for a common Hypothenuſal , and by the ſame Method you 
may find out as many as you pleaſe. 


14. But the ſmaller the numbers are that expreſs the ſides of thoſe preparatory right- 
angled Triangles the better, and therefore I think it not amiſs in this place to thew , how 
to find out all the unlike right-angled Triangles in whole numbers orderly enumerated, 
according as their Hypothenuſals increaſe in greatneſs, ſo , as that the greateſt Hypo- 
thenuſal may not exceed a given number, ſuppoſe 180: To which end, 

Firſt, I extract the ſquare Root of 180, and find it falls between 13 and 14, and 
conſequently a right-angled Triangle formed from 14 and 1, will have its Hypothenuſal 
greater than 180; therefore all the pairs of whole numbers, which haye the greater 


, number of each pair, cither 1 4 or greater than 1 will be unfit for our pteſent ſearch. 
ai 


Secondly , 1 ſubtract 169 the Square of the ſaid 13 from 1 80 the given limit, and the 
Remainder is 11, Whoſe ſquare Root falls between 3 and 4; whence tis evident that 
a right-angled Triangle formed from 13 and 4 will have a Hypothenufal greater than 180, 
but 13 and 3 will give an Hypothenuſal leſs than 180; and therefore I proceed to make 
an orderly choice of pairs of whole numbers, from the firſt pair 2 and 1, until I come 
to 13 and 3 incluſive, and no farther , in'th& manner, vis. EE. 

Thitdly, I write in the firſt Column of the following Table a Series of whole numbers 
proceeding from 1, according to the natural order of numbers, as, 7, N 3, 4» 5, Cc. 
then at the top of the ſecond Column I fer 2 and 1 for the firſt pair, that done, | combine 
every number following or ſtanding underneath 2 in the firſt Column, with every one of 
the numbers that ſtands above ſuch following number, except in theſe ws Caſes, viz. 
Firſt, when two numbers ſo combined are ſuch, that their ſumm and differente have the 
ſame proportion to one another as the two numbers of any pair already ſet ih Column 2. 
then the two numbers ſo combined are to be caſt out of Column 2. As, for example, 
becauſe the ſumm of 3. and 1, to wit, 4; is to their difference 2, as 2 to 1, which 2 and 1 
make the firſt pair already ſet in Column 23 1 omit the writing of the pair 3 and 1 in the 
ſecond Column: And for the ſame Reaſon the pair 5 and 1 is not infcrted in the ſecond 
Column, for the ſumm of 5 and 1, to wit, 6, is to their difference 4, as. 3 to 2, which 
3 and 2 made the ſecond pair before written in Column 2. and in like manner all other 
pairs cauſing that effect are to be excluded out of the ſecond Column. Again, when 
two numbers combined as aforeſaid happen to be in the ſame proportion as the two numbers 
of any pair already ſet in the ſecond Column, then alſo the two numbers ſo combined 
are to be excluded out of the ſaid Column 2; ſo 4 and 2 having the ſame Reaſon as the 
firſt pair. 2 and 1, are not inſerted in the ſecond Column: the reaſon of excluding all pairs 
in thoſe two Caſes is, tor that they would produce right-angled Triangftes like co others 
before produted, which is contrary to the import of the Propoſition. So at length 
1 find only thirty-two pairs of numbers that are fit to be inſerted in the ſaid ſecond Column. 

Fourthly , from every one of thoſe thirty-rwo pairs of numbers in the ſecond Column, 
(che laſt of which pairs is 13 and 2,) I form a right-angled Triangle (by the Canon 
in the foregoing Ob ſervat. 8.) and inſert thoſe Triangles into Column 3, among whictr 
I find five, to wit, thoſe formed from the pairs ro' and 9; 14 and 8 11 os 3 
12 ad 7: 


* 
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12 and 7; and 12 and 11, whoſe Hypothenuſals exceed 180 the preſcribed limit, and 
therefore 1 caſt away thoſe five Triangles, and transferr the reſt, which are 27 in multitude, 
into the fourth Column, in ſuch order as the Hypothenuſals do increaſe in greatneſs. 
So 27 unlike right-angled Triangles are found out , which are all that can be given in whole 
numbers, ſo as that the greateſt Hypothenuſal may not exceed 180, as was required. 
But for further illuſtration of the premiſſes view the following Table. 


A Table whoſe fourth Column contains 27 unlike right-angled Triangles in numbers; 
orderly enumerated according as their Hypothenuſals zncreaſe in greatneſs. 


D ii 
5. 3. 4 5. 3» J. 3+ 4 8 
it. $o 26 „ . 22jrs 
7. 1. ELSE 
. 7. 7. 3 8 
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61. 11. Go| 53. 45+ 23] 61.11. 6024 
53. 45. 28] 61. 11. 60 
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85. 13. 84] 65. 63. 16] 85. 13. 84128 
65. 63. 16] 73. 55. 48 
73 55. 48 85. 13. 84 
. 39. 8c| 85. 77. 36 
113. IF .T12] 89. 39, Scft13, 152112582 
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2311, 2125.117. 44145143. 24 
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15. By inſpecting the preceding Table we may perceive that the unlike right · angled 
Triangles in Column 5. which are formed from 2 and 1; 3 and 2 4 and 33 5 and 4; Oc. 
viz, from pairs of ſuch whole numbers as differ by Unity, have theſe properties, namely; 

Firſt , their Baſes 3, 5, 7,9, 11,13, Cc. which you ſee ſtanding under B in the Bath 
Column are in an Arithmetical Progreſſion proceeding from the Baſe 3 of the Primitive 
right-angled Triangle 5, 3, 4 by the common difference 2. 

Secondly , if an Arithmetical Progreſſion be formed from 8 as the firſt and leaſt Term, 
and the common difference of the Terms be 4 ; as this Progreſſion 8, 12,16, 20, Cc. 
( which is placed in the laſt Columel of the Table,) then 8 the firſt Term added ro the 
firſt Hypothenuſal 5, makes the ſecond Hypothenuſal 13 ſtanding under H in the fifth 
Column ; alſo 12 the ſecond Term of the ſame Progreſſion added to 1 3 the ſecond Hypo- 
thenuſal , gives 25 the third Hypothenuſal in the ſame Column; and 16 the third Term 
added to 2 5 the third Hypothenuſal, gives 41 the fourth Hypothenuſal , and ſo forwards 


continually, 


* 7 
wy 
. -<—» idle. yds; 
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continually. In like manner, 8 the firſt Term of the ſame Progreſſion added to 4 


the firſt Perpendicular, gives 12 the fecond Perpendicular , ſtanding unger P in the ſaid 
fifth Column; alſo 12 the ſecond Term added to 12 the ſecond Perpendicular , gives 24 
the third Perpendicular , and 16 the third Term added to 2 4 the third Perpendicular, makes 
40 the fourth Perpendicular ; and ſo forwards perpetually, So that by the help of the 
Primitive right- angled Triangle 5, 3, 4, and the ſaid Progreſſion &, 12, 16, 20, 24, Cc. 
innumerable unlike right-angled Triangles may be found out by Addition only. 

Thirdly, the difference between the Hypothenuſal and Perpendicular of every one 
of the ſaid Triangles in Column 5. is Unity. 

Fourthly , the Baſe is equal to the ſumm of the two numbers forming the Triangle. 

Fifthly , the ſumm of the Hypothenuſal and Perpendicular is a Square, whoſe ſide 
is equal to the Baſe, or ſumm of the two numbers forming the Triangle; therefore, 

Sixthly , if the ſumm of the Hypothenufal and Perpendicular be multiplied into the Baſe, 
the Product ſhall be a Cube, whoſe ſide is equal to the Baſe. 

Seventhly , the difference of the Hypothenuſal and Baſe is equal to the double of the 


Square of the leſſer of the two numbers forming the Triangle. 


The certainty of all the ſaid Properties will be apparent, if you form right-angled 


© Triangles from theſe following pairs of numbers, and compare thoſe Triangirs to one 


another, according to the import of the ſaid Properties. 


4 , a1 , thefirftpair; || a2, 4-3 , the third pair; 
a4-1, 4-2 , the ſecond pair; || «+3 , 44, the fourth pair, &e. 


———— 


LUEST. 2. (Quæſt. 10. Lib. 2. Diophare.) 


To divide (13) a number given, which is compos d of two Squares, (9 and 4, ) into 

two other Squares. 
| RESOLUTTION 1. 

1. The ſide or ſquare Root of 9 the greater Square given is > 3 
2. The fide of the leſſer Square4 is 2 
3. Let the fide of the firſt of the two Squares ſought be 2 

aſſumed to 8 . 180 2 — 2 =: 4 ＋ 3 

And let the the ſecond Square ſought be feigned > 24—3; or, 3 —24 
4 Therefore from the third = the firſt Square deſired is > aa + 44-|- 4 , 
6. And from the fourth ſtep the ſecond Square ſought is . 444 — 124 ＋- 9 
7. Therefore the ſumm of the two Squares ſought is 7 544— 84-13 
8, Which ſumm laſt expreſt muſt be equal to the given num- 8 Me 

ber 13, hence this Equation ariſeth, dix. 8 ri; 
9. And that Equation, after due Reduction, gives 5 424 
10. Therefore from the ninth and third ſteps, the ſide of 

the firſt Square ſought is made known, v7 r. 8 * 5 
11. And from the ninth and fourth ſteps , the ſide of * A 

ſecond Square ſought is likewiſe diſcovered, vix. s 


So the ſides of the two Squares ſought are found £3 and 3; for 237 the Square of 4, 
added to 7+ the Square of +, makes 425, that is, 13 ; as was required. 

This Queſtion is of the {ame nature with the foregoing, and deſerves to be ranked among 
the moſt excellent Problems; for ir affords divers admirable Canons concerning the con- 
ſtruction of Right-angled Triangles, and is of great uſe for the underſtanding of many 
of Diophantus's Queſtions, eſpecially in his fitth Book; I ſhall therefore firſt explain the 
preceding Numeral Reſolution of the Queſtion, and afterwards reſolve the ſame by Literal 
Algebra. 


12 


Obſervations upon Queſt. 2. 


1. It is evident by the foregoing Reſolution of Diophantus, That after a + 2 and 
24 — 3, or 3 — 24 are feigned to be the ſides of the two Squares fought , the ſumm 
of thoſe Squares, that is, 54a — 84 E13, is equated to the given number 13. vi. 
544 —- 8 ＋ 3 = 13 ; which Equation, if there were not the ſame Abſolute number 13 
in each part, could not be reduced to an Equation between ſome number of 44 and ſome 


number of 4, and conſequently the number 4 would 1 be Rational, unleſs by meer _ : 
: hence 


10 
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Whence then comes it to paſs, that the ſame Abſolute number 13 is found in each part 
of the ſaid Equation? If the Operation be well examin'd, it will appear that the numbers 
2 and 3 in the feigned ſides of the two Squares ſought are the ſides of the two given Squares 
4 and g; Which 2 and 3 are the only numbers that can be uſed in the ſaid feigned ſides, 
to cauſe the number 13 to be found in the ſumm of their Squares. 

2. As to the Signs to be prefixt before the given ſides 2 and 3 in the feigned ſides of 
the two Squares ſought , they muſt neccſlarily be either both —, or one of them = 
and the other —, to the end that in the ſumm of the feigned Squares there may be ſome 
number of 4 with the ſign — prefixt ; whence it will follow that the ſaid number of 4 
may be transferr'd to the other part of the Equation with the ſign , and then the Ab- 
ſolute numbers vaniſhing by Subtraction, becauſe they are one and the ſame number as 
hath been ſhewn in the preceding Obſervar. 1. there will remain an Equation between ſome 
number of 44 and ſome number of 4; whence by due Diviſion the number 4 will be 
Rational. 

3. The numbers to be prefixt before à in the feigned ſides of the two Squares ſought, 
may be variouſly choſen according to divers particular Rules that might be given , among 
which 1 (hall recommend but two to the Learner's practice: The firſt Rule is this; 

Let two unequal numbers be taken to be prefixt before à in the feigned ſides, but with 
this Caution, viz That the greater of the two numbers taken may not have the ſame 
proportion to the leſſer as the ſumm of the ſides of the two Squares given in the Queſtion 
hath to their difference: As, if the two Squares given be 4 and 9, whoſe ſides are 2 and 3, 


the greater of the two numbers taken muſt not be to the leſſer as 5 to 1, becauſe 5 is 


the ſumm, and 1 the difference of the ſaid 2 and 3. Suppoſe therefore that 5 and 3 
be taken; then let the firſt feigned (ide be 34 ＋ 2, (3 being the leſſer of the ſaid two 
numbers taken, and 2 the leſſer of the ſides of the two Squares given,) and let the ſecond 
feigned ſide be 54 — 3, or 3 —54, ( 5 being the greater of the two numbers taken, and 
3 the ſide of the greater Square given:) Now if from thoſe feigned ſides the Operation 
be proſecuted like as in the preceding Reſolution of Queſt. 2. an Equation will rightly 
enſue to find out two Squares different from thoſe given, but ſuch as being added together 
ſhall make the ſame ſumm as thoſe given. 

The ſecond Rule is this; Let two unequal numbers be taken with this Caution, vic. 
That they be not in the ſame Reaſon (or Proportion) as the ſides of the two Squares given: 
As, if the two Squares given in the Queſtion be 9 and 4, whoſe ſides are 3 and 2 , then 
the two numbers taken muſt not be 3 and 2, 6 and 4, 9 and 6, nor any numbers in the 
ſame Reaſon: Suppoſe therefore that 5 and 4 be choſen , then for the fide of the firſt 
Square ſought put 44 — 2 , or 2 — 44, (4 being the leſſer of the ſaid two numbers 
choſen, and 2 the leſſer of the ſides of the two Squares given,) and for the fide of the 
ſecond Square ſought put 54 — 3, or 3 — 54, ( 5 being the greater of the two numbers 
before choſen, and 3 the greater of the ſides of the two Squares given ;) then if from 
the ſaid feigned (ides the Operation be proſecuted like as in the foregoing Reſolution of 
Queſt. 2. an Equation will enſue, to find out two Squares different from thoſe given, but 
ſuch as being added together ſhall make the ſame ſumm as thoſe given. The reaſon of 
theſe two Cautions will hereafter appear. 

The preceding Obſervations may ſuffice for explication of the Reſolution of Queſt. 2. 
by Numeral Algebra; I ſhall in the next place thew how to reſolve the ſame by Lueral 
Algebra, and among various ways that might be uſed, I hall chuſe but two, which cor- 

reſpond with the Rules before given in Obſervar. 3. and do produce divers excellent Canons. 


— 


RESOLUTION 2, of Queſt. 2. which is here repeated, vid. 
To divide a number given which is compos'd of two known Squares, into two other Squares. 


1. For the (ide of the greater Square given, put .> 4 

2. And for the (ide of the leſſer Square given, put . , .> 6 

3. Therefore the greater Square is '. . + +» „ dd 

4. And the leſſer Squareis . . . . 6 

5. Take two unequal numbers, 5 the greater, and r the leſſer, with this Caution, 28. 
that s be not in ſuch —— to v, as d-j-b to d—b; which numbers 7 and 7 
are to be uled inſtead of the numbers that were prefixt before the unknown number 4 in 

che 
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the foregoing Numeral Reſolution of this Queſtion; and the reafon of the Caixion 
will be ſhewn in the lixteenth ſtep of this Reſolution. 
6. For the (ide of the firſt of the two Squares ought, 2 .M a 
put . "ig Sk . . 6 „% N : 
7. And for the (ide of the ſecond Square ſought put > 5a — d, or, d— 54 
S 
4 ” * * * * Tha mes = tablet dd | 
10. Therefore the ſumm of thoſe two Squares is > 554a-}-rr4a4-|-27ba—25da--bb-|-24 
11. But the ſaid ſumm muſt be equal to dd -- the ſumm of the two Squares given 
in the Queſtion, and before expreſt in the third and fourth ſteps ; hence the following 
Equation ariſeth , vix. 


$548 |= rraa+- 2rba — 25da {bb di = bb + dd. 
12. Which Equation, after due Reduction, gives > 4 = 254 —276 


ss -|- rr . 
13. Therefore from the twelfth and ſixth ſteps, the ſide of the firſt Square ſought is row 
made known, and found equal to this following Quantity , 


275d | 55h rr 


is + rr % 8... 
14. And from the twelfth and ſeventh ſteps, the ſide of the ſecond Square ſought is like- 
wiſe known , and found equal to "Mp 
44 — rrd — 27 2056 H r- 2:4 
16 + rr ; 


1 ＋ rr | 2 

That is to ſay , The — of thoſe two Quantities expreſt Fraction-wiſe ſhall be the 
ſide of the ſecond Square when 2 — d is greater than zrab, but the latter of thoſe 
Quantities ſhall be the ſaid ſide when 554 — 774 is leſs than 2r5þ. For if 554 — ryd be 
greater than 2x, then by ſubtracting 2y-b from 5:4—77d, the Remainder is the ſame 
with the Numerator of the firſt of the two Fractions above expreſt; but if 2756 be 
greater than d — rrd, then by ſubtraRing 5:4 — 7rd from arab, the Remainder is the 
{ame with the Numerator of the latter of the ſaid Fractions; therefore the ſide of the ſecond 


Square may be expreſt thus , Ord ar 


» Or, 


88 ry | | 8 
That is to ſay, If the difference between 3:4 — rrd and 2+zþ be divided by 2 ＋ rr, 
the Quotient ſhall be the (ide of the ſecond Square ſought, 
From the premiſſes ariſeth this following 
1 x CANONM I:. 

I 5. Take two unequal numbers, with this Caution, viz. That the greater may not have 
the ſame proportion to the leſſer, as the ſumm of the ſides of the two Squares — hath 
to the difference of the ſame ſides: Multiply the double Product of the multiplication 
of thoſe two numbers firſt taken by each of the ſaid two ſides given; and reſerve the 
Products; multiply alſo the difference of the Squares of the ſaid two numbers firſt taken 
by each of the (aid two ſides given, and reſerve theſe Products; then add the greater 
ot the two firſt reſerved Products to the lefler of the two latter, and reſerve the ſumm 
for a Dividend ; take alſo the difference between the leſſer of the two firſt Products and 
the greater bf the two latter for a ſecond Dividend, laſtly , divide ſeverally the ſaid 
Dividends by the ſumm of the Squares of the two numbers firſt taken, ſo ſhall the 
Quotients be the ſides of the two Squares ſought. 3 

Example 1. Where the number given is compos d of two unequal Squares. | 

Let it be required to divide 13 Which is compos'd of two Squares, 9 and 4, into two 

other Squares. | 
The lide of the greater Square given is 8 3 
The ſide of the leſſer Square given i 2 
Take two unequal numbers, with reſpect to the Caution in the Canon, 2 

Rr ——— . L > and 1 

Then by uſing thoſe four numbers as the Canon doth direct, the lides 18 TY 

of the two Squares ſought will be found theſe, . 3 8 3 
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The Squares of which ſides being added together make 13, as was required. 
Example 2. 


Let it again be required to divide 13, which is compos'd of two Squares, 9 20 4, into 
two other Squares different from thoſe found out in _ I, 


The ſides of the two Squares given are 8 3 and 2 
Take two unequal numbers with reſpect to the Cuarion in the fore- 4 
going Canon 1. as theſe, .. . <. 3 


Then by uſing the four numbers laſt before expreſt , as the ſaid Canon > 86 DT . 
doth dire, the {ides of the two Squares ſought will be found theſe, 5 7 
The Proof. 
The Se Gf. 968 
The nee t 1, 
The ſumm of thoſe Squares is E 2124 or 13. 


„ „ 2403. 
Example 3. Where the given number is compos 4 of two equal Squares, 

Let it be required to divide 2, which is compos'd of two equal Squares, 1 and 1, into 

two unequal Squares. 
The (ide of either of the Squares given is 21 
Take in this Caſe any two unequal numbers, as „ -> 2 and 2 
Then by working with thoſe three numbers according to the 1 222 

of Canon 1. "hs ſides of the two Squares ſought will be found theſe, . . 5 

The Squares of which ſides being added together make 2 , as may eaſily be proved. 

16, Now that the _— of the Caution preſcribed in the foregoing Canon 1. — 
chuſing the unequal n s and v may appear, I ſhall prove, That if = the 
of them hath the ſame proportion to the leſſer, as 4-4-6 the ſumm of the os of 
the rwo unequa unequal Squares gen in 2 weft. 2. hath to d — b the difference of the ſame 
ſides , then the ſaid Canon will NN 
Squares , and con gr Operation in fach Caſe will be in vain. Firſt; 
it is manif by the thirteenth ſtep, that one of the ſides found out by the Canon is 
ET . oe that if we prove this ſide to be equal to d the ſide of the greater 
of the two Squares given, then cogſequently the other (ide found ont by the Canon, that is, 
the (ide expreſt by the fourteenth ſtep, ſhall be equal to the (ide of the leſſer of the two 
Squares given for the ſumm of the Squares found out is equal to the ſumma of thoſe given. 

17. Let it therefore be ſuppoſed that. « .> 441. d-b::s.r 


18. And then, we are to demonſtrate that $ awed 4 och = = d 


16 rr 
Demonſtration. 
P- By ſuppoſition in the ſeventeenth ſtep, . . 3; e d-. 4-4 :: r 


Therefore by comparing the Rectangle of the extremes 
to the ReRangle of the means, . "is ragt = 5d — 5 
1 by _ s to each part of the laſt Equaion, , this 8 1 


22. And by ſubtracting from each part, it makes «> sb+rb = 5d — rd 
23. And by reſolving the laſt „ into Proportionls, od 
this Analogy arifeth, viz. . . „ 


24. And by drawing — r asa common Factor into the two firſt Terms of that Ana- 
logy, this ariſeth, 
1 — rr. 8$3+rr —2r75 :: 4 b. 
2 5. Therefore , by comparing the Product of the extremes in the laſt Analogy to the 
product of che means, this Equation ariſeth, vis. 
166 — rb — 38d 3 rrd — 27 
26. Whence by equal Addition of zrad, this Equation ariſeth , viz. 
2784 + $5þ — wb —= d red. 
27. Wherefore by dividing each part of the laſt Equation by #5 -|-7y , this ariſeth, vis. 


An Which was to be demonſtrated, 
i rr 


Reſolntion 3. 


L 


* 


__ 
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RESOLUTTON z. of 2xzeft. 2. which is here repeated, wiz, - 
To divide a given number which is compos'd of two known Squares, into two other Squares, 


1. For the (ide of the greater Square given, put . . .> 4 
2. And for the ſide of the leſſer Square given, put 8 3 
3. Therefore the greater of thoſe Squares (hall be , . . .> al 
4 dd the lr ', oo RSS 178 
5. Take two unequal numbers, 7 the greater, and # the leſſer, with this Caution, +:<. 
That s may not be in ſuch proportion to r, as d to h; which 5 ander do repreſent the 
numbers to be prefixt to the unknown number 4, according to the ſecond Rule before 
mentioned in Obſervat. 3. Reſolnt. 1. Lneſt. 2. and the reaſon of the Caution will be 
ſhewn in the ſixteenth ſtep of this Reſolution. | 
6. Then for the (ide of the firſt Square ſought, put . .> 74 — b, or, b—ra 
7. And for the (ide of the ſecond Square ſought, put .5> 54—4, or, 4— 14 
8, Therefore from the ſixth ſtep the firſt Square ſought is .> a2 2b -U 
9. And from the ſevemh ſtep the ſecond Square ſought is , .> 4 — 254a-þ dd 
10. Therefore the ſumm of the Squares in the eighth and ninth ſteps is 
$142 | rraa — 2rba — 23da + bb dd. 
11. But the ſaid ſumm muſt be equal to the two Squares given, to wit, ad and bb, hence 
therefore ariſeth the following Equation, vi x. | 


1144 þ rras — 2rba — 253da- bb {- dd = Add 
F : wp FT . _ 2rbÞ 274 
12. Which Equation, after due Reduction, gives . . « » 2 * = 


| u rr 

2 3. Therefore from the twelfth and ſixth ſteps the ſide of the firſt Square duet now 
made known, and equal to one of theſe two Quantities, to wit, 
2r5d {= rrb — 1 — —276d 
rr e —— ESEEER 

That is to ſay, the former of thoſe two 9 expreſt Fraction-wiſe ſhall be the fide 
of the firſt Square ſought , when 216 — xrþ is leſs than 274d; but the latter ſhall be the 
ſaid fide when 5:6 — +rb is greater than 27d. For if 8:þ—7rb be leſs than 25:4, then 
by ſubtracting 5:6 — 774 from 275d, the Remainder will be the fame with the Numerator 
of the brſt of the two Quantities above expreſt Fraction- wiſe; but if 186 — r7b be greater 
than 2rd, then by ſubtracting 2r54 from rb , the Remainder will be the ſame 
with the Numerator of the latter of the ſaid Quantities : Therefore the ſide of the firſt 
Square ſought may be expreſt thus, 


or, 


466 — rrb &© 2rd 


1 1 br . 
That is to ſay, If the difference between 79 rh and 272d, be diyided by 4 + rr 
the Quotient ſhall be the fide of the firſt Square ſought. 


14. But from the twelfth and ſeventh Reps the (ide of the ſecond Square will be found equal 

to this known Quantity, vi x. zl. LA red 
5 1 $5 ＋ rr 

From the premiſſes ariſeth this following 

15. Take two unequal numbers, with this Caution, vic. That the greater may not have 
the ſame proportion to the leſſer, as the ſide of the greater of the two Squares given 
hath to the leſſer ſide: Multiply the double Product ot the multiplication of the two 
unequal. numbers firſt taken by each of the ſaid two ſides given, and reſerve the Products; 
multiply alſo the difference of the Squares of the two numibers firſt taken, by each of 
the ſaid two ſides given, and reſerve theſe Products; then take the difference between 
the greater of the two firſt reſerved Products and the leſſer of the two latter for a Divi- 
dend; take alſo the ſumm of rhe leſſer of the two feſt Products and the greater of the 
two latter for a ſecond Dividend; laſtly, divide each of thoſe Dividends by the ſumm 
of the Squares of the two numbers firſt taken, ſo ſhall the Quotients be the ſides of 
the two Squares ſought. | | . | 


E xample . 


* W 
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Example 1. Where the number given to be civided is compos d of two unequal Squares. 
Let ir be required to divide 13, which is compos d of two Squares, 9 and 4, into 


two other Squares. 

The (ide of the greater Square given is v 3 

The ſide of the lefſer Square given is 0 

Take two unequal numbers, with reſpect to the Caution in Canon at ——e a 
. ᷣ „ —ͤ . en | 

Then by uſing thoſe four numbers according to the direction of Canon 1 6 ng 2 
the ſides of the two Squares ſought will be found thele , viz. . 1 


The Squares of which Iides * and *2 being added together make 223 or 1 3, as Was 


required. 
Example 2. | 

Let it be again required to divide 13, which is compos d of 9 and 4 into two other 
Squares different from thoſe found out in Example 1, | 

The ſides of the two given Squares, 9 and 4, are „ 3 and 2 

Take two unequal numbers with reſpe& to the Caution in Canon 2. 4 
%%% EEE SS 4 * 

Then by working with thoſe four numbers as the ſaid Canon 2. doth 6 nq 81 
direct, the ſides of the two Squares ſought will be found theſe , 5 17 15 


The Squares of Which ſides are 285 and £343 , whoſe ſumm makes 3 


3, that is, 13, 
as was required. 


Example 3. Where the number given to be divided is compos'd ef two equal Squares. 


Let it be required to divide 18, which is compos'd of two equal Squares, 9 and 9, into 
two unequal Squares. | 
The ſide of either of the Squares given is . . . : 5 3 
Take in this Caſe any two unequal numbers, as 8 
Then by uſing thoſe three numbers according to the direction of the 
foregoing Canon 2, the ſides of the two Squares ſought will be found 2 and 2: 
theſe, vic. 3 8 2 66 %% R Q r „„ „ 
The Squares of which ſides are 75 and 231, whoſe ſumm makes , that is 18, 
as Was required, | | 
16. Now that the or gn. . the Caution preſcribed in the foregoing Canon 2. about 
chuſing the unequal numbers s and r may appear, I ſhall prove, That if s the greater 
of them hath the ſame proportion to v the lefler, as d the fide of the greater of the two 
Squares given in Queſt. 2. hath to b the fide of the leſſer of the ſame Squares, then 
the ſaid Canon will produce the ſame ſides d and & for the ſides of the two Squares 
ſought, and conſequently the Operation in ſuch Caſe will be in vain : Firſt, it is manifeſt 


by the fourtcenth ſtep, that one of the ſides found out by the Canon is 1d — = : LA 
7 | 
ſo chat if we prove this (ide to be equal to 4 the (ide of the greater of the two Squares 
given, then conſequently the other fide found out by the Canon, that is, the ſide expreſt 
in the thirteenth ſtep ſhall be equal to the fide of the lefler of the two Squares given, 
for the ſumm of the Squares found out is equal to the ſumm of thoſe given. 
17. Let it therefore be ſuppoſed that . .>ÞS.d4 . 6 :: s . x 


18. And then we are to demonſtrate that 3 . 


1 rr 
Demonſtration. 
19. By ſuppoſition in the ſixteenth ſtep, . . . . © „ 4 6 :: 77 
20, Therefore by comparing the Rectangle of the means 1 
to the ReQangle of the extremes, , . . . . 8 = 
21. And by drawing 2r into each part of the laſt Equation, 
this ariſeth, vx. 


2rh = 2rrd 
8 d- arb = ura 


N 1 * * d- rra -r = Ur d 
| 24. Where- * 


22. And by adding d to each part of the laſt Equation, 
it gives 8 . . ” . . 3 
23. And by ſubtracting rrd from each 


Equation , there remains 


* 


— Sr 
a r * * 
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24. Wherefore by dividing each part of the laſt — 9 — rra. ＋ b RR 
by -E rr, there ariſei eee 55 + rr 
Which was to be proved. 


Obſervations upon the preceding Reſolutions 2, and 3. of Quelt. 2. 
by Literal Algebra. 


/ 

1. If ⁊ be put equal to /: bb - ad: that is, the ſquare Root of the number compos'd 
of two Squares given in Queſt. 2. that Queſtion may be ſtated thus, 2s. 

Two Rational numbers, 6 and d, being given for the Baſe and Perpendicular of a right- 
angled Triangle whoſe Hypothenuſal is z , Rational or Irrational , to find out other Ratio- 
nal numbers to expreſs the Baſe and Perpendicular of a ſecond right-angled Triangle 
whoſe Hypothenuſal ſhall be ⁊ likewiſe. | 

The Baſe and Perpendicular of the Triangle ſought ſhall be given either by Ca r. 
in the fifteenth ſtep of Reſolntion 2. of Leſt. 2. or by Cann 2. in the fifteenth ſtep of 
Reſolution 3. and may be expreſt by Letters, as before in the thirteenth and fourteenth ſteps 
of Reſolution 2. or by the thirteenth and fourteenth ſteps of Reſolution 3. viz. 


By Canon 1. E By Canon 2. 
Hyp. , (or, /: PA:) | Hyp-' (or, /:tb+ad:) 
253d - — rrb 1b — rrb 275d 
X. * i —rr | * | Ss + vr AL. 
1d — yrd & 27h | 2rih - rd 
Baſe 9 * — Irre £1 Baſe, 5s + Tr 


2. If the Baſes and Perpendiculars of thoſe two right-angled Triangles above-expreſt, 
which I call AK and AL, be well examined, another way will be diſcovered to find out 
the ſame Baſes and Perpendiculars by the help of the Baſes and Perpendiculars of two like 
right-angled Triangles whoſe Hypothenuſals are 6 and d. For, 4 | 

Firſt, it is maniteſt by Obſervat. 5. Reſolut. 2+ Liceſt; f. of this Book, that theſe three 
following numbers will conſtitute a right-angled Triangle, which hath & for an Hypo- 


thenuſal, vid. I 


Hyp. as h | Per p. 8 
4 — rr 276 „ | 
* S ( AM. 


"Likewiſe theſe three following numbers will conſtitute a right- angled Triangle, having 
d for an Hypothenuſal, vi. | 


Hyp. Baſe, Perp. : 
4 4d — rrd = 
4 ＋ rr 1 A rr ( ax ) 


Which two Triangles laſt before expreſt , to wit, AM and AN, are like, for cath of 
them is like to a right-angled Triangle whoſe three ſides are 55 |-7r, 4 — tr, and 2ys; 
Now I ſay , if the Perpendiculars and Baſes of the two right-angled Triangles K and J. 
before expreſt in Obſe-var. 1. be well viewed; it will be evident, ihat they are deduced 
from the two like right-angled Triangles M and N before c#ptreſt in this Cb/ervar 2. 
which have 6 and d for Hypothenuſals. For, firſt, the Perpendicular of AK is compos'd 
of the Baſe of AM and the Perpendicular of AN; ſecondly, the Baſe of AK is equal 
to the difference berween the Perpendicular of AM and the Baſe of AN, thirdly , the 
Perpendicular of AL is equal to the difference between the Baſe of AM and the Perpen- 


dicular of AN, laſtly , the Baſe of AL is compos d of the Perpendicular of AM and 
the Baie of AN. | 


3. Hence thereſore another Canon comes to light, to ſolve as well the preceding Queſt. 2. 
as alſo the following Propoſition, (which is Prop. 47. in pag. 3 5. of Fieta's Works,) vis. 
From two right-angled Triangles given to deduce a third right-angled Triangle, ſuch, 


that the Square of the Hypothenuſal of the third may be equal to the Squares of the Hypo- 
thenuſals of the firſt and ſecond. N 89 Ye 


This Propoſition may be ſolved by the following | 
CANON 3;, 


+ hilt "xii 
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CANON z. 


Firſt, (by the Canon in Obſervar. 10. Re ſolut. 2. of the preceding Queſt 1.) find out 
two like right angled Triangles in numbers, ſuch, that their Hy pothenuſals may be the 
ſides of the two Squares given in the foregoing Leſt. 2. then, for the Perpendicular of 
the third right-angied Triangle ſought, rake the ſumm of the Baſe of the firſt and Perpen- 
dicular of the ſecond ; for the Baſe of the third, take the difference between the Perpendi- 
cular of the firſt and Baſe of the ſecond , and the Hypothenuſal of the third ſhall be the 
ſquare Root of the ſumm of the Squares of the Hypothenuſals of che firſt and ſecond. 


Or thus : 
For the Perpendicular of the third right-angled Triangle ſought , take the difference 


| between the Baſe of the firſt and Perpendicular of the ſecond , for the Baſe of the third, 


take the ſumm of the Perpendicular of the firſt and Baſe of the ſecond ; and the Hypo- 
thenuſal of the third ſhall be the ſame as before is expreſt. 


Example 1. in Numbers. 


Let it be required to divide 13, which is compos d of two Squares, 4 and 9, into 
two other Squares, 

The ſides of 4 and ꝗ the two Squares given are . 2 and 3 

Find a firſt right-angled Triangle in numbers whoſe Hy-} Hy. Baſe, Perp. 
pothenuſal ſhall be 2, the ſide of 4 the lefler of the two Squares . 2 WE 
%% > oo ev „ 

Find likewiſe a ſecond right-angled Triangle like to the 
firſt, and ſuch, that its Hypothenuſal may be 3 the fide of they . 3 > 
.es 8 

Then by uſing the Baſes and Perpendiculars of thoſe two 
like right-angled Triangles as Canon 3. doth direct, this third 
right-angled Triangle will be found out, whoſe Hypothenuſal / 
is equal to iA: that is, 4/13 , and conſequently the 
Baſe and Perpendicular are the ſides of the two Squares ſought, 

Or, according to the latter part of Canon 3. the ſides : 

Z 


| ws 
W 2 
* 
1883 


the two Squares ſought will be found the Baſe and Perpendi- 
cular of this third right-angled Triangle whoſe Hypothenuſal 
is 4/13, that is, /:4-|-9: a3 before; « .. . « « Df 
; Example 2. 

Let it be required to divide 25, which is compoſed of two Squares, 9 and 16, into 
two other Squares. 

The ſides of 9 and 16 the two peed Squares are. 8 3 and 4 

Find a firſt right-angled Triangle in numbers, whoſe Hy- Hy. Baſe, Perp. 
pothenuſal ſhall — 3 the (ide of the lefler Square given, as, 8 3 16 14 

Find likewiſe a ſecond right-angled Triangle like to the g 
firſt, and ſuch, that its Hypothenuſal ſhall be 4 the ſide of 3 _ 
the greater Square given, as, do SACS SS” 2 

Then by uſing the Baſes and Perpendiculars of the two like 
right-angled Triangles laſt found out, according to the direction 
ot Canon 3. this third right-angled Triangle will be dicovered, "> 32 - $6 
whoſe Hypothenuſal is 5, that is, 4/:9-j1 6: and conſequently ® Is 13 
the Baſe and Perpendicular are the ſides of the two Squares 
h co oo Be» EEE” es 

r, according to the latter part of Canon 3. the ſides 0 
8. 


E 
A 


3 13 7 13 


the two Squares ſought will be found the Baſe and Perpendi- 63 a 16 
cular of this third right-angled Triangle, whoſe Hypothenuſal 13 of 


is 5 that is, Vig is: as before, RS. "WE a3 TS . 


4. If every one of the three ſides of the two right-angled Triangles K and L. before 
expreſt in Obſervat. 1. having = for a common Hypothenuſal , Rational or Irrational , be 
multiplied by rr, the Products ſhall be alſo the ſides of two right-angled Triangles 
like to the two former reſpectively; which Products or ſides ſhall be theſe, vi. 


Hyp. 


„ i 


* 
7* 
% 


—__— — — — 
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at 4 


Hyp. u - ar7 
Perp. 2r34-|- 35h xb Perp. 1 — rrb 275d 
Baſe, d — rrd r Baſe, 2r5b -|- 35d — 7rd 


Now if the two right-angled Triangles laſt expreſt be well examined, it will appeat, 
that each of them may be deduced from two right-angled Triangles, one of which hath for 
its Hypothenuſal 27 rr, Baſe 55 — rr, and Perpendicular 27s, (or 277 may be called 
the Baſe, and 55 — 77 the Perpendicular, ; ) but of the other the Hypothenuſal is & = 


+: bb + ad: Rational or Irrational, the Baſe is 6, and the Perpendicular is d, (or d may 


Hyp. 255 Er 


be called the Baſe, and b the Perpendicular ;) I fay, from theſe two laſt mentioned Tri- 


angles each of the two former may be deduced in ſuch manner as is directed in the following 
Cann, which is the ſame with that raiſed by Viera in ſolving Prop. 46. in pag. 34. of his 
Works, viz. 


From two right-angled Triangles given, to form a third right-angled Triangle. 


CANON. 


For the Hypothenuſal of the third right-angled Triangle, take the Product of the multi- 
plication of the Hypothenuſals of the two right-angled Triangles given: for the Perpen- 
dicular , the ſumm of the Product of the Baſe of the firſt into the Perpendicular of the 
ſecond , and the Product of the Baſe of the ſecond into the Perpendicular of the firſt : and 
for the Baſe , take the difference between the Product of the Baſes of the firſt and ſecond, 
and the Product of their Perpendiculars. 

| Or thus: 

For the Hypothenuſal of the third right-angled Triangle, take (as before) the Product 
of the multiplication of the Hypothenuſals of the firſt and ſecond right-angled Triangles 
given: for the Perpendicular, the difference between the Product of the Baſe of the firſt 
into the Perpendicular of the ſecond , and the Product of the Baſe of the ſecond into the 
Perpendicular of the firſt : laſtly , for the Baſe , take the ſumm of the Product of the 
Baſes of the firſt and ſecond , and the Product of their Perpendiculars, 


An Example in Numbers. Hp. Baſe, Perp. 


Let there be two right - angled Triangles given in numbers, 3 3, & 
ſuppoſe theſe 5 © © 0 0's © & #5 TS T' «© Dd 
Then from thoſe Triangles , theſe two are deduced by theY 65 , 33 „ 56 
two Canons laſt before expreſt, vir... „ 65 „ 63 „ 16 


Note 1. If the two right · angled Triangles given be unlike, then either of thoſe Canons 
will form a third right-angled Triangle; but it like , then the firſt only will take place : 
for when the two right-angled Triangles given are like, then the difference of the Products 
mentioned in the latter Canon are equal to nothing, as will be evident to every diligent Reader. 


Note 2. If from any right-angled Triangle taken $ „ 
twice, ſuppoſe from theſe two, KT 2 A 

A third right-angled Triangle be deduced according to 
the elt Canon, — : * „ „% 1 'F HH BB UP 255 

Then the angle at the Baſe of the third right-angled Triangle ſo deduced, 24. the 
angle oppoſite to the (ide 2 BP ſhall be equal to the double of the angle at the Baſe of the firſt 
right-angled Triangle, viz. of the angle oppolite to the fide P; or elſe equal to the 
Complement of the ſaid double angle unto two right-angles , when the ſaid double exceeds 
a right - angle. 

Likewi , if from two unlike right-angled Triangles , 3 — . P 
3 + CS ——F . > 

third right-angled T riangle uced according F 

to the firſt — theſe, . > & % © Ea © Hb . BU P. FY -F. 

Then the angle at the Baſe of this third right-angled Triangle, vir. the angle oppoſite 
to the (ide Bp -+- Pb ſhall be equal to the ſumm ot the angles at the Baſes of the firſt and 
ſecond right- angled Triangles, vi. of the angles oppolite to the ſides P and p , or elſe 
equal to — of the ſaid ſumm unto two right - angles, when that ſumm exceeds 


a right- angle. 
IP C The 


: 
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The converſe of this rare Speculation is demonſtrated by Ander ſonus, in Theorem. 2. 
of Vietas myſterious Doctrine of Angular Sections; and likewiſe by Herigonius at the 
latter end of the Firſt Tome of his Cu ſus Mathemar. 


— — —— — — — 


QUEST. z. 


To divide a given ſquare number into two ſuch Squares, that one of them may conſiſt 
within given limits. 


Let it be required to divide 16 into two ſuch Squares , that one of them may be greater 
than 10, but leſs than 11. 
Or thus 


A Rational number 4 being given for the Hypothenuſal of a right-angled Triangle, 
to find the Baſe and Perpendicular in ſuch Rational numbers, that one of them may be + 
greater than /10, but leſs than /11. 


RESOLUTION. 


1. For the given Hypothenuſal 4, ( which is the (ide = 4 
the given Square 16) 


2. For io the leſſer A 


7 7 
3. For /I i the greater of the preſcribed limits, put 
4. Let two unequal-numbers —ñ—üö᷑— by 5 © nd 
5. Then the ſides about the right-angle of a right-angled , 
Triangle whoſe Hypothenuſal is 4, will be tound equal 274d 1d 7 yd 
to th uantities, ( by the Canon in Obſervas. 5. Re-C Ir _ rr 


MF. i.) fi „% „„ „ os 
6. But ſince this Queſtion requires that one of thoſe ſides, ſuppoſe — may be greater 


than F, yet leſs than g, the ſaid numbers s and r cannot be any two unequal numbers 
and therefore I ſhall here ſhew a way to chuſe them, ſo as that they may cauſe the ſai 
fide to agree with the ſaid limits: To which end, brit, a number at pleaſure may be taken 
for one of the ſaid numbers s and yr, as, 1 r; and then to ſearch out limits for the 


chuſing of 2, 1 proceed in this manner, vix. I put a inſtead of s while it is unknown, 


and then ſince 1 2 , the before-mentioned fide = will be expreſt thus, 1 


where the number 4 only is unknown : Now, 


7. Let it be ſuppoſed ( _— to wy * . the 
Queſtion) that . . ? —=— cf 
8. Let it alſo be ſuppoſed that. 2 p 
44 1-1 
Then by multiplying each part of the a in the 
" ſeventh ſtep by aa I- 7, it follows that 8. 268 H fas. 
10. Therefore b _—— the latter part of t ninth _ 
ſtep — . kn tp * 1 r 0 
11. And by dividing each part in the la * , 2 
follows, that re 2 1 
12. And by ſubtracting 1 from each my »* © «3 44 2 == = 
13. Likewiſe by equal ſubtraRion of * 7 it follows, 15 8 7 —) — 7 
14. And by adding the Square of half the Coefficient - 7 2 2 da 4.< _ 
to each part in the thirteenth ſtep, . =S 
15. And by extracting the ſquare Root out of each par 14 * dd — f. 
in the fourteenth ſtep, . .-. , : Mk, F 


d 
16. Wherefore by adding 7 to ** part in the _—_—_ — 7 dy. * dd— ff_. 


ſtep, it follows that . . . 
Again, 17. 


ad Gat SA 8 
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23. Wherce by arguing in like manner as before, with 7, 4 


19 


17. Again, becauſe S 4, (as well as 4 — 4 „) may p 
be the ſide of the Square in the firſt part of the — _m_—— 0 
ep, uu follows db... 4 | 

18. And by adding 4 to each part in the ſeventeenth ſtep, 3 F 2 . — : 


I 
19. And by equal ſubtraction of 1 : it follows that 4 — dd — 2 & 
20. Wherefore by comparing the latter part of the nine- 2 ad — 
reenth ſtep to the firſt , it's evident that 3 7 
21. Again, by ſuppoſition in the eighth ſtep, s 1 22 
22. And conſequently, 22 % # « _ — 


from the ninth to the ſixteenth, it will appear > 4 © —+ yy: 2. 

r 4 4 

24. Again, by arguing with g in like manner as before | 4 "M 
with 7 , from — — ſtep to the twentyerh, t>-4 P — — . — 
will de evident dba 44 3 32 

25. Now becauſe 4 was put inſtead of 5, the ſixteenth and twenty- third ſteps give 
a Canon for limiting the number 2, when 7 = x ; viz. Nen ! 


CANON 1. 
| ; = c (2039; Gr.) 


s = ENA AAN (1.880, Ce.) 


26. Again, the twentyeth and twenty- fourth ſteps give another Canon for limiting the 
number 4, ( which was repreſented by 4 in the preceding argumentation, ) when 
r=1I, UK, ; 

: | CANON 2c, 


' 2 . £; (0.490, Ce.) 


N= (o. 531, Cc.) 


4 
27. Therefore, if 1 be put for , and there be given ( as before in the firſt, ſecond and 
third ſteps „) 4 =d;.y/10 Andi =g; then by Caron x. 5 may be any 
number leſs than 2787 but greater than 12835; and conſequently, if 1 r, and s=2, 

( which is within the laſt mentioned limits of 2,) then the ſides of the two Squares ſought 

(being expounded according to the two Quantities in the fifth Rep of the Reſolution 

of this ,2zeſt. 3.) (hall be 14 and 43, vis. | 

K „ 4 — yrd 
Em r TFT » 

Therefore the two Squares ſought are A and 427, whoſe ſumm is 422, that is, 16 
and one of thoſe Squares, to wit, f, or 107+, is greater than 10, but leſs than 11; as 
was required, | 

Again, if 1 2 r; 4 = d; Jio=f;y11=g, (as before,) then by Canon 2. 
may be any Fraction greater than 7335 , but Jels than 7233: and conſequently, if 
1—x, and s = +,.( which is within the laſt mentioned limits of 5, ) then the lides of the 
two Squares ſought will be found the ſame as before, vid. 


26... 2586 1224 — 


— —— 3 


5 rn 's ir 
Again, if 1 =x, and +— 22, ( which is alſo within the limits of s diſcovered by 
Canon 2.) then the ſides of the two Squares ſought 2 be found theſe, to wir, £355 and i975 
| 2 whoſe 


$5.9 r 
1 ern, 
nr ; 
4 * 
* 


a 3 
{RL 
"I bln 1 
ee 1 17 


[ 
bi 
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whoſe Squares are 1435385 and 14235, which added together make 16; and the firſt 
of thoſe Squares is greater than 10, but leſs than 11 as was required. 

Nete , That the manner of ſearching out limits in this and divers following Queſtions, 
is agreeable to the method of reſolving Quadratick Equations in SetF. 5, 7, 9. Chap. 15. 
Book 1. | 


QUEST. 4. 
 ( Thu is the fifth of the fourth Book of Vieta's Zeteticks; tis alſo reſolved by Bachet 


in his Comment upon the twelfth of the fifth Book of Diophantus ; bat 1 ſhall wave 
their ways of Reſolution, and deduce one from Canon 1. in the fifteenth ſtep of Reſolut. 2. 


of the preceding ſecond Jueſt ion of this Book. ) 
To divide a given number which is compos'd of two Squares, into two other Squares, 
that one ot the Squares fought may conſiſt within given limits. 


Preparation. 


Becauſe the following Reſolution of this Queſtion preſuppoſeth each of the preſcribed 
limits to be greater than the leſſer of the two Squares given, I (hall in the firſt place ſhew 
how from the given limits, when they are not qualified as aforeſaid, to inferr others, each 
of which ſhall be greater than the leſſer of the two Squares given, and then the following 
Reſolution will ſolve the Queſtion propos d according to any poſſible limits whatever. 


Caſe 1. When the leſſer of the giuen limits is equal to the leſſer of the given Squares; 


Let it be required to divide 13, which is compos d of two Squares, 4 and , into two 
ſuch other Squares, that one of them may be greater than 4, but leſs than 5: Here inſtead 
of 4 the leſſer limit, ( which is equal to the leſſer Square given,) we may take 44 or any 
number between 4 and 5, ( 5 being the greater limit given:) then ſince 4* and 5 are 
each of them greater than 4, (the leſſer Square given,) the following Reſolution will find out 
two Squares whoſe ſumm ſhall be 13; and one of them ſhall be greater than 4+, but 
leſs than 5 , and conſequently greater than 4 , but leſs than 5 , as was required. 


Caſe 2. When the leſſer limit is leſs than the leſſer Square given, but the greater limit 
execeeds the ſame; viz. When the leſſer Square given falls between the gives limits. 


Let it be required to divide 1 3, which is compos d of two Squares, 4 and g, into two 
ſuch other Squares, that one of them may be greater than 3, bur leſs than 5 : Here inſtead 
of 3 we may take 4+, or any number between 4 the leſſer Square given, and 5 the greater 
limit: then ſince 4+ and 5 are each of them greater than 4, (the leſſer Square given,) the 
following Reſolution will find out two Squares whoſe ſumm ſhall be 13; and one of them 
ſhall be greater than 42, but leſs than 5, and conſequently greater than 3, bur leſs than 5 
as was required. 


Caſe 3. When the greater of the two limits given i equal to the leſſer ibe two 
'— Squares given. 

Leet it be required to divide 1 3, which is compos'd of two Squares, 4 and 9, into two 
ſuch other Squares, that one of them may be greater than 3, hut leſs than 4: Firft , ſub- 
tract 3 and 4 ſeverally from 13, ſo each of the Remainders 10 and 9 is greater than 4 the 
leſſer Square given, and therefore by the following Reſolution two Squares may be found 
out whoſe ſumm ſhall be 13; and one of them fic than 10, but greater than 9, and 
conſequently the other Square ſhall be greater than 3, but leſs than 4; as was required. 


Caſe 4. When each of the two limits given is leſs than the leſſer Square given. 


Let it be required to divide 1 3 , Which is compos'd of two Squares , 4 and 9, into two 
ſuch other Squares, that one of them may be greater than 1, but leſs than 2: Firlt, ſubtract 
the ſaid limits 1 and 2 ſeverally from 13 the number given to be divided, ſo each of the 
Remainders 12 and 11 is greater than 4 the leſſer Square given; and therefore by the 
following Reſolution two Squares may be found out whoſe ſumm ſhall be 13 ; and one of 
them leſs than 12, but greater than 11, and conſequently the other Square ſhall be greater 
than 1, but leſs than 2; as was required. | 

Now let it be deſired to divide 13, which is compos'd of two Squares, 4 and 9, inte 
two ſuch other Squares, that one of them may be greater than 6, bur leſs than 7. 
| RES O. 
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RESOLUTION. | 
I. For 2, the (ide or ſquare Root of 4 the leſſer of the two Squares given;put > 6 
2. For 3, the ſide of 9 the greater Square given, puult . . .> 4 
3. For 4/6, that is, the ſquare Root of the leſſer of the two limits given, put > f 
4. For /7, that is, the ſquare Root of the greater of the two limits, put L 
5. Let two unequal numbers be repreſented by , , « . 5 and » 


6. Now if 5 be greater than v, and be to r in any Reaſon (or Proportion) except that 
which 4-}-b hath to 4 —b, then by Canon 1. in the fifteenth ſtep of Reſolut. 2. of the 
preceding Queſt. 2. the ſides of two Squares different from dd and h, but ſuch, whoſe 
ſumm is equal ro bb -{- dd, (hall be equal to theſe: two following Quantities , (which are 
expreſt allo in the thirteenth and fourteenth ſteps of the ſaid Reſalut. 2. Queſt. 2.) vis. 

245d -u — 156 554 — rrd ri 

— and 
85 + rr rr | 

7. But becauſe it's deſired that one of thoſe two Quantities or ſides laſt above expreſt, 
= 33 2 may be greater than f, but leſs than g, the two unequal 

numbers s and r muſt be choſen fo as that they may cauſe the ſaid ſide to agree with the 
ſaid limits. To which end, firſt, a number ar pleaſure may be taken for one of the ſaid 
numbers s and r, as 1 = y, and then to ſearch out limits far the chuſing of 2, I proceed 

in this manner, vic. I put & inſtead of 5 while it is unknown, and then fince 1 r, 


the before-mentioned [ide gn 2 will ſtand thus, 24s =, where 
the number 4 only is unknown: Now, E 
8. Lea it be ſuppoſed that 22 22. 7 


VVV 


ſuppoſe, 


44 - 1 - 
9. Let it alſo be ſuppoſed that?? 5% oÞ r 22 
44-1 
10. Then by multiplying each part in the eighth 
ſtep by We þ 1 d K N 2daþ bas —b c fa gf 
11. And by adding & to each part in the tenth ſtep, > 2d. + bas N= fac + fb 


8 
12. And by ſubtracting bas from each part Nun 
eleventh ſtep, it follows that 
13. By ſuppoſition in the rſt and third ſteps, 
(agreeable to the Preparation to the Reſolution | 
of this Queſtion,) f is greater than h, ſuppoſe, ® — Je 
therefore RTE” 1 — | 
14. Then from the twelfth and thirteenth ſteps & _ = 
* follows, = «i 13 8 2d C ca F- 
15. And by ſubtracting f- rom part | 
1 the —— — hs manifeſt that . C 24. —f— K cas 
16. And by dividing each part of the 24. „. 
ſtep by Cc, RS wo a CT ©: & SRD, c 0 


hi. | 
. — ch | 
17. And by ſubtracting —4 from ea __ f-1- "=" 
_ 


— 4 
of the ſimeenm ſtep, . . © <. © + « c 
13. And by adding the Square of half the Co- ). 


dd f+b © d  ; dd 
efficient 30 to each part of the ſeventeenth = ir aa — a — 


248 c fas ba -F -= 


ſtep, it follows tht . . 4 2M 
19. And by extracting the ſquare Root out of? /: fe e, — _ 4 
each part of the eighteenth ſtep, . «< + ce 8 c 


20. And by adding £ to each part of the x 9th 
ſtep, it follows, that ... - « +» + » 


8 4 +. = wb 

c 9. 

21, 7 — — os 20 25 d r 
= 's . 


the latter part oi the 20th ſtep to the ſumm of 7 
the quantities in the firſt part, ir is found that 3 
22. Again, 


99 


22 
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28. And _ bro each part of the twenty- 


22. Again, becauſe - —a(awellas a— 


in the latter part of the nineteenth ſtep,) may d v — Co” — 48 
be the ſquare Root of the Square which is the 
_ part of the eighteenth ſtep, it follows, that 11 4 
23. And by adding a to each part of the twenty- <4: — ſc — Oc 4 
r '$ ＋ ce oe te 


24. Wherefore by ſubtracting / 2 4 —#& 


from each part of the twenty-third ſtep, it's _— cc 
on a . . > + + - ns * 

25. Again, by ſuppolicion in the ninth ſtep, > — = 2 4 

26. Whence by multiplying each part by aa-{-1, > 2da - 4 g 

27. And by ſubtracting bas from each part of 
the rwenty-lixth ſtep , _. 


8 24a —b g44 — 644g 


ſeventh 8 248 2 gaa—baa-g +6 


29. By ſuppoſition in the firſt and fourth ſi. i 
( agreeable to the Preparation to the 
lution of this Queſtion,) g is greater than b 
—— „ 3 : 
o. Then from the twenty-cighth arid twenty- 
p ninth ſteps 8 ht 5 MF . 24 = nas ＋ * 


31. WON i in like manner as before 

from the fourteenth ſiep to the twenty-firſt, > *« N £ + 4 
82 — JE ICS: 8 _- 
. in, by arguing in like manner as before + - EY T9 

N dan che — ſtep to the twenty- > # "2 2 — vs 2 — . 
fourth, it will be evident that . . . . .0_ 

33. Then out of the twenty-firſt and thirty-firſt ſteps, after 4, & and u are ex 
for +, f—band g — 6, for theſe are | to thoſe, as appears by the Poſitions 
in the ſeventh, thirteenth and twenty-ninth eps, the following Canan 1. ariſeth for 
limiting the number , when i; vis. 


CANON 3 
5 = ee (12.362, C.) 


n=g—6b 


1 eee. (8.439, &.) 

Again, out of the twenty - fourth and thirt -ſecond ſteps , after 4, e and » are exchanged 

for 5s, f— 6 and ps Ine" before, ) — Canon ariſeth for limiting the number 3, 

when r —=1; wiz. pI 
CANON 2. 


12 D . (0.788, Cc.) 
2 

1 = 2 (0. 852, &.) | 

Therefore if 1 be taken for the value of 1, and there be given, 2=b, 32 41 

9 =f, and /7 =L pe as before in the firſt, ſecond , third and fourth ſteps, ) then 


by Caron 1. above it, „may be any number between 127883 and 87422; and 
— Yau _ _ 5 hos 9, C— of f is within the limits laſt before- 
mentioned, then the ſides of the two Squares ſought (being expounded according. to the 
two Quantities in the ſixth ſtep of the Reſolution of this 2eft. 4. ) thall de 123 and 


42d 68. h 
2rid-+ 


* - 
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q 
; 275d ub — rrb __ 107 iid — rrd 2; 2766 Os 
= ——, and — 2 T 
3 is rr 41 is -|- rr 41 
2 Therefore the two Squares ſought are ff and *244* , whoſe ſumm is 22242, 
4 that 102 13; and the firſt of thoſe Squares is greater than 6, but leſs than >, as wWas 
required. | 
3 Again, if 1 =r;2=6; 3=d;4/6=f;,4/7=g; (as before, ) then by Cans 2. 


* s may be any Fraction between 2333 and 2333; and coniequently, if 1 r and AL . 
( which value of „ is within the laſt mentioned limits, ) then the ſides of the two Squates 
| ſought will be found 2234 and 334, viz. 


2r8d -|- Au- 1391 aa d — rrd rb 1226 
Pre 5335 rr =. $33: 
Therefore the two Squares ſought are *24224> and 1354855, whoſe ſumm is 444 £2, 
| viz. 13 ; and the firſt of thoſe Squares is greater than 6, but leſs than 7, as was required. 
7 Again, if 1 r, and + = +, (Which value of 7 is alſo within the limits diſcovered 


by Cam 2.) then the ſides of the two Squares ſought being expounded as before, will be 
found f and 3+ z which are the ſame with thoſe before-found in the Example of Canon 1. 

Note. If i be put equal to v, and the number 5 be taken by Cann 2. then becauſe 
in this caſe 7 is leſs than 7, the Algebraical Rules of + and — in adding, ſubtracting, &c. 
muſt be obſerved to reſolve the aforeſaid literal values of the ſides of the Squares ſought into 
numbers , as in the two laſt Examples. 


dw. 


LUEST. 5. (Quaſt. 11. Lib. 2, Diophant. ) 


| a = find Fry ſquare numbers whoſe difference ſhall be equal to a given number, ſuppoſe 
f o, Cor 4.) 


0 RESOLUTION. 
1. une given difference, 60 , ann © « co © 0 4 
2. Let ſome number whoſe Square is leſs than the given dif- þ 
ferne m 4 | 
E ere 
4. or t ter put & a+b 
5. Therefore the lefler Square 2104, i... 8 — 
6. [4 er Square is 0: A; = . * 89 9 5 bb 
7. — — — „ 5 — 
8, —— — j „ 


9. Which Equstion; after due Reduction, makes known the 2 |. __ 4. 
value of the (ide of the leſſer Square, xxx. „ 5 
10. And from the ninth and fourth ſteps, the value of the 9 48 
of the greater Square is alſo diſcovered, viz. . . . . 12 


The two laſt ſteps give the following 
CANON 1. 


Take any ſquare number leſs than the given difference, and ſubtract it from the ſaid 
difference; then divide the Remainder by the double of the ſide of the Square firſt taken, 
and the Quotient ſhall be the (ide of the leſſer of the two 1 ſought ; laſtly, this (ide 
added to the fide of the Square firſt taken, gives the (ide of the other Square ſought. 

So if two Squares be delired whoſe difference ſhall be 60, I take a ſquare number leſs 
than 60, as 36, this ſubtracted from that leaves 24 , which divided by 12 the double 
of the ſquare Root of 36, gives the Quotient 2, which ſhall be the (ide of the lefler Square 
ſought ; and then by adding 6 the ſquare Root of the ſaid 36, to the (ide 2, the ſumm 8 
is the {ide of the greater Square ſought; laſtly , the Squares of the ſaid ſides 2 and 8, 
to wit, 4 and 64 will ſolve the Queſtion , for their difference is 60, as was required. 


Obſervations upon Quelt. 5. 


1. It is evident by the two laſt ſteps of the preceding Reſo- 4 — 5b A 
lution, that the values of the ſides of the two Squares ſought are . 25 * 26 
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Now if we ſuppoſe bc d, then thoſe ſides will be —— be-: 66 ang 11 
. 26 


ms tek, . ee I ES wer” 4 
Which laſt mentioned ſides or Quotients, after the common? 1 J 38 
Factor b is caſt away, will be reduced to theſe, to wit, . . 8 * and 7 21 

Hence ariſeth this elegant Canon, often uſed by Diophantus to find out two Squares 
in a given difference, viz. 

CANON 2. 

Take two ſuch unequal numbers that the Product of their multiplication may be equal 
to the given dificrence; then half the ſumm and half the difference cf thoſe two numbers 
ſhall be the ſides of the two Squares ſought. 

As, for example, if two Squares be deſired whoſe difference ſhall be 60, I take 
two ſuch numbers (10 and 6) which being mutually —_— make 60; then half the 
ſumm of 10 and 6 and half their difference are 8 and 2 the ſides of the two Squares ſought, 
and conſequently the Squares themſelves are 64 and 4, whoſe difference is 60 , as was 
required. 

Again, inſtead of 10 and 6 taken as before, we may take 30 and 2, for the Product 


of theſe is equal to the given difference 60 , then halt the ſumm of 30 and 2, and half. 


their difference, give 16 and 14, whoſe Squares 256 and 196 have 60 for their difference; 
as was required. 

After the ſame manner, Fractions being admitted, innumerable pairs of Squares may 
be found out, ſuch, that the difference of each pair ſhall be equal to one and the ſame number 
given: For if the given number be divided by a number taken at pleaſure , half the ſumm, 
and half the difference of the Diviſor and Quotient ſhall be the ſides of two Squares whoſe 
difference is equal to the given number. 

2. But for farther illuſtration of the truth of the preceding Canon 2. let c and b re- 
preſent two unequal numbers, and ſuppoſe c to be the greater; then 
The Square of fc g- 16 is 4c ch 66, 
The — of ic —b®B . «© © © o & © T. 
The difference of thoſe Squares is . « . . . =þ ch. 

Whence it is manifeſt , That the Product of the multiplication of any two unequal 
numbers is equal to the difference of rwo Squares, the greater of which is the Square of half 
the ſumm of the faid two numbers, and the lefler is the Square of half their difference. 
Wherefore the truth of the foregoing Canon 2. doth evidently appear. 

3. Vieta uſeth the following Canon (which ditters but little from the preceding Cans 2.) 
to find out two Squares in a given difference. 


CANON 3. 


Take two ſuch unequal numbers, that the Product of their multiplication may be equal 
to a quarter of the given difference of two Squares ſought; then the ſumm and difference 
of thoſe two numbers firſt taken ſhall be the ſides of the deſired Squares. 

As, for example, if it be deſired to find out two Squares whoſe difference ſhall be 60 
firſt, I take 4 of the ſaid 60, to wit, 15; then I chuſe two ſuch unequal numbers that 
the Product ot their multiplication may make 15, as 5 and 3; laſtly, the ſumm, and 
difference of 5 and 3, give 8 and 2 for the lides of two Squares whoſe difference is 50. 

The truth of this Cano 3. may be demonſtrated thus, let c and ô repreſent wo 
unequal numbers, and ſuppoſe c to be the greater, then 


The Square of c I is «© «© . . ceboncb-+bb, 
The Square of e — 4 is C 2c, 
The ditference of thoſe Squares is . . . J -4ch. 
Whence it is manifeſt , That the quadruple of the ProduR of the multiplication of any 
two unequal numbers is equal to the difference of two — mp the greater of which 
is che Square of the ſumm of thoſe numbers, and the leſſer Square is the Square of the 


ditterence of the ſame two numbers. Wheretore the truth of Cann 3. is evident. 

4+ It a Square be equal to two Squares, then (by prop. 47. Elem. 1. Euclid. ) the ſides 
of thoſe three Squares will conſtitute a right-angled Triangle, viz. the greateſt ſide 
ſhall be the Hypothenuſal , and the other two the ſides about the right - angle; whence 
it follows, that the Square of one of the ſides about the right-angle is equal to the difference 
ot the Squares of the other two ſides: And — 


any Rational number be given 
for 


* 5 9 
ung E 3 


2. Its play — 
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for one of the ſides about the right-angle of a right-angled Triangle, the other ſide about 
the right-angle and the Hypothenuſal ſhall be given alſo in Rational numbers by the help 
of any of the three preceding Canons: As, for example, if 4 be given for the Baſe, the 
Square thereof is 16, then by any of the ſaid Canons find out two Squares whoſe difference 
may be 16, ſuch are 25 and 9, (and innumerable other pairs ot Squares; ) therefore 
their ſquare Roots or ſides, viz 5 and 3, ſhall be the deſired Hypothenuſal and Perpen- 
dicular. Whence it is evident, that by the like Operation innumerable right-angled 
Triangles may be found out in Rational numbers , which ſhall have one common Baſe ( or 
Perpendicular ) preſcribed, 


QUEST. 6. 


To find two ſuch numbers, that the Product of their multiplication may be equal to 
a given number, ſuppoſe d, and that the Square of half the ſumm of the ſaid numbers 
may be greater than a number given, ſuppoſe b. 


RESOLUTION. 3 


1. For one of the numbers ſought puunt 4 
2. Then by dividing the given Product 4 by 4, the Quotient» 4 
ſhall be the other number ſought, towit, . . . . . 7 7 
3. Therefore half the ſumm of thoſe two numbers is 3 aa jd 
24 


4. Now ſuppoſe it be deſited that the Square of the ſaid half | 
ſumm may be greater than the given number 6, then it. 44-4 
neceſſarily follows, that the ſumm it ſelf muſt be greater than 24 
the fiucce Roct of . eo ES 2 

5. Therefore from the fourth ſtep , by multiplying each part 2 4 ＋ dN 2ayb 


BY 26, it follows, that . . © - « 
6. That is, ( becauſe ay/4b = 2ayb,) aa Ed =- ay4b 
as K 4½4 l — d 


7. And by ſubtracting d from each part of the ſixth ſtep, it 4 
roboms thet  . - » o » ERR 
8. And by ſubtracting 44/46 from each part of the ſeventh ſtep, > 44— 44/45 — —4d 
9. And by adding a quarter of the Square of the known Co- 
efficient 4/46, to wit, b, to each part of the eighth ſtep, it» 44—44/4b-|-b = -A 
” bows tht .  o-. - «© «a 3 
10. And by extracting the ſquare Root out of each part o — 
the 2 0 js a b „„ 4 „ r 
11, Wherefore by adding / to each part of the tenth ſtep, 4 K yb+y:b—a: 
12. Again, becauſe — a+ y/b (as well as a — 4/6) may be = IM 
the lide of the Square 44 — 44/4b -- in the firſt part of © —a-|-y/b - y/:b-d: 
ninth ſep , it thence follows that „ + „% oe» 
13. And by adding 4 to each part of the twelfth ſtep, ,. > b & a y:b <7: 
14. And by ſubtracting /: U 4d: from each part of the SINE 
2. ſtep, * --—— * * -N - d: 4 
15. Wherefore from the fourteenth ſtep, by comparing the ; a 
latter part to the former, 3%. 


16. The eleventh and bfreenth ſteps give limits for the choice of ( a) one of the two 


numbers ſought by this ſixth Queſtion, when it requires that the Square of half the ſumm 
of the ſame numbers may be greater than a given number; and the premiſles afford 
this following 
CANON 1. 
For one of the numbers ſought take any number greater than /H V- d: or 
leſs than /b - „ d: then divide 4 the given Product of the multiplication of the 
two numbers ſought , by the number firſt taken, ſo ſhall the Quotient be the other number 


ſought, 
An Example in Numbers. 


Suppoſe .' . © » + © + © „ 
Thence it follows, that . . „ -/: TA: = 21.856, &c. 
Alſo, . . + + +» „ „ ofÞ=/ibd=d; = $856, Oc. 
D Therefore 


— 
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Therefore according to the direction of the preceding Canon, I take for one of the 
two numbers ſought ſome number greater than 217333, or leſs than 57£53%, as the num- 
ber 2; by this I divide the given number 128 = 4, and the Quotient gives 64 for the 
other numbers ſought , which two numbers, 2 and 64, will ſolve the Queſtion, as will 
be evident by 

The Proof. 


The Product of the multiplication of 2 and 64 makes the given number 128 (or 4,) 
and the Square of half the ſumm of 2 and 64, viz. the Square of 33 is 1089, which 
is greater than 192, (or b,) as Was required. But to the end there may be a poſſibility 
of ſolving the Queſtion propoſed , the Canon above- expreſt doth ſhew there is a neceſſity 
that the number 4 muſt not exceed the number b. 


17. The preceding Reſolution of Queſt. 6. preſuppoſeth it to be deſired that the Square 
of half the ſumm of the two numbers ſought may be greater than a number given; but 
if it were deſired that the ſaid Square might be leſs than a number given, then A being 
uſed inſtead of c in the ſaid Reſolution, there would at length arile thi; following 
Canon to ſolve the ſaid Queſtion in the latter Cale, 


CANONM 2. 


For one of the numbers ſought take any number leſs than y/b -|-4/:6—4a: but 


greater than / - : U d: then divide d the given Product of the multiplication 
of the two numbers ſought , by the number firſt taken, and the Quotient (hall be the 
other number ſought. 


J 


An Example of this Canon. he 


Suppoſe (as before) 4 128, and b = 192, 
Thence it follows, that. . 4/b+y/: b—d: = 21.856, Cc. 
Aſh, . - + o „ 4.836, Oc. 


Therefore ( according to the latter Canon) I take for one of the two numbers ſought 
ſome number between 57833 and 211348, as 16; by this I divide the given number 


128 (or 4,) and the Quotient gives 8 tor the other number ſought , which two numbers, 


16 and 8, will ſolve the Queſtion when it requires that the Square of half their ſumm 
may be leſs than the given number 192, as may ealily be proved: For the Product of the 
ſaid 16 and 8 makes the given number 128, and the Square of half the ſumm of 16 and 8, 
viz. the Square of 12, is 144, Which is leſs than the given number 192 ; as was required. 


QUEST. 7. 


To find two ſquare numbers in a given difference, and that one of thoſe Squares may 
be greater or leſs than a given number, 

1, Let it be required to find two ſuch ſquare numbers , that their difference may be 
equal to a given number, ſuppoſe 4; and that the greater Square may exceed a given 


number, ſuppoſe 6. 
RESOLUTION. 


It is manifeſt by Caxon 2. of the foregoing Queſt. 5. That if two numbers be taken, 
ſuch, that the Product of their multiplication is equal to the given difference of two Squares 
ſought , then half the ſumm and half the difference of the numbers ſo taken ſhall be the 
ſides of thoſe Squares: Therefore if two numbers be found out, ſuch, that their Product 
is equal to the given difference d, and that the Square of half the ſumm of the ſame numbers 
is greater than the given number 6, then that Square ſhall be the greater of the two Squares 
required, and the Square of half the difference of the ſaid numbers ſhall be the leſſer 
Square required: But two ſuch numbers may be found out by the firſt Canon of the 
preceding ſixth Queſtiori , and conſequently this ſeventh Queſtion may be ſolved by the 


tollowing 
CANON 1. 


Take ſome number greater than V- -- A: or leſs than /s — /: 1 — 4: then 
divide d the given difference of the two Squares ſought by the number firſt taken, and 
reſerve the _ ; laſtly, half the ſumm and half the difference of the ſaid Quotient 
and number firſt taken ſhall be the ſides of the two Squares ſought, 


An 


» - 
8 
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An Example in Numbers. 


Suppoſe . . + + « + « 4 128, and b = 192, 

Thence it follows that. „V/ d: = 21.856, Ce. 

G. ee 

Therefore according to the direction of the Canon, I take ſome number greater than 
2178885 or leſs than 51338, as 2; then by this 2 1 divide 128, (to wit, 4) and the 
Quotient is 64 ; laſtly, half the ſumm of the ſaid 2 and 64 is 33, and half their difference 
is 31, Which 33 and 31 are the ſides of two Squares that will ſolve the Queſtion propoſed, 
as Will be evident by 
The Proof. 


The Squares of 33 and 31 are 1089 and 961; the difference of theſe is equal to the 
given difference 128, (to wit, a;) and the greater Square 1089 is greater than 192, (or 6;) 
as was required. 1 

2. In like manner, if it were required to find out two Squares whoſe difference ſhall 
be equal to a given number d, and the greater Square leſs than a given number &; the ſides 
of the ſaid Squares may be found out by this following eh 

CANON 2. 1. 

Take ſome number leſs than /I, /: A: but greater than /b — / :b 4: 
then divide d the given difference of the Squares ſought, by the number ſo taken, and 
reſerve the Quotient; laſtly , half the ſumm and halt the difference of the ſaid Quotient 


and number firſt taken (hall be the ſides of the two Squares ſought, 


An Example in Numbers. 
Suppoſe e & + » d=n28; nd 6 = 1925 t 
Thence it follows, that.. A: = 11.856, &c. N 

„„ » ©: 4. es „ -N : =" 5.856, Cc. ; 

Therefore according toghe direction of the laſt preceding Canon, I take ſome number 
between 574338 and 217338, as 16; then by this I divide the given number 128, 
(to wit, d,) and the Quotient is 8; laſtly, half the ſumm of the ſaid 16 and 8 is 12, 
but half their difference is 4 ; which 12 — 4 are the ſides of two Squares thar will ſolve 

the Queſtion , as will be evident by n 

The Proof. © 


The Squares of 12 and 4 are 144 and 16 the difference of theſe is equal to the giyen 
difference 128, (or d;) and the greater Square 144 is leſs than 192 , (or 6) as was 
required. | | | 

3. But if it were required to find out two Squares in a given difference d, and that 
the leſſer Square might be greater than a given number g; they may be diſcovered by the 
help of the preceding Canons of this ſeventh Queſtion, in this manner, vic. 

Let it be required to find two Squares whoſe difference ſhall be 24 (or d,) and that 
the leſſer Square may be greater than 12, (or g.) Here the ſcope muſt be to find out 
two ſuch Squares that their difference may be 24, and that the greater Square may 
exceed 36, that is, 24 12, and then the leſſer Square will conſequently exceed 12. 
Therefore, 

eh „„ „„ IR RMSE 
Suppoſe als „ EF = SS. 

Thence it follows, that. ' -d: = 9.46, Ce. 
— —— r — d: = 2.53, &c. 

Then (according to the firſt Canon of this ſeventh Queſtion) I take ſome number 
greater than 9133, or leſs than 2753 , as 2; by this I divide 24, (to wit, 4,) and the 
Quotient is 12; then half the ſumm of 2 and 12 is 7, and half their difference is 5 
which 7 and 5 are the ſides of two Squares 49 and 25, whoſe difference is 24, (to wit, 4,) 
and the leſſer Square 2 5 is greater than 12, (or g;) as was required. But for the greater 


evidence, let ff be put for the leſler Square found out, and h for the greater; then 


By Conſtruction, a .* S:2 hh — a -|- ff, 
Alſo by Conſtrugion, . '. . bb dg (= ,) 
Therefore „ 10; ©! 's if © g. Which was to be proved. 
. | 2 4. Laſtly, 


1 
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4. Laſtly, if it were deſired to find out two Squares in a given difference 4, and that 
the leſſer Square might be leſs than a given number g; let the ſumm of choſe two given 
numbers, (to wit, 4 g) be called & (as before,) and then by the latter of the two 

receding Canons of this ſeventh Queſtion find out two Squares that their difference may 
be equal to the given difference 4, and that the greater Square may be leſs than the ſumm 6, 
ſo ſhall the leſſer Square be leſs than the given number g. 


I OO IO _ WF v IN In 


—_— 


DUEST. 8. X 
[ Thit is the twelfth of the ſecond Book, of Diophantus, and the ſeventh of the fourth 
Book, of Vieta's Z eteticks. | 
Two numbers being given, ſuppoſe 192 and 128, to find a third, which added 
to each of thoſe given may make each ſumm to be a Square. | 
RESOLUTION I. 
1. For the number ſought pute 7 4 | 
2. Then the Queſtion requires that each of theſe two fumms 2 19244 = QO 
may be a ſquare number, vin. J 128-j4 = 
3. Now that Duplicate Equality (for ſo Diophautis calls it) may be reſolved thus, vir. 
-Firſt , ſubtract 128-]-a hom 193-4, and the Remainder 64 is the difference 
- "both 'of the given numbers and likewiſe of the two Squares ſought , then (by the 
receding ſeventi Queſtion ) find two ſuch ſquare numbers that their differenee may 
e 64 , and that the greater Square may exceed 192 the greater number given; ſuch 
are the Squares 289 and 225 , whoſe lides are 17 and 15. 
4. Then equate 192 ff to 289, thus 7 192-4 = 289 
5. Or equate 1284 to 225, thus 9 128-2 = 225 
6. Laſtly, from either of thoſe Equations in the fourth and fifth [4 
ſteps, the number 4 ſought will be alſo made known, iz. * * © Eo 97 
1 ſay 97 will ſolve the Queſtion; for if it be added to Ui and 128 ſeverally, the 
furtittis 289 and 225 are Squares, 3 was requited: And Gut of the premiſſes well 
examined, reſpect alſo being had to the preceding ſeventh Queſtion, there will atiſe this 
following Canon to find out ififiumetable Anſwers to the Queſtion propoſed. 
CANON. | 
7. Take any number greater than the ſumm, or leſs than the difference of the ſquare Roots 
of the two numbers given ; divide the difference of the two numbers given, by the 
numbet firſt taken, and teſerve the Quotient; then from the Square of half the ſumm 
of that Quotient and the number taken, ſubtract the greater of the two numbers given; 
or, from the Square of half the difference between the ſaid Quotient and the number 
firſt taken, ſubtrat the leſſer number given; ſo ſhall either of the Remainders (for 
they are equal to one another) be the numbers ſought. 
An Example of the Canon. 
8. Let there be two numbers given to tind a third, according F 96 
X85. @, - +», oa e 
r e 38 
PC c 1.26, Oc. 
„ p ̃˙¹w.ʃw̃—p e 6.09, . 
12. Let a number be taken, either greater than 127823, or 
nen. , IEEE » oC Y 
13. Divide $8 in the ninth ſtep, by 4 in the twelfth, and the 
COMEBDE : i < of 6 ES © 
14. The half of the ſumm of 4 ard 22 in the twelfth and 
Dre c is +» 

15. The Square of the ſaid 13 isn 8169 
16, From that Square ſubtract the- greater of the two numbers ; 
given in the eighth ſtep, to w . . . «  . « « 8 4 
17. So the Remainder is the number fought, ro wit, . . .> 73 

The Provf. . 
169, , whoſe / is 23; 
81, whoſe / is, g. 


96 ＋ 73 
8 I- 73 
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In like manner, if it were deſired to find out ſome number ſignified by (4) that 
104 | 54 may make a Square, alſo that 104-6 may make a Square, the preceding 
Canon will give innumerable values of 4, among which 1 will be found a true value ; 
for if 4=1 , then 104 ＋ 54 = 64, and 104 +6 = 16. 


Obſervations upon Quelt. 8. 


1. Diopbant us in reſolving this Queſtion makes an entrance into one of his peculiar 
ſubtilties, which he calls a Duplicate Equality, (an ingenious Invention varioully uſed by 
him, as divers knotty Queſtions in this Book will make manifeſt ; ) the principal hinge 
whereof depends on the finding of two Squares Whoſe difference thall be equal to the 
difference ot two A/gebraick, Quantities , each of Which is propos d to be found equal to 
ſome known ſquare number: As, in the preceding Reſolution of this Queſt. 8. two 

uares, to wit, 2& and 225 are found out; whoſe difference 64 is equal to the difference 
of the two Algebraic Quantities 192 --4 and 128 FE 4, each of which, according 
to the import ot the Queſtion, is to be found equal to ſome ſquare number, and therefore 
the number 4 ſought muſt be ſuch as will cauſe that effect. 

2. But that the reaſon of the Operation in reſolving the Duplicate Equality in this 

eighth Queſtion may clearly appear, two things are to be proved, viz. 
Firſt, That the greater of the two ſquare numbers found out in the third ſtep of the 
Reſolution muſt neceſſaxily exceed the greater of the wwo numbers given in the Queſtion, 
and the leſſer Square exceed the leſſer number given. To prove this, firſt, it is intended 
that the deſired number 4 ſhould be affirmative, chat is, greater than nothing; but if any 
ſquare number not greater than 192 were ſet inthe place of 2 8g in the Equation in the 
fourth ſtep, viz. 192 F-42289 or any ſquare number not greater than 128, in 
thy place of 225 in the Equation in the fifth ſtep, viz. 128 -H 2 22353 the value of « 
would be leſs than nothing: and therefore the neceſſity of the befare-mentioned qualifi- 
cation of the ſaid Squares is apparent, | = | 

Secondly , That when two ſquare numbers are found out, ſuch., that their difference 
is equal to the difference of the two numbers given, and that the greater Square exceeds 
the greater ot thoſe. given numbers; then conſequently the leſſer Square ſhall exceed the 
lefler number, and theſe two laſt mentioned exceſſes or differences ſhall be equal to one 
another. The truth of this conſequence will be evident by the following | 


THEORE A. | 


If two ſquare numbers, N the greater and the leffer, have the ſame difference 
as two other numbers, ſuppoſe þ the greater and c the leſſer, and that the greater Square dd 
exceeds the greater nutaber 6, then rhe leſſer Square ff ſhall exceed the leſſer number c, 
and the former exceſs 44— 6b ſhall be equal to the latter ff —c. For, 


By. fuppolition-' . '. oo <5 reer 
Therefore by adding ff to each part, it follows, that > dd = f + b —6 
But by ſuppolition . „ „„ „ + a © WED 
Wherefote, by ſubtracting & from each part of the Equa- 
tion in the laſt ſtep but one, that which the Theorem 0 dd —b = ff — 
Is maniteſt ; 1 ˙ » % TT . 


And conſequently either of thoſe equal exceſſes or ditfgrences ( in the laſt Equation ) 
ſhall be a number to ſolve the Queſtion propoſed ; for it is manifeſt that if the former 
exteſs dd — be added 10 6, and the latter exceſs ff c to e, the ſumms will be Squares, 
id wit, dd and ff. | | 


— — 


{ 
% 


| Aut ber manner of reſolving the foregoing Quit: 8. which is here repeated, viz. 
Iod find a number which added ſeverally to 128 and 192, may make the ſumms to be 
Squares. | | 
| RESOLUTION 2. 
1. For the number ſought put 44 — 128 whereby part of the Que- 
Nion is ſatisfied, for it 44 — 128 be added to 128, it makes 
2 Square, to wir, 44; let therefore the number ſonght be feigned( 


to * * . * * . - . * . * bh * * . 


ad — 128 


2. But 


— 
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2. But the Queſtion requires alſo, that it the number ſought be added 
to 192 , the ſumm may be a Square; add therefore aa — 128 t 
192 , ſo the ſumm 44 — 128 ＋ 192, that is, 44 64 muſt © 4-64 = Q 
be equal to a ſquare number, vis. . | 
3. It remains therefore to equate the ſaid 44. 64 to a Square, whoſe ſide (to the end 
the value of a4 may be greater than 128, as the number aa — 128 aſſumed in the firſt 
ſtep requires) may be teigned to be 4 E any Abſolute number leſs than 27833, or 
— 4 | any Abſolute number greater than 25338, ( which limits are diſcovered by 
the tollowing third way of reſolving this Queſtion ; ) let therefore the ſaid (ide be feigned 
to be 4 ＋ 2, and then the Square of this ſide being equated to aa + 64 as the ſecond 
ſtep requires, this Equation ariſeth, zz. 


. 


44 ＋ 44 4 = 4 4-64. | 
4. Which Equation , after due Reduction, makes known the a_ 1 
„ wt? 


Therefore by the farſt and fourth ſteps the number ſought will be found 97, which will 
ſolve the Queſtion , for if 97 be added to 128 and 192 ſeverally, the ſumms are Squares, 
to wit, 225 and 289; and the limits in the third ſtep for feigning the (ide of one of the 
Squares ſought do ſhew that the Queſtion is capable of innumerable Anſwers. 


A third manner of reſolving the preceding Queſt, 8. which is here repeated, viz. 


To find a number, which added firſt to a given number ( f,) and then to a greater given 
number (b,) may make the ſumms to be Squares. 
| RESOLUTION. z. 
b = — — 2 on ul oY r naw f po ke . =? 4. = 14275 
2. And for the number —— put 44 — f, ( a repreſenting a number 
unknown,) whereby the firſt part of the Queſtion is ſatisfied; fo 
if 44 — f be added to F it makes a Square, to wit, 44; let there- 
fore the number ſought be feigned to bee 3 
3. But the Queſtion requires alſo, that if the number ſought be added 
to b it may make a Square; add therefore 44 f to b, and it makes 412 
4 Ef, chat is, 44-PCd, (for d was put equal to b — fe * = 9 
which muſt be equal to a Square, vidngdgg. x 
4. It remains then to equate a4 -j- d to ſome Square, whoſe fide may be feigned to be either 
a-|-e, or — 4 e (which numbers, 4, e and # are all yet unknown ;) Firſt, let the 


as — 


ſide of the ſaid 
this Equation ariſeth , vi. 
aa + 2e -|- ee = aa-|-d. 
5, Which Equation, after it is duly reduced ro find what — d—ee 
"2  1'% rH ST 2-3 ꝛc 
/ „ „4 of 


7. Therefore by the fifth and ſixth ſteps , ., , . . 3 4 — ee = ff 


8. And by multiplying each part of the ſeventh ſtep by 2 e, 8 ä 1 
it follows , . e 'F d—eeT-26/f, ot VA 
9. And by adding ee to each part of the eighth ſtep, it gives > d ce E eNAF 
10. And by adding f, that is, à of the Square of the known | | 
-— Coefficient 4/4f in the ninth ſtep, to each part thereof, > df e f 
/ Prop, > 7 20 
11. And by extracting the ſquare Root out of each part of 
„„ „ nfo at 6 
12. And by ſubtracting „f from each part of the eleventh 
A % —dʒ? » ES. 
13. And by comparing the latter part of the twelfth ſtep 
to the firſt — © anifet hat J | 
14. Bur by the firſt ſtep, sds d = dif 
15. And conſequemt il 4% v0 = vidTf: 


© „-f: - H= 


uate be feigned to be @ -|-e, fo its Square being equated to 44 d, 20 


FEY fo ea? 
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1 6. Wherefore, by ſetting / in the place of y/:4-\-f: "IN. 
in the thirteenth ſtep, it's evident — 53 5 1 
17. And becauſe by the fifth ſtep, . . . d ee Bd 
28. Thereſe - oo eo oo CR oor | 
19. Again, foraſmuch as the (ide of the Square mentioned in the fourth ſtep may be 
feigned to be — 4 ECA, let the Square of — 4 EA be equated to 44 Ed, as the 
third ſtep requires, ſo this Equation ariſeth, vis. 
44a -d = aa— 24 ＋ n. 
20. Which Equation , after due Reduction, to find? . __ ##— 4d 
out what à is equal to, gives 5 ce 8 
21, But by the ſecond ſte , . . c „ 4 of 
22. Therefore from the twentyeth and twenty-firſt ? aw — d 
ſteps,  - © « 5.» «© _s_ —_— cc // 
23. And by arguing to 1 limits for u, in like 
manner as before for e from the ſeventh to the> „ 
lixteenth ſtep inc luſive, it will at length appear, the r 
24. And becauſe by the twentyeth ſtep . . . 
25. Therefore „ + «2 


7 
2 22 
a6. Now U © ES 3 192=b 


27. And conlequemly . » « + © © = +» 
28. And trom the ſixteenth and twenty-ſixth ſteps 

it follows that  - 2 
29. And from the twenty-third and rwenty-fixth 

RE ON IE SI 
30. Likewiſe from the eighteenth and twenty- ſixth 2 

ſteps, 0 0 . . . * . & - fa . . 8 e A 8 (yd) 
31. And from the twenty-fifth , and twenty-ſeventh 


„ œ dM + os 


But of the limits found out in the four laſt preceding ſteps, the two former only are 
neceſſary for chuling the numbers e and u, for the two latter not being ſo ſtrict as the 
two former are uſelels. Then after the number e or u is duely choſen according to the 
ſaid limits in the twemy- eighth and rwenty-ninth » „the number 4 will be diſcovered 
either · by the fifth, or by the twentieth ſtep, and laſtly , the number ſought by the ſecond 


and twenty-lixth ſteps. All which will be farther illuſtrated by the following Canon 
and Examples, 


6 23352, Se. (Vb—yf) 


= 6 


CANON. 


32. Take any number leſs-than the difference, or greater than the ſumm of the ſquare 


Roots of the two numbers given in the Queſtion : then divide the difference between 
the Square of the number firſt taken, and the difference of the two numbers given, 
by the double of the number taken; and from the Square of the Quotient ſubtract 
the leſſer of the two numbers given, ſo the Remainder ſhall be the number ſought, 
| | Example 1. 
Ler there be two numbers given to find a third 
according to Queſt. 8. as, 9 „ 'F „fn 
Thence it follows, that „ b— f = 642 4 


„% „ « *f „„ = 2.542, &s. 


E hep re 
than 27333, and call it e, as 8 7 1 
Thence ic follows, that . t 4 4 5 oÞ — = 3 =4 
And laſtly, + + os «© © «> F — $864; ſought. 
The Proof. 


192 ＋ 8644 


14 10564, whoſe / extracted is 32+. 
128 8644 


9923 whoſe / extracted is 314. 


Il !] 


Example 2. 
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Example 2. 


Again, the ſame things being given as in Example 1. take 
ſome number greater than 2 57833, and call it #, as 


Thanee & fellows tht ec» oc us 3 a — = 172 4 


26 
SS. em 5 aa—f = 97 ſought, 


Ss = 32 


The Proof. 
192 + 97 = 289, whoſe / is 17. 
128 4 97 = 225, Whoſe / is 15. 


Note. In divers of Diophantuss Queſtions, where Algebraick Quantities are to be 
equated to Squares, there is great uſe of finding out Limits, ( atter the manner delivered 
in the laſt preceding Reſolution,) to dirett how to feign the ſides of the ſaid Squares, ſo, 
as that their values in numbers may be greater than nothing; and therefore for the more 
ample Illuſtration of that Method 1 have framed the five Queſtions next following, in the 
Reſolutions whereof , the induſtrious Learner will meet with no difficulty, if he be well 
exercis d in the manner of reſolving Quadratick Equations according to Set. 5, 7 , 9. 
Chap. 15. Book 1. as alſo in the Obſervations upon the firſt Queſtion of this third Book. 


QUEST. 9. 


To find a number, call it 4, that ſhall be leſs than 3, and cauſe 44 -E 12 to be 
a ſquare number, 
RESOLUTION. 
1. Put Letters for the given numbers, ic. 3 7 wa 1 
2. Then the Queſtion requires that 24 -|- 4 may be equal to a Square, but its Side ( or 
Root) mult be ſo feigned that the value of 4 may be leſs than f, and greater than 
nothing ; to which end the ſaid Side may be feigned to be either a-j-e, 'or — 4 E-; 
( which 4, e and « do repreſent numbers yet unknown ;) Firſt therefore ſuppoſing the 
laid Side to be a-|- e, the Square thereof is 424 E- 24e-+ ee, which muſt be equated 
to 44-|-+d above-mentioned , hence this following Equation ariſeth, vis. 
aa + 24e Fee = 44 ＋- 4. | 
3. Which Equation, after due Reduction to find out the ? _ __ d—ee 
„„ . . cc.» co. = 26:2 
4. And ſince the Queſtion requires that « may be leſs than ns a—f 
A 8 - - © © „ © » + *& So. 


5. Therefore from the third and fourth eps . . . . 2 — = 2 

6. And by multiplying each part of the fifth ſtep by 20, „ 2 fe 
„%% - +» ES » 

7. And by adding ee to each pu of > ſixth = ES ob 4 =D on-4- fc 

8. And by adding the Square of half the Coefficient 27 
to each part of the — ſep, it gives . . . . c «ff 02 e-3fe-fﬀf 


9. And by extracting the ſquare Root out of each part 
of the eighth ſtep, , « + EVE 8 vi d-ff: e 


10, And by ſubtracting f — each part of che ninth ſtep, > Vid: —f D'e 
= oma az, 
12. And ſince by the third ſtep ee => d, therefore, .} e > y/d 
13. Again, for as much as the Side of the Square mentioned in the ſecond ſtep may be 
feigned to be — a+ , let the Square of — «+ # be equated to a4-|-d as the 
Queſtion requires, ſo this Equation ariſeth , v4z. 
aa -|-d = aa — 224 + . 
14. Which Equation , after due Reduction to find out the uu — d 


ls = — 
— _— „ Tc. 24 


15. And 


_ OT 
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4⅛!b . eee 
16. Therefore from the fourteenth and fifteenth ſteps it uu — d _ 

%% „%„%„„% ] TT RNÞ8TE a <__ 24 
17. And by continuing the Proceſs to find out Limits for a, 

in like manner as before for e from the fifth ſtep to thep » = : d+ ff: + f 
' eleventh inclulive, it will at length appear that. 
18. And ſince by the ſixteenth ſtep, an c d, therefore > == d 

From the firſt, eleventh, twelfth, ſeventeenth, eighteenth, third, and fourteenth ſteps 
the following Canon is deduced, by the help whereof innumerable Anſwers may be 
tound out to the Queſtion propoſed. | 


CANO N. 
19. Take any number (e) between /:d ff: F and d, that is, between 17222, Cc. 


and 37283, Cc. Or any number () between /d and /: 4-+ ff: +f, that is, 
between 3722539 Cc. and 75553, Cc. Then divide the difference between the Square 


15. And becauſe the Queſtion requires 4 to be leſs than 3, 


FoTS' 


of the number taken and d, or 12, by the double of the number taken, ſo the Quotient 
(hall be the number à ſought. 
Example 1. 

Let there be two numbers given in ſuch manner as before | 
is ſuppoſed in this Queſt. 9. * e „% a MS. d = 1,ad f= 3 

Then according to the firſt limits in the Canon take ſome 
number between 12325 and 3723 as 2, and call this „ e = 2 
ee g 

— ee 


And then by the latter part of the Canon —2 2 ſought, 


Which number 2, to wit, a, will ſolve the Queſtion, for it is leſs than 3; and 4-123 
that is, 16, is a Square, as was required. 
| Example 2. | 
Again, the ſame things being given as in Example 1. take 
ſome number between 343$5 and 77223, (according to 88 1 = 4 
uppoſe 


latter limits in the Canon,) as 4, and call this #, viz, 
And then you will fing 4 — | 
Which Fraction 1, to wit, 4, will ſolve the Queſtion, for it is leſs ; and 
aa +12, that is 4 124, is a Square as was requir 
EST. 10. 
To find out a number, call it 4, that 44 — 60 may be greater than 5 4, but leſs than 84. 
RESOLUTION. 


us 4 4 


wy 


\ @ 
1. Put Letters for the given numbers, aas « = 


2. Then the Queſtion requires that 424 — b may be greater: . _ 
than ca, yet leſs than da; firſt then let us ſuppoſe 8 e 
3. Thence it follows, by adding ô to each part, that . .> as g carb 
J. And by ſubtracting ca from each part in the third ſtep > aa—ca c 6 
5. And by adding the Square of half the known Coeffici- 2 
ent e — each part ot the fourth ſtep, it follows that 8 cart dee Ce - ace 
6. And by extracting the ſquate Root out of each part I „=. 
of the fitth ſtep, it gi ng fe r ν , 
7. Wherefore by adding 3c to each — of the ſixth ſtep, 4 = nc : b+ cc: 
8, Again, let us ſuppoſe, as the Queſtion alſo requires, that W as — b => 4s 
9. —_ by arguing in like manner as before 1 
econd ſtep to the ſeventh incluſive, ſaving that inſtead A 2 
of c there, > is to be uſed in this latter argumenta- CC 2 14/1048; 
tion, it will at length appear that | 


1 10. Thus, 


* 


4 
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10. Thus, (by the ſeventh and eighth ſteps ) limits are diſcovered , within which any 
!1mber may be taken for the value of a the number ſought , 5. 
8 © ic v:b-j- Ice: (108122, c.) 
a d a.: (12 bbs, Ge.) 
As, for example, if 4= 12, which is within the ſaid Limits, then 44 — 60 84; 
alſo 54 2 60, and 84=96: But 84 (that is, aa— 60) is greater than 6-, (that 


is, 54, ) and leſs than 96, (that is, 84; ) and therefore the number 12, ( that is, a, ) 
doth manifeſtly ſolve the Queſtion propoſed, 


—— — 


DUEST. 11. 


To, find out a number, call it 4, that ſhall be greater than 1075223525 but leſs than 
127852222, and cauſe a4 — 60 to be equal to ſome ſquare number. 


RESQLUTION. 


IlOTECGITCTT x 
1 177978 


b =. 60, 
1. Put Letters for the given numbers, as 2 f = e833 5 
1 = Irres 
2. Then, (according to the import of the Queſtion, ) 44 — 6 mult be equal to ſome 
Square, but the {ide thereot muſt be ſo feigned that the value of a may be greater 
than F, but leſs than d; to which purpoſe, the ſaid {ide may be feigned to be a—e, 
or e—a, ( which à and e do repreſent numbers unknown ,) and then the Square of the 
ſaid 4 — e, or e—4 being equated to 44 — b above mentioned, gives this Equation, vis. 
. aa — 6 = 44 — 24 -\- ee. 
3. Which Equation , after due Reduction to find out the value _ ee-|-6b 
— EAT =D 
44 But according to the Queſtion, . . . . . „ a = f 


5. Therefore from the third and fourth ſteps, . . . . + E Ef 
2 
6. And by multiplying each part of the fifth ſtep by 20, it 
follows that X 1 g 1 'S ce - 5 2fe 


00 — 2 T — þ 


7. And by ſubtracting from each p: t of the-ſixth ſtep, . of 0 © 6 
8. Had by equal ſuberaQion of 2 fe from each part of the ſeventh 2 ' 
>. 
tent 2f in the eighth ſtep, to each part, it follows that ee—2fe-| ff f- 
10. And by extracting the {quare Root out of each part of the - 
_— oh FT 1 

11. Wherefore by adding F to each part of the tenth ſtep, it's 
„ 
of the — ee — 2 fe + F inthe firſt part of the ninth ſtep, f - e f-: 
it thence follows, that . 

14. And by ſubtracting 4/:ff — 6: from each of the ET 
thirteenth ſtep, . . . . * F-] α¹ -:. 
part to the former, tis manifeſt tag . . .F © n 

16. Again, becauſe the Queſtion requires 7 4 = 4 


P v * „ * . * . * . * . * * . 
9. * by adding HF, that is, the Square of half the known Co- 
e 
ninth ſtep, 
„ener 
12. Again, becauſe f — e, (as well as e — f,) may be the (ide 
I}. And by adding e to each part of the twelfth ſtep, IP > Fe-: 
15. Wherefore from the fourteenth ſtep, by comparing the latter 8 
— 
ee-|-b 


17. It follows from the third and fixteenth ſteps, that 3 — 4 


2 
18. Wherce b ing in like manner as before from the fifth bs, 
ſtep to the blteenth dias, faving that d is to be uſed here, C > db Y. . 
inſtead of f there, and = inſtead of C, it will at length „= A- V= 
% le ee IEC 
From the eleventh, eighteenth, fifteenth, firſt and third ſteps the following Canon ariſcth, 
which will find out innumerable Anſwers to the Queſtion propoſed, 


CANON. 


1 


7 
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CANON. 
19. Take any number (e) greater than f: FY: but leſs than 4 .- Y: da — F: 


( that is, any number between 177324, Cc. and 227383, Cc.) or any number 
greater than 4 — y/:d4— 6: but leſs than Ff=y/:Ff—b: ( that is, any number 
between 27836, Cc. and 37333, Cc.) Then 2 of ſhall be equal to (4) the 
number ſought. 

Examples. 


Firſt, for the number e take 22 which is within the former limits in the Canon ; 
then — — gives 127+ for the number 4 ſought by the Queſtion: For if from the 


Spuare ot 127+, to wit, ff, you ſubtract the given number 60, (or 6,) the Re- 
mainder 1114 is a Square whoſe {ide is Af; and the ſaid 1277 ( that is, ,) is greater 
than 10783, &c. but leſs than 12738, &c. as the Queſtion requires. 

Again, for the number e take 3 which is within the latter limits in the Canon; 
then — E gives 11; (the number 4, which will likewiſe ſolve the Queſtion propo- 

e : 

ſed: For if from the Square of 114 you ſubtract 60, there will remain a Square, to wit, 
+42 whoſe ſide is 1; and the faid 11+ (that is, 4) is greater than 10783, &c. but 
leſs than 12735, Cc. as was required, | 


"> 


LUEST. 12. 


To find out a number, call it 4, that ſhall be greater than 2+, Ca number given,) 
and cauſe a4 44 -+- 2 to be equal to ſome ſquare number. 


RESOLUTIOUN. 
| b = 4 
t. Put letters for the given numbers, as 35 « 7 5% 3 & = 22, 


2. Then the Queſtion requires that 24 Ela f may make a ſquare number, but its 
ſide muſt be ſo feigned that the value of 4 may be greater than d. Now to cauſe thoſe 
effects, the ſaid ſide may be feigned to be 4 — e, or e 4, (which „ and & do repreſent 
numbers yet unknown, ) and then the Square of 4—e or e— 4, that is, a8 — 24e 
Fee, being equaced to 44 fa f, gives this Equation, viz, 

aa + ba-|-f = 44 — 24e ee. 

3. Which Equation, after due Reduction to find out "y n 
aa, _ . 26-6 

4. And becauſe the Queſtion requires „ 4 4 


5. It follows from the third and fourth ſteps, that J 
6. And by multiplying each part of the fifth ſtep, by ze, * ee — f c 2de A 
7. And by adding f to each part of the ſixth ſtep, . .> er © 2d EA +f 


8. 8 by ſubtracting 2 de from each part of the ſeventh ee — 26 = db+ f 


9. And by adding the Square of half the known Corſi? add c- AE. 


cient 24 in the _ ſtep, to each part , it's —_ that 
10. And by extracting the ſquare Root out o part 1 ä - 

of the ninth 3 ; 93 * he. * 17 de ib +f-ad: 
11. Wherefore by adding d to each part of the ten 5.8 1 ] 

n's evident fan + »- © © 6 a omen — Vi Had: ＋-d 
12. And conſequently by reſolving the latter part of the 

eleventh ſtep into numbers, according to the Poſitions Te g= 672322, &. 

in the firſt 7 % — —§•§ Rqꝙꝙę?⸗⁰:i 4 - c . 
13. The third ſtep alſo ſhews that ee c f, and conſe- | jog PO 1" 

quently ” . * . * * * . 8 £ 'E * . 'd 6 * V, ( 17885, r 

2 | vs 
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Pur this latter limit for the chuſing of e is uſeleſs, for if e be greater than 67333, Ge. 
as appears by the twelfth ſtep, it is evidently greater than 123, Cc. 


* (is = 
. OE? of * 


14. Laſtly, from the eleventh, twelfth, third and firſt ſteps the following Canon ariſeth, | 
which will find innumerable Anſwers to the Queſtion propoſed. x 


CANON 1. 
Take any number greater than /: db -|-f + ad: g d, (viz. greater than 68 78, Cc.) 
and call the number taken e. Then = ; ſhall be equal to the number 2 ſought. 

15. But if it were deſired to find a number & that might be leſs than 24 , and greater than 
nothing, and make 44 -E 44-|-2 to be a ſquare number, then the ſame Poſitions and 
Proceſs being made as beſore, ſaving that => is to be uſed inſtead of c from the fourth 
ſtep to the twelfth incluſive , at length there would ariſe this following 


CANON 2. 8 
Take any number (e) greater than /f, but leſs than /: dA: -|-4 : ( viz! ; 


any number between 17858, Cc. and 65355» Cc.) Then = þ 


An Example of the firſt Canon. y 


For the number e take 8 which exceeds 67323, Cc. as the firſt Canon doth direct. 
Then <= gives 375 for the number 4 ſought z for *cis greater than 24 (or d,) 


and 44 E 44+ 2 makes a Square, to wit, 788, whoſe ſide is #2, as was required. 

Note, That a+ # might be feigned to be the ſide of the Square mentioned in the 
ſecond ſtep, and thence limits would be diſcovered to chuſe the number a, by which the 
number 4 would conſequently be made known; but 1 leave the ſearch of theſe latter 
limits as an exerciſe for the Learner. 


will give the num- 


ber 4 ſought. 


| 2ES T. 13. 
To find out a number, call it 4; that ſhall be greater than 1, but leſs than 4, and 
make 121 ＋ 454 — 944 to be a ſquare number, 


RESOLUTION. 
b 
* | d 
1. Firſt put Conſonants to repreſent the numbers given in the Que- ) f 11 
ſtion , as, . . e a v 6 . 0 „% „ „ n 


2. Then the Queſtion requires that ff , ga — has may make a ſquare number, whoſe 
ſide muſt be ſo feigned that the value of @ may be greater than &, but leſs than 4: To 
which purpoſe the ſaid ſide may be feigned to be f-j-ea, or f— 4; (where 4, e, u 
do repreſent numbers unknown : ) Firſt then let the ſaid fide be feigned f-þ-ea, 
and let its Square ff -|- 2fea | ceaz be equated to ff + ga— haa above-mentioned , 
ſo this following Equation ariſeth , viz. 

J E = ff + ga—bhaa. 
3. Which Equation , after due Reduction to find out 8 = £=2 fe 


the value of , % „ 
4. And becauſe the Queſtion requires „ 4b 


5. It follows from the third and fourth ſteps, that 3 8 — 6 


bee 
6. And by multiplying each part in the fifth ſtep, by 
the Denominator 9 it follows, that EY 8 4 fe © bl 
7. And by ſubtracting bh from each part in the 8 — —— 


ep P . . © 89 © 9 <6 . 
9. And 


2 ? . FE! 1 
wt - ” 8 = 
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8. And by adding 2 fe to each part in the ſeventh ſtep > g — bh bee -|- 2fe 
9. And by dividing every quantity in the _— ſtep _ el 
by ö, that bee may be freed from its Coefficient be 8 pa eb It, 
D „ 6 


10. And by adding 2. that is, the Square of half 


-|-bg— bbh 2 
the Coefficient 27 to each part of che ninth ſtep, f 7, mee If e4 
1 n - i — tbh 
11. And by extracting the ſquare Root out o _— — 
part of the tenth fen * eb { 


bb 
12. And by ſubtracting F_ from each part of the G . Hf bg — bbh f 


5 by — 
„ ERR 
13. Therefore from the twelfth ſtep , by coping e=y: ff bg — bbh. _ + 


the latter part to the firſt, it's manifeſt that 
14. Again, becauſe the Queſtion requires . 4 2 4 


| 5 
15. And by the third ſtep, r. 8 = hee 


16. It follows from the fourteenth and fifteenth ſteps, C g —2fe — 
thar „„ „ . 0 8 h ee 

17. Whence by arguing in like manner as before 7 
from the fifth ſtep to the thirteenth incluſive, it> e = t: 2 122.4 
will at length appear that , . .. . , « + . | 

18. Again, let the tide of the Square mentioned in the ſecond ſtep be feigned to be f — ua, 
and then the Square of f — #4 being equated to ff-|- ga — hae, (as the Queſtion 
requires) this following Equation ariſeth, viz. 

{f — 2 fua + unaa = ff-þ ga — haa. 

19. Which Equation gives this value of 4, vi. 8 4 = fa 2 

20. But the value of à laſt mentioned muſt ( as the Queſtion requires) be greater thay 6, 
and leſs than d; and if the Proceſs be continued from the laſt preceding = y to find 
out limits for # in like manner as before for e from the third ſtep to the ſeventeenth 
incluſive, it will at length appear that 


» D 4 ＋* EEE, 


= {+ pda, 


Now after any number is taken for the value of e within the limits in the thirteenth and 
ſeventeenth ſteps , the number 4 required by the Queſtion will be diſcovered by the third 
and firſt ſteps. Or, after any number is taken for the value of within the limits in the 
preceding twentieth ſtep , the number 4 ſought will be made known by the nineteenth 
and firſt ſteps. All which will be made maniteſt by the following Canon and Examples. 


CANON. 
21, Take any number leſs than /: fr . — 2 » but greater than 
JOY  &s = 55 — = 1 J. ( that is, any number between 17538, Cc. and 5333, Cc.) 


W. 


and call the number taken e; then _— ſhall be the number a ſought, Or take any 
- number leſs than £ a_ 2 4 bob „but greater than =. 


(chat is, any number between 2373253, &c. and 5833, Cc.) and call the number 
taken # ; then 22 will give the number 4 ſought, 


h ＋ un 


Examples. 
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Suppoſe e = 1, Which is within the firſt limits in the Canon, then 41 
= a the number ſought : For 8 is greater than 1, but leſs than 4; and if 4 = 13, 
then 121 -|- 454 — 944 = 2433, which is a Square, (for its ſide is 18) as the 
Qꝑeſtion requires. 

Again, ſuppoſe e = +, ( which is likewiſe within the firſt limits, ) then 1 
— a the number fought : For 19 is greater than I, but leſs than 4; and if 4 = 45, 
ther-alſo 121 -|- 454 — 944 makes a Square, to wit, #423, whoſe lide is 13. 


Again, ſuppoſe x = 18, which is within the latter limits in the Canon, then . 3 * * 


= a the number ſought : For if «= 42, then 121 -|- 454 — 944 makes à Square, 


to wit, 224422 whoſe (ide is ; and 33 (or 4) is greater than 1, but leſs than 4, 


as the Queſtion requires. 


* 


YES. 14. (Quxſt. 13. Lib. 2. Diophant.) 


To find a number, that if it be ſubtracted firſt from 192, and then from 64, each 
Remainder may be a dquare. 
RESOLUTION. 
1. For the number ſought pm . . . «  . */ 
2. Which number muſt be ſuch , that each of theſe Quanti-F 192 —- = 
ties (or Remainders) may make a Square, vi. 2 64 — 4 = N 
3. Novy to reſolve that Duplicate Equality; firſt, ( by Canon 2. Queſt. 7. of this Book, 3.) 
find out two ſuch ſquare numbers that their difference may be equal to 128, that is, the 
difference of the two given numbers 192 and 64, or the difference between the two 
Algebraick Quantities 1 92 — 4 and 64 — 4, and that the greater Square may be 
leſs than 192, ( the greater of the two numbers given in the Queſtion ;) but two ſuch 
Squares are 144 and 16. fy 


' 2 2 983 192 —4 144 
4. Then from either of theſe Equations, “ fs & 28 uh 

5. One and the ſame value of a, that is, the number ſought 3 

, =: oe ES. A 7 ** #* 
7. I ſay 48 will ſolve the Queſtion, as will be evident by 
The Proof. 
_ 3 8 which are Squares, as Was required. 
The premiſſes give this following 
| CANON. 


8. Firſt, (by the ſecond Canon of the ſeventh Queſtion of this third Book,) find out 
two ſquare numbers in the ſame difference with the numbers given, and that the greater 
Square may be leſs than the greater number given; whence conſequently , (as will 
appear by the following Thecrem, ) the leſſer Square ſhall be leſs than the lefſer number 

ven : Then from the greater number yu ſubtract the greater Square, or from the 
eſſer number ſubtract the lefler Square, fo ſhall either of Hoſe Remainders ( for they 
are equal to one another ) be the number ſought. 


But the certainty of this Canon, and conſequently of the Reſolution of the Duplicate 
SEE Equality in the Queſtion , will be evident by this following 
| THEOREM... 


9. If two Square numbers have the ſame difference as two other numbers, and that the 
par number exceeds the greater Square, then the leſſer number ſhall exceed the 
efler Square, and the exceſs of the greater number above the greater Square (hall be 
equal to the exceſs of the leſſer number above the leſſer Square. To make this manifeſt, 
let dd and gg repreſent two ſquare numbers, whereof dd is the greater; alſo bthe greater, 
and c the leſſer of two other numbers; Then, (according to the import of the Theorem) 
| 10. Sup- 


| 


Queſt. 14. Diophantus's Algebra explain d. : 


20. S [- „„ e 
11. — — r, Pn od „ « #0 a6 Wm”_ 
12, Then adding e to each part of t uation in the 
tenth Rte Y 2. „„ „% k „ 8 b = e-+ dd—gg 
I 3. Therefore by ſubtracting dd from each part of the laſt 
Equation , (which ſubtra&tion appears to be poſſible by the * 
elcyenth and tenth ſteps, ) that which the Theorem affirm — 
eee „ « oo oo CH ERE : 
14. And conſequently either of thoſe two equal Exceſſes or Remainders which make the 
laſt Equation, (hall be a number that will ſolve the Queſtion propoſed ; for it is 
manifeſt, that if the firſt Exceſs b — dd be ſubtracted from b, and the latter Exceſs 
c — from c, the Remainders will be Squares, to wit, dd and gg. 


To ſolve the foregoing 14 Queſtion after another manner, viz. 


To find a number, that if it be ſubtracted firſt from 9, and then from 21, each 
Remainder may be a Square, 
| RESOLUTION. 


1. It is evident, that if 9 — 44 be ſubtracted from 9, there will | 
remain a Square, to wit, 44, therefore for the number ſought put & ? 

2. And then if 9 — a4 be ſubtracted from 21, the Remainder muſt 3 
likewiſe make a Square, therefore SE os =, 4 ＋ 22 

3. It remains to equate a” 12 to {ome Square, whoſe ſide muſt be fo feigned that 
the value of 4 may be leſs than 3, (for by the firſt ſtep a8 9, and conſequently 
4223 ;) But to cauſe that effect, the ſaid (ide may be feigned to be either a+ any 
abſolute number between 11883, Cr. and 37888, Cc. or elſe —a+ any abſolute 
number between 37283, Cc. and 778388, G. ( which limits are found out by the 
ninth Queſtion of this third Book ;) let therefore the ſaid {ide be feigned «+a, and 
then by equating the Square of 4a-|-2 to 44 E12 before-mentioned in the ſecond ſep, 
this Equation ariſeth , viz. | 1 

aa | 44 - 4 = aa-+ 12. 

4. Which Equation gives . . - „ 1 ES ” PEEL I > A 22. 
Therefore from the fourth and firſt ſteps the number ſought is 5; far if it be ſubtrated 

from 9 and 21 ſeverally , it leaves the 4 and 16. | 
From this latter Reſolution of 2xeft. 1 4. (reſpect — — to the foregoing ninth 

Queſtion, ) a Canon may be deduced to find out innumy Anſwers to the ſaid four- 

reenth Queſtion ; but I leave it to the Learners exerciſe. 


QUEST. 15. (Quæſt. 14. Lib. 2. Diophant, ) 
To find a number, from which if 27 and 15 (two numbers given) be ſeverally ſub- 
tracted, each Remainder may be a Square. 
RESOLUTION I:. 


1. For the number ſought put . .. . © + . + +» +» 5P 4 
2. Which number muſt be ſach that each of theſe Quamities or g 4-— 27 oO 
Remainders may make a Square, vic. K &—I5 = . 

Now to reſolve that Duplicate Equality, find out (by Cn 2. of the preceding 

i Queſt. 5.) two ſquare numbers — diffetence may be 12, that is, the difference 

of the two given numbers 27 and 15; but here is no need of limiting either of the ſaid 

Squares: Suppoſe then the ſaid Squares axe found 16 and 4, 
4 — 27 


4+ Then from either of theſe Equations, . « . + + + 3 4—15 17 


5. The number 4 ſought will be diſcovered, vic. ͤ 4 = 31 


I fay 31 will ſolve the Queſtion ; for if from 31 you ſubtra& 27 and 15 ſeverally , the 
Remainders are Squares, to wit, 4 and 16. a 
From the premiſſes there ariſeth this following 


ll 


ll 


CANON. 


* 1 Cr 
j 


— 


40 
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CANON, 


6. Firſt , (by the preceding fifth Queſtion , ) find ewo ſquare numbers that ſhall have 
the ſame difference as the two numbers given; then add the leſſer Square to the greater 
number, or the greater Square to the leſſer number; ſo ſhall either of thoſe ſumms 
(for they are equal to one another) be the number ſought, | 
The truth of which Canon, and conſequently of the Reſolution of the Duplicate Equa- 

lity in the Queſtion, will be evident by the following 

THEORE M. 
7. If two ſquare numbers, ſuppoſe dd the greater and gg the leſſer, have the ſame dif- 


ference as two other numbers, ſuppoſe & the greater and c the leſſer; then the ſumm 


of the leſſer Square and the greater number ſhall be equal to the ſumm of the greater 
Square and the leſſer number: For, 
By ſuppoſition, oo none 2 d— ge 
And by adding gg to each part, ., . . . „% b6—c-+gg = dd 
Wherefore by adding e to each part of the Jaſt Equation, 2 , l 
that which the Theorem affirms is manifeſt, ix. 'F ＋ = 61 
8. And conſequently either of thoſe two equal ſumms in the Jaſt Equation (hall be a 
number to ſolve the Queſtion propoſed : For it is evident, that if þ be ſubtracted from 
the firſt ſumm 6 - gg, and c from the latter ſumm c- dd, the Remainders are 


Squares, to wit, gg and dd. 


To ſolve the foregoing Queſt. 15. after another manner , viz. 


To find a number, from which if 27 and 15 be ſeverally ſubtracted, each Remainder 
may be a Square. 
| RESOLUTION 2. 
1. It is evident that if 27 be ſubrrafted from 44-27, the Re- 
mainder will be a Square, to wit, 44; therefore for the number x as + 27 
Rake gut - +. co: + os 8 
2. But then 15 being ſubtracted from the ſaid aa + 27 , the 3% 
Remainder muſt likewiſe be equal to a Square, therefore F ©* T1 =0 


3. It remains to equate 44-12 to ſome Square, whoſe fide may be feigned either a +. 


any abſolute number leſs than 4/1 2 , or 373&#, &c. or elſe — a any abſolute num- 
ber greater than the ſaid 37888, &'c. (which limits are found out in like manner as in the 
foregoing 2ueſt. 9. ) Let therefore the ſaid [ide be feigned a -{- 3, and then by equa- 
ting the Square of 44- 3, that is, aa 64 ＋-9 to aa+- 12 , the value of a will 
thence be found 4, and conſequently the number ſought , { which in the firſt ſtep was 
put 44 - 27) ſhall be 274, which will ſolve the Queſtion: For if from 27+ the 
given numbers 27 and 15 be ſeverally ſubtracted, the Remainders will be Squares, 
to wit, 4 and . 


But if this ſecond manner of reſolving Queſt. 1 5. be formed by Literal Algebra , ( like 
to the third manner of reſolving the preceding Queſt. 8.) there will ariſe this 


CANON. 


Take any number greater than the ſumm, or leſs than the difference of the ſquare Roots 
of the two numbers given; then divide the difference between the Square of the number 
taken and the difference of the given numbers by the double of the number taken; laſtly, 
to the Square of that Quotient add the greater of the numbers given, ſo ſhall the ſumm 
be the number ſought. 


A third way of ſolving the preceding Queſt. 15. 


Let the Poſitions in the firſt and ſecond ſteps of the preceding Reſolur. 2. be reſumed ; 
then ſince a4 -}- 12 muſt be equal to a Square, tis evident that 12 is the difference betweeii 
that Square and 44; therefore by the preceding fifth Queſtion find two Squares whoſe 
difference may be 12; ſuch are 16 and 4, the leſſer of which ſhall be the value of aa; 
therefore a#-|- 27 which was put for the number ſought will be found 31, as before 
in the firſt Reſolution of this Queſtion, 


— — 


QUEST. 16. 


. 


i 
e & 


Queſt. 16,17. Diophantus's Algebra explain d. 


AES. 16. 


To find a number, that if 12 be added to it, and 8 ſubtracted from the rr e 
che Summ as the Remainder may be a Square. 
RESOLUTION. 
3. For the number ſought put 5 0 „ „ „% @ i 
2. Then each of theſe Quantities muſt make a Square , vix. 3 2 1 3 — 
3. Now to reſolve that Duplicate Equality, firſt, ſubtract 8 from 4 ＋ 12, and 
4 Remainder is 203 this is equal as well to the ſumm of the given numbers as to the 
difference of the two Squares ſought : Then (by the ſecond Canon of the fifth Queſtion 
of this third Book, ) find two Squares whoſe difference ſhall be 20 ſuch are 36 and 4 
4 Then from either of theſe Equations , ; 5 3 3} . 3 . + — — 
5. The number 4 ſought will be made known, ix. 8 422 24 
Which number found out, to wit, 24, will ſolve the Queſtion; for if it be increaſed 


with 1 2, and leſſened by 8, the Summ and Remainder are Squares, to wit, 36 and 16. 
The ſubſtance of the Reſolution is contain'd in this following 


CANON. . 


6. Firſt, (by the ſecond Canon of the fifth Queſtion iforegoing ) find out two ſquare 
numbers whoſe difference thall be equal to the ſumm of the two numbers given; then 
ſubtract the number given to be added (whether it be the greater or the leſſer of thoſe 
given ) from the greater Square, or add the number given to be ſubtracted to the leſſer 
Square; ſo as well the Remainder as the Summ (for they are equal to one another) 
ſhall be the number ſought. 

The certainty of this Canon, and conſequently of the Reſolution of the Duplicate 
lity in the Queſtion , will be evident ye following 10 * 


THEOREM 


7. If there be two ſquare numbers, ſuppoſe dd the greater, and gg the lefler , whoſe 
difference is equal to the ſumm of two other numbers, 6 and e; then the exceſs of the 
greater Square above either of the two numbers , ſhall be " to the ſumm of the leſſer 

ware and the _ number. - 5 . 
or, by ſuppoſition . . . a > 32. „ di—go& = 
1 Whence by adding * each part , i follows thar - » > as ns + 1. 


10. Therefore by ſubtracting b from each * of the ang; 1 
tion, this _ 2 „ mY && 

11. Likewiſe, y ſubtracting e rom ea part quaion in 5 
the ninth ſtep, there — * „ „„ 12 dd—c K * 


Wherefore from the two laſt Equations, the truth of rhe Theorem, and conſequently. 
of the Canon is manifeſt, 


= V 


—_— 


* a 


B32. 17. 


To find a number, that if it be added to, and ſubtracted from a given eue nub; 
ſuppoſe 4, the Summ and Remainder may be Squares. "5 


RESOLUTION. 


1. For the number ſought put 59 th 4 
2. Which number m be ſuch, that if it be added to and ſub- . 
— noyy 2 as well the Summ err chan 4: 2— 3 
3. 'To — that Duplicate Equali iy, firſt, ( after the 'mannet of Example 3- | Canon; 1. 
— — 2. Queſt. 2. of this 4 divide 8 the double of the given Square 4 into; 
wo unequa] Squares, f and ; , Then 
4» 


I A — aaa 


wy * * — 
* : 8 4 . * 
5 7. 8 * 5 K ” 
* * * 1% 
a 4 * = 4 
Y ; — — — — . by , 
— 7 — — r — s — — — pe II, <LI 
* — — — — 
j¶—⁊ę⸗ęAẽwnmPVñ77 ꝙ M—X̃ ä ——XuEõͥ 2 õůõ ᷑ ͤ——— — — —— — ũ — ——3ͤ̃ — — 
— — = 
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< 


— | 


4. Then from either of theſe Equations, . . , . .. ; 3 +76 =" 
5. The number ſought will be diſcovered, viz. . , . , .>. . 4 = 24 


Which number 2+ will ſolve the Queſtion propoſed ; for if it be added to, and ſub- 
eraſed from 4, the dumm and Remainder are Squares, ro wit, 2 and 25, whoſe fides 
are 4* and 3. By the like Operation (the ſubſtance whereof is contained in the fol- 
lowing Canon,) you may find out innumerable Anſwers to this 17* Queſtion, 


CANON. 


6, Divide the double of the given Square into two unequal Squares, (by the preceding 

weſt. 2.) then from the greater of the two Squares found out ſubtract the given Square, 

or rom this ſubtract the leſſer of thoſe two, ſo ſhall either of the Remainders, ( for 
they are equal to one another ) be the number ſought, | 


But the certainty of this Canon , and conſequently of the Reſolution of the Duplicate 
Equality in this 17 Queſtion , will be evident by the following 


THEOREM. 


7. If two ſquare numbers, ſuppoſe cc the greater, and dd the leſſer, be equal to the 

double of a ſquare number, as 6b + bb, or 2bb; then the exceſs of the greater of choſe 
ual Squares above one of the equal Squares ſhall be equal to the exceſs of the other 

of the equal Squares above the lefſer ot the unequal Squares. | 

8. For by ſuppoſitioo n c dad = - 

9. Alſo by pH, s . +» CE © odd 

10. Therefore A . . © » £ * ® - = - * . > op cc 182 bb 

a „ >. . 400 

12. And by ſubtraction of bb from each part of the Equation ö 
in the eighth ſte sr þ' : ES n . 'S 4 - = 

13. Wherefore by ſubtracting ad from each part of the laſt 

Equation, (which ſubtraction the 10 and 1 1® ſteps do ſhew to cr — bb —= bb — d4 
be poſlible,) that which the Theorem aſſerts is manifeſt , vix. 640 

14. And conſequently either of the Exceſſes (or Remainders) which make the laſt pre- 
ceding Equation ſhall be the number 4 ſought : For if the firſt Exceſs cc — be added 
to 6b, and the latter Exceſs 6þ — A ſubtracted from , the dumm and Remainder are 
Squares, to wit, cc and dd. 7 


5 DUEST. 18. 43 
To find a number, that if a given Square 9 be added to that number, and from another 
iven Square 4 the ſame number ſought be ſubtracted, the Summ and Remainder may 


Squares. oy. wes | 
TD Þ 2 RESOLUTION, 
. For the namber foaagin-put < ., co- 0 e 
2. Then the Queſtion requires har 1 88 


4— 4 = Oo 
3+ To reſolve that Duplicate — „ firſt (by the preceding 2ueſt. 4.) divide 13 the 
ſumm of the given Squares 9 and 4 into two ſuch other Squares that one of theſe found 
may exceed 9 the Square given to be added; but two ſuch Squares are 43 and 27 


Whole ſumm is 13, and the greater of them exceeds 9. 


4. Then from either of theſe Equations 3 n = 85 27 
5. The number (4) ſought is diſcovered, ix. 4 = 22 
Which number found out, to wit, 22, will ſolve the Queſtion , for if it be added ta g, 


and ſubtracted from 4, the dumm and Remainder are Squares, to wit, 4*+ and z, whoſe. 
ſides are * and 4. By the like Operation ( the ſ e Whereof is expreſt in the fol- 
lowing Canon, ) you may find out innumerable Anſwers to this 18" Queſtion, becauſe 
(by Qua. 4. of this Book, ) the ſumm of two Squares may be divided into as many 
airs of Squares as you pleaſe , ſuch, that ane. of each pair ſhall conſiſt within given 


imits. N 
CANON, 


Queſt. 19,20, Diophantus's Algebra explain'd. 


CANON. | | 

7. Firſt , (by Left. 4. of this Book, ) divide the ſumm of the two Squares given into 

two ſuch Squares, that the greater of theſe found out may exceed the Square given to 

de added; then from the greater of the two Squares found out ſubtract the Square given 
to be added; or, from the other Square given ſubtract the other Square found out; ſo 

thall either of the Remainders (for they are equal to one another) be the number ſought, 


The certainty. of this Canon, and conſequently of the Reſolution of the Duplicate Equa- 
lity in rhe Queſtion propoſed will be manifeſt by this following 
| . 


THEORE AM. 


8. If the ſumm of two ſquare numbers, ſuppoſe bb the greater, and cc the leſſer, be found 
ual to the ſumm of two other unequal Squares, dd and ff, and that the greater of 
of the two former exceeds either of the two latter, then the other of the two latter 
ſhall exceed the leſſer of the two former, and one exceſs ſhall be equal to the other. For, 
9. By ſu poſition . ©. 4 8 1 „% . > bb - CF == ad. | 
10, By fppolton AW © . N 4 — 2 1 
11. Therefore | 


4 
. 8 P * "— = S 4 * 
12. And by ſubtracting dd from each part of the Equation ad 


* » 6 >a fﬀf 
bb cr — dd = ff 


the ninth ſtep, this ariſeth, viz. _ IT 
13. Wherefore by ſubtracting cc from each of the laſt 
Equation, ( which ſubtraction the tenth and eleventh ſteps d T0” 
= to be poſſible) that which the Theorem affirms is ma- —& * 
nite 5 vid. . e — 11¹ © SST Rs oo 2 
14. And conſequently the truth of the Canon and Reſolution of the Duplicate Equality 
in this 18 Queſtion is evident. 


— 


= * 0 
eo 
* 


LUEST. 19. 
To find a ſquare number, that if it be increaſed or leſſened by its fide, may maky 


2 Square. 
RESOLUTION. 


1. For the ſide of the Square fought put = > S} 
2. Therefore the Square it ſelf is . « | 3 » „ oP 44 
3. Then the Queſtion requires, . . . . « « 3. . ; — 2 - 


4- Which Duplicate Equality differs but little from that in the foregoing ſeventeenth 
Queſtion, and may be reſolved thus : Firſt, (after the manner of Example 3. Canon 1. 
Reſolut. 2. Queſt. 2. of this Book, divide 2, which is compos d of two Squares; 
I and 1, ſuppos d to be prefixt to 44 and 44 in the Duplicate Equality in the third ſtep, 
into two — — uares, £2 and 5+, then multiply each of theſe by Aa, and equate 
the greater Product 214 to 444, or the leſſer Product 32444 to 44 — 4, fo 

from either of thoſe Equations one and the ſame value of 2 will be diſcovered , vir. 
4 = 2£, which is the ſide of the Square ſought , for if 24 be added to and ſubtracted 
from its Square $3+ , the Summ and Remainder are Squares, to wit, 32 and 323, 


whole ſides are 24 and 24. lt is alſo eaſie to be perceived that this Queſtion is ca- 
pable of innumerable Anſwers. " 


—— 


LUEST, 20. 


To find two numbers in a given Reaſon, ſuppoſe the greater to the leſſer as 2 to 1; 
and that the Square of the ſumm of the two numbers being added to each of them may 
make ſquate numbers. | 

RESOLUTION. 


1. For the leſſer number ſought put 23 3» & 


2. Then the greater, to the end it may be to the leſſer as 2 to 1,2 24 
ſhall be . | - » 4 


3: Therefore the ſumm of the tuo numbers ſought bs. 34 7 34 
A. And the Square of their ſumm is 3 — 8 1. 
2 . To 


6 
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6 —— 2 


5. To which Square if the two numbers 24 and à be ſeverally ? 94424 = 0 


added, each ſumm muſt be a Square, therefore . .Y 844 f- 4 = 0 


6. Which Duplicate Equality, (according to Diophantuss Method, before explain'd and 
demonſtrated in the Obſervations upon the firſt manner of ſolving the eighth Queſtion 
of this Book,) may be reſolved thus; viz. Firſt , ſubtract 944 + A from 944 - 24, 
and the Remainder 4 is the difference of the two Squares that are to be equated to thoſe 
Algebraick Quantities; then find two Squares whoſe difference may be equal to the 
ſaid difference 2, but with this Caution, that in each of thoſe Squares there may be 
found 944, to the end that when the greater Square is equated to 944 C24, or the 
jeſſer to 944 -|- 4, the ſaid 944, after due Reduction, may vaniſh , and an Equation 
remain between ſome number of 4 and ſome known Rational number, whence the value 
of a will be expreſſible by ſome known number either Affirmative or Negative. Now 
to find out two ſuch Squares, let two numbers be taken, ſuch, that (according to Canon 2. 
Beſt. 5, of this Book, ) the Product of their Multiplication may make 4, and that 
the half of their ſumm may conſiſt of 34 + ſome abſolute number, and the half of 
their difference of 34 — ſome. abſolute number , ( for then it will follow that as well 
in the _ of the ſaid half ſumm, as in the Square of the ſaid half difference there 
will be found g9aa;z) whence we may inferr, that the ſumm of the ſaid two numbers 
muſt conſiſt of 4 -|- ſome abſolute number, and their difference of 64 — ſome ab- 
ſolute number; to which purpoſe, divide 1 by 6, ( 1 becauſe the difference is 14, and 
6 becauſe it is the double of the ſquare Root of 9 which is prefixt to 44, fo the 
Quotient is 3, and conſequently 64 multiplied by 3 makes 4; whence tis evident 
that the only two numbers fit for the purpoſe aforeſaid are 64 and 3, whoſe half ſumm 
is 34+ 74, and half difference 34a — , (or — 34 -,) therefore the Squares 
of the ſaid half ſumm and half difference are 944-þ- 14 F 754 and 944 — 34 - 124 


144 


now let the greater of thoſe Squares be equated to 9a | 2a, and the lefler to 944 4, 
ſo theſe two following Equations will ariſe, 
„ F 944-2 = g - tak 721 
— 3 — s = 9 — Lab. 

7. Then from either of thoſe Equations, after due Reduction, the value of à will be found 
to be 57% , and conſequently , (from the firſt and ſecond ſteps,) the numbers ſought 
are 275 and 574 , which will folve the Queſtion propoſed : For firſt , the greater 
hath ſuch proportion to the leſſer as 2 to 1 , and if the Square of the ſumm of 272 
and x73 be added to them ſeverally, the two ſumms will be Squares, to wit 2782 
and 313, Whoſe ſides are 53 and 5. 


8. In like manner, to reſolve this Duplicate Equality , Vit, 
if 3 4465-36—r:=0 8 what is a= 2 


444 — 4 — 1 = O 

Firſt , I find the difference of thoſe two Algebraick Quantities to be 44; then I ſearch 
out two Quantities that being mutually multiplied may make 44, and that as well in 
half their ſumm as in half their difference there may be found 24, (that is, the ſquare 
Root of 444; ) ſo by working as before is directed, I find 44 and 1 to be the only 
two Quantities agreeing with thoſe conditions: Then the Square of half the ſumm 
of 4a and 1, vis. the Square of 24 ++ being equated to 444+ 34 — 1 will give 
a= f; or, the Square ot half the difference of 44 and 1, viz. the Square of 24 — 2 
being equated to 444 — 4 — 1, gives 4= 4, as before. 


LUEST. 21. 


To find two numbers in a given Reaſon , ſuppoſe the greater to the leſs as 3 to 2, and + 
that the ſumm of the numbers being added to each of their Squares, may make Squares. 


RESOLUTION. 
1. For the leſſer uber pt 0 © 0. © © © © © +» > +> 36 
2. Then the greater ( to the end that both uumbers may be in we? 
x 3 { FRY ___ Rr 34 


3. Therefore their ſumm is „ : » » © « +» +» » » > 54 


4. Which 
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4. Which ſumm added to the Square of each of the ſaid two . 
numbers 24 and 34, muſt (as the Queſtion requires) make a; 444 ＋ 54 = 
2 therefore —__ . 7 Lt} OS 

5. Now in order to reſolve that Duplicate equality, it muſt firſt be reduced to another, 
wherein there may be equal ſquare numbers prefixt to 44, which may be done thus; 
Divide, 9 the greater of the two Squares that are prefixt to 44 by the leſſer 4, and theri 
by the Quotient 4 multiply that Algebraick Quantity where the ſaid Diviſor 4 is pre- 
fixt to 44, VIZ. 44a f 54 by 3, and it produceth 944 - to be equared to 
a Square; ſo now inſtead of the Duplicate equality in the fourth ſep, this ariſeth, 

| aa. 944 442 = 0 
** | 94a 54 = O' 

6. In which Duplicate equality laſt above expreſt, there are equal Squares, to wit, 9 and 9 
prefixt to 44, and therefore it may be reſolved after the manner before ſhewn in the 
20% Queſtion , and when the value of 4 is diſcovered in this latter duplicate equa- 
lity , it will neceſſarily conſtitute the former duplicate equality in the fourth ſtep; for 
as a Square multiplied by a Square produceth a Square, ſo converſſy, a Square divided 
by a Square gives the Quotient a Square. In order then to reſolve the ſaid duplicate 
equality in the fifth ſtep , ſubtract 944 ＋ 54 from 944 - , and the Remainder is 
14, this muſt be eſteem'd the Product made by the mutual multiplication of two quan- 
tities to be taken with ſuch Caution, that as well in half their ſumm as in half their dif- 
ference there may be found 34, (becauſe the ſquare Root of gaz in each of the two 
quantities to be equated to a Square is 34;) fo by conſidering well that Caution, and 
what hath been ſaid to the like p_ in the ſixth ſtep of the Reſolution of the fore- 
going 20 Queſtion, you will find that 64 and 24 are the only two numbers, that 
being mutually multiplied make 4, and have 34 as well in half their ſumm as in half 
their difference: Therefore let the S uare of half the ſumm of the = — _ 225 
vi x. the Square 944 + 24 ＋- 3£3+ be equated to 94a 4; or, let the Square 
of half eres of the 17 Ga and 225 viz, the Square gas — 244-23 4, be 
equated to 944 - 54, fo from Fiber ot thoſe Equations, one and the ſame value of 4 
will be diſcovered , iz. 4 = , and conſequently 24 and 34, which in the firſt and 
ſecond ſteps were put for the numbers ſought , will be diſcovered to be 237 and 5328, 
which will ſolve the Queſtion: For, firſt, the greater is in 3 to the lefler as 
3 to 2, and if their ſumm be added to their Squares ſeverally, the two ſumms made 
by ſuch addition will be Squares, to wit, 384 and 23252, whoſe ſides are 
rat and 12356. . | 

7. But the Duplicate equality in the fourth ſtep may be reduced to another wherein there 
ſhall be equal ſquare numbers prefixt to 44 by this following Operation, which differs 
from that in the lixth ſtep , 27 becauſe 9 times 4 makes the ſame Product as 4 times 9, 
and becauſe a Square multiplied by a _ produceth a Square, let 444 + 54 (in 
the fourth ſtep ) be multiplied by 9, and 944+ 54 by 43 ſo there will neceſſarily be 
found 944 in each Product, and this following duplicate equality comes now to be re- 
ſolved inſtead of that in the fourth ſtep, 

3644 + 454 = DO * 

| 3644 208 F | ; 

8. Laſtly , this Duplicate equality having equal ſquare numbers prefixt to 24, may be 

reſolved like that in the preceding fifth ſtep , and at length the value of « will be found 


444 
5444 as before, 


dix. 


Aa. 


GUEST. 22. 


To find two ſuch ſquare numbers, that if to the Product of their. multiplication a given 
number (4) be added, the ſumm may be a Square. 


RESOLUTION. 


1. For one of the Squates ſought take any known ſquare number which rap "ha 
be repreſented by 7 | 5 
2. And for the other e 6666 „„ CRRMI 
3. Then the Product of their multiplication is ; . « 9 bbas 
4: To which Product the given number 4 being added, the ſumm is > 6644 - 4 1 
5. Whiek 
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5. Which ſumm muſt be equal to a Square, the (ide whereof may be feigned to be ba — 
any known number greater than /d, ſuppoſe ba - c; then the Square of 6 — c, 
that is, bbaa — 2bea + cc being equated to bbaa -|-d, this Equation ariſeth , vid. 


bbaa -d = ba — 2bca-|-cc. 
nnn  __—_—_Tr ns 


From the premiſſes ariſeth this following 
CANON. * 
For one of the Squares ſought take any ſquare number; then from any ſquare num- 
ber ſubtra& the given number, and divide the R mainder by the double of the Product made 
by the multiplication of the ſides of thoſe two Squares; ſo the Quotient ſhall be the ſide 
of the other Square ſought. 


An Examp'e in Numbers. 


La Re ener gjon be  « . > 13 = dc 
For one of the Squares ſought take any ſquare number, as . .> 4 = bb 
Take alſo ſome other ſquare number greater than 12, (ord,) as 35 = cc 


Then (by the Canon ) the fide of the other Square ſought ſhall be Þ 1 = <-> 4 
2 C 


I fay, 4 and 1 are two Squares, Which will ſolve the Queſtion when the number given 
is 123 for if to 4, the Product of 4 and 1 , you add 12, the ſumm makes a Square, to 
wit, 16. By the like Operation you may find out innumerable Anſwers to the Queſtion with- 
out varying the given number; and ttis eaſie alſo to find out other Canons to ſolve the ſame, 


LUEST. 23. ( Queſt. 15. Lib. 2, Diophant. ) 


To divide a given number (5) into two parts, and to find a ſquare number, which if 
it be increaſed with each of thoſe parts, may make a Square, 


RESOLUTION. 


1. Take two ſuch numbers, that the ſumm of their Squares ** 
may be leſs than the giuen number 6, ſuppoſe theſe, . .T © * 
2. Then for the ſide of the Square ſought put. .> 4 
3. ir ns Geet B® «© & oo eo ou & ©» -»Þ as 
4+ To the ſide 4 add ſeverally c and d, and aſſume the ſumms 
to be the ſides of two Squares, ſo the firſt fide will be 8 2 * ü 
„„ „. 
6. The Square of 4 ( in the fourth ſtep) is „ 44 C-7c ce 
7. The Square of 4 Ed ( in the fifth ſtep) is . .> 44-24. C44 
8. Then tor one of the deſired parts of (b) put 2ca ++ cc, 
(for it's evident, that if the Square 44 in the third ſtep 
increaſed with 2ca-|-cc, it makes the Square aa-]- 2ca a 
L S454 Ss 
9. And for the other part of & put 2d + dd, for this added "8 PP 
to aa makes a Square, to wit, that in the ſeventh ſtep . 24 


10. But the ſumm of the parts in the ei and ninth ſteps 
muſt be equal to 6, therefore "ey ca cc Erda -A 1 
11. Which Equation , after due Reduction, gives . . .> 4 = EG 
26+ 2 


The premiſſes well examined, afford this following 
CANON. 


12. Take two numbers, with this Caution, that the ſumm of their Squares may be leſs than 
the number given to be divided; then ſubtract the ſumm of thoſe Squares from the given 
number, and divide the Remainder by the double ſumm of the numbers taken, ſo the Quo- 
tient ſhall be the (ide of the Square ſought , then multiply the double of the ſaid ſide 
ſeverally by the numbers firſt taken, and to the $ add ſeverally the reſpective 
Squares of the numbers taken; ſo the ſumms made by thoſe additions ſhall be the deſired 
parts of the number given. 

An 


rb pri NS 


e 
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— 


An Example in Numbers, 


Let the number given to be divided be { . 7 . > 33 8 
Let two numbers be taken, ſuch, that the ſumm of their Squares 2 = c- 
may ye els an 33, % „UO 3 3 = 4 
Then (by the Canon) the ſide of the Square ſought, (which? , __ 6—<— 44 
fide is repreſented by 4 in the Reſolution, ) ſhall be 8 Ac 2 
Alſo, one of the deſired parts of 33 is ! , .> 12 2c Ter 
And the other i 3 © j 21 = ad A 
The Proof. 
4 = 4s the Square ſ t; 
12 421 33 the number given; 
— * — which are Squares ; as was required. 


YES T. 24. 


To find two ſuch numbers, that their ſumm may make a Square: Alſo, that each num? 
ber being added to the Square of the other number, may make a Square. 


RESOLUTION. 


1. For the ſumm of the two numbers ſought aſſume ſome Square, as > er 

2. And for the firſt of the two deſired numbers put . .? 4 

3. Therefore the other ſhall be. 9 „4 

4. Which added to the Square of the firſt number 4, makes the ſumm 4-4 ＋ ee 


5. Which ſumm laſt expreſt, the Queſtion requires to be a Square, and ſuch ir will be, 
it we ſuppoſe e =}; for then the ſaid 24 — a-|-ee ( in the fourth ſtep) will be equal 
ro SOIEY which is the Square of 4 — 4, or 4 — 4 : No therefore let the 
Reſolution be renewed thus , | 3 

6: For the ſumm of the two numbers ſought, ( inſtead of ee ) put 5 2 

7. And for the firſt number = ( as before) . 0 © oS 4 

$. Therefore the other ſhall vo „%% e EY: Sang — 

9. Which latter number added to the Square of the firſt, makes the ſumm Þ as — «+5 

But the ſumm laſt expreſt is manifeſtly a Square, whoſe ſide is 4—+, or * — 4; there- 
fore two of the conditions in the Queſtion are ſatisfied. : 

10. Again, if to the Square of the ſecond number 4 — 4, viz. to 44 — 32 4-22, the 
firſt number 4 be added, the ſumm is aa + *a + A, which the- Queſtion likewiſe 
requires to be à Square, and ſo it is, for tis the Square of 4 4; but if the laſt 
mentioned ſumm had not happened to have been a Square, then a Square might have 
been feigned equal to it, according to the method in divers preceding ions of 
this Book 3. | x 

The premiſſes diſcover this following 
THEORE AM. 

11. If the Fraftion + be divided into any two parts, each part increaſed with the Square 

of the other part ſhall make a Square. 


By the help therefore of this Theorem, innumerable Anſwers to the Queſtion propoſed 
may be found out. 


— 


An Example. 

Let two Fractions be taken whoſe ſumm makes +, as 5 and 72 3 J fay theſe will ſolve 
the Queſtion : For firſt, their ſumm is a Square; ſecondly, the firſt Fraction + increaſed 
with 134, (the Square of the latter Fraction 11) makes the Square 243; likewiſe 
the latter Fraction 22 increaſed with 54, the Square of the firſt Fraction 3) makes 
a Square, to wit, 3. | | 

Moreover, by the help of the ſaid Theorem, this following Queſtion may be ſolved, vic 
12. To find two numbers in a given Reafon , ſuppoſe the greater to the leſſer as 3 to 23 

and that each number being added to the Square of the other number, may make a Square. 

Divide the Fraction 4 into two ſach parts, that the greater be to the leſſer 
„ 340 2, ſo.you will findy$ and 73 , which will folve the Queſtion : For fiſt, 
2 2 nth. Te” | y 


— 
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by Conſtruction they are in the Reaſon preſcribed ; ſecondly , 28 with 288 (the Square 

of 13) makes the Square 257; and laſtly , 75 with 388 9 of ) makes the 
e IST. 

13. Another manner of ſolving the Queſtion laſt propoſed may be this, viz. 


For the two numbers ſought in the given Reaſon of 3 to 2, put > 34 and 24 

Then, fince the Queſtion requires , that each number being 2. $0 
added to the Square of the other number may make a Square, O E. = 8 
this Duplicate equality ariſeth, biss. 84 3 

Which Duplicate equality may be reſolved like that in the foregoing twenty · firſt 
Queſtion ; ſo the value of « will be found 283863, and conſequently 34 and 24 give 788 
and 75:45 for the numbers ſought : For firſt, they are in proportion as 3 to 2; ſecondly, 
if to the Square of the firſt you add the ſecond number, it makes the Square 7872283, 
whoſe ſide is rast; laſtly, if ro the Square of the ſecond number you add the firſt, 
it makes the Square 181253488, whoſe (ide is 28853. 


—— — 


L2UEST. 25. (Quæſt. 29. Lib. 2. Diopham.) 


To find two ſuch ſquare numbers, that each being increaſed with the Product of their 
multiplication may make a Square. 


RESOLUTION. . 


1. Firſt, ( by the preceding. Queſt. 5. ) find out two Squares that may ditfer 
by unity, — 7% and #7, and take the leſſer er dee rt 
„% BRETT 1 
2. Then for the other Square ſought aſſume . . . 04 >...» as 
3- Therefore the Product of their multiplication is . . .> 7244 
Which Product 234 being added to the ſecond Square 44 doth manifeſtly make x 
Square, to wit, #344, but it the ſaid Product 74a be added to the firſt Square 7+ it 
muſt alſo make a Square, therefore 7F4«-j- not being a Square, muſt be equated to 
2 Square, the ſide whereof may be variouſly feigned, let it be 24 — 1; then the Squar 
of 24 — being equated to 75as-|- 72 gives 4 = 33, and conſequently aa = 522 is 
the ſecond Square ſought. I lay, 23 and 373 are two Squares, which will ſolve the 
Qpeſtion, as will appear by 


= * o 
* . 


The Proof. 
The two Squares found out are „ . 72 and 372 
The Product of their multiplication is . . 5225 
Which Product added ſeverally to 74 and 323, makes theſe 2 ,... 
Squares , WS. „ . OT 6 0 9216 and 3212 
The ſides of which laſt mentioned Squares are . , , .> . 33 and 33 


After the ſame manner you may ealily find out two ſuch Squares, that if the Product 
of their multiplication be ſubtracted from them ſeverally, the Remainders may be Squares. 


2UEST. 26. (Queſt. 35. Lib. 2. Diopharz. ) 


To find three ſuch numbers, that the Square of every one of them being added to the 
ſumm of the three numbers, may make a Square. 92 | 


RESOLUTION. 


1. If to the Product of the multiplication of any two unequal numbers the Square of half 
their difference be added, the ſumm ſhall be a Square, ro wit, the Square of half the ſumm 
of the rwo numbers multiplied : Therefore by the help of this Theorem numbers 
proper for the Reſolution of the Queſtion propoſed may be taken, vic. Take ſome 
number at pleaſure, as 12, and divide it 1— into two ſuch numbers that the Product 
of the two numbers of each pair may make 12 ſuch are theſe three pairs of numbers, 
viz. 1, 12. 2,6. | 3,4; take the half. difference of the two numbers of each 
pair, ſo you will find the three half-differences to be theſe, 4*, 2 and 1. Now by 
the Theorem above-mentioned , if to the Product 12 the Squares of the ſaid three 

halt-differences be ſeverally added, every one of the ſumms will be a Square hers 

: 2. For 
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For the ſumm of the three numbers ſought put. 


2. *P . 1244 

3» And for the firſt number -. cj oo ee 

4 And for the ſecond number .:. e. 5 5 2 0 3d eo 4 >. 28 

5. And for the third number, © ec: oo 3 oo o oÞ » 6 

6. Therefore the ſumm of thoſe three numbers is . 82 | 
7. Which ſumm moſt be equal to 1244 in the ſecond ſtep, therefore . 84 = 1244 
8. Which Equation, after due Reduction, gives. „ 4&4 = z 

9. Therefore from the eighth, third, fourth and fifth ſteps the three num- > , 8 
bers ſought ate theſe, vir. C "3 939 3 


10. ,Which three numbers will ſolve the Queſtion , for if their Squares be ſeverally added 
to their ſumm, the three ſumms will be Squares, to wit, 43, 43 and 43. It is alſo 
evident, that the Queſtion may be extended to four, five, or as many numbers as ſhall 
be delired , by this following , 

CANON. 


11. Take ſume number at pleaſure , and divide it into two numbers as many times as there 
be numbers delired by the Queſtion, but ſo, as that the Product of the two numbers 
of each pair may make the number firſt taken; then divide the ſumm of the half- 
ditferences of the two numbers. of each pair by the number taken, and multiply the 
Quotient by the ſaid half-differences ſeverally; ſo the Products ſhall be the numbers 
ſought. 


The certainty of this Canon depends upon the Theorem aſſumed in the Reſolution, 
which Theorem may be demonſtrated thus ; 
La wwe Suabers be fled 8 <a 5 » 7 3 A = Teiler. 
The Product of their multiplication is 4 
The half- difference of the ſaid two numbers is „ 24 — e 
The Square of the ſaid half-difference jj „ 444 — 4e -, Zee 
To which Square if ae the Product above-mentioned be added, ? , a 
I c cc 5 444 ae I- zee 
Which ſumm is the Square of 14 Ke, to wit, half the ſumm of the two numbers 
# and e firſt taken , as the Theorem affirmed. 


LDUEST. 27. (pars Quxſt. 9. Lib. 3. Diophant. ) 


To find three Squares in Arithmetical proportion, and ſach, that the half of their ſumm 
may exceed the greateſt of the three Squares, 


RESOLUTION. 


1. For the leaſt of the three Squares ſought put . . | . © .> 44 
2. And to the end the mean Square may exceed the leaſt , let the? _ 0 
ſide of the mean Square be 4+|- 1 , therefore the mean Square is _— 
3. Therefore the 2 of A mean Square — _— is * > 24-|-1 
And by adding the faid exceſs to the mean Square, the ſumm m 
b be equal to rats. „ Which ſumm is ' ol ofo o #2 N 4 
5. Therefore 44 E 44 -|- 2 muſt be equated to ſome Square, with this condition, that 

Las -\- 3a ++, which is the half-ſumm of the three Squares in the firſt , ſecond and 

fourth ſteps, muſt (according to the Queſtion ) exceed the greateſt of the ſaid three 

Squares; ſuppoſing therefore 22 - 348 +7 c aa 44a+2, it will rhence fol- 

low (by arguing after the manner of ſearching out limits in divers of the foregoing 

Queſtions ) that 2 i , that is, 4 ©” 2.414, Ge. 

Therefore 44 + 44+ 2 (in the fourth ſtep) muſt be ſo equated to a Square, that 
the value of à may be greater than 27838, Cc. Now to cauſe that effect, innumera- 
ble values of 4 may be found out by the firſt Canon of the twelfth Queſtion of this Book. 
Suppoſe therefore 4 be found equal to ++, (as in the Example of that Canon) then from 
the firſt, ſecond and fourth ſteps, theſe three Squares will be diſcovered , to wit, 255, 486 
and AA, which will ſolve the Queſtion. 

And becauſe a Square multiplied by a Square produces a Square, by multiplying ſeve- 
rally the ſaid three Squares found out by the common Denominator 100 , the Ns 

| G 901, 
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961.1681 and 2401 will be Squares, whoſe ſides are 31, 41 and 49 alſo the difference 
of the firſt and ſecond is equal. to the difference of the ſecond and third, ( each difference 
being 729 ;) therefore the ſaid three Squares are in Arithmetical proportion, and the 
half of their ſumm is manifeſtly greater than every one of them: Therefore all the con- 
ditions in the Queſtion are ſatisfied. 


— 
* m 
— 


QUEST. 28. ( Quart. 9. Lib. 3. Diophant.) 


To find three numbers in Arithmetical proportion, and ſuch, that the ſumm of every two 
of them may make a Square. 


RESOLUTION. 
1. By the preceding twenty-ſeventh Queſtion find 90 


Squares in Arithmetical proportion, and ſuch, that the 
half of their ſumm may exceed every one of them, (the 1 
reaſon of which condition will be evident by the follow- G 9** * "0 
ing eighth, ninth and tenth ſteps, ) ſuch are theſe three 
—_—_ 9 and 49, » - o» : 
2. the three numbers ſought put . . > „„ 

3. Then equate the ſumm of the firſt and ſecond numbers 4. = g6r 
to the leaſt of the three Squares before found, vi⁊. _— 1 ag — 9 
4. Likewiſe equate the ſumm of the firſt and third nambers : 447 = 1662 

to the mean Square, and it makes a * 


5. . alſo the ſumm of the ſecond and third numbers 
to 5 
P 
” 


4 3 


Sa ys ' 
he greaceſt Square, and i gives . 8 e-Þ-J, = 2400 
6. The ſumm of the three laſt Equations iss: . «> 244-2e-þ27 = $5043 
7. The half of the ſaid ſumm is „ a+ e+ j = 25215 
8. Then by ſubtracting the third Equation from the 2 do. 
yenes , - ee Md. SS oo: od. © 
9. And by ſubtracting the fourth Equation from the ſe- 3 
TT ;n%ñ 
10. And by ſubtracting the fifth Equation from the ſe- - . - ; = 1806 
venth , there remains , . . . 3 © N * 


I ſay theſe three numbers, 1203, 8403, 15604 will ſolve the Queſtion; for the | 


difference between the firſt and ſecond, to wit, 720 , is equal to the difference between the 


ſecond and third ; therefore they are in Arithmetical proportion, and the ſumm of every 
two of them makes a Square, | 


1204 ＋ 840t 961 , Whoſe / is 31; 
vi x. 1204 + 15603 1681, whoſe / is 41; 
8404 ＋ 15604 2401, Whoſe / is 49. 


L2UVEST. 29. (Quxſt. 12. Lib. 3. Diophant.) 


To find three ſuch numbers, that if to the Product of the multiplication of every two 
of them, a number given, ſuppoſe 12, be added, the three ſumms ſhall be Squares. 


This Queftion may be reſolved divers ways, I ſhall here ſhew three of my own , and 
f the curious Reader deſire to ſee more variety, be may conſult Vieta's Zetet. 7. 
lib. 5. alſo Bachet's Comment, and the Solution of Sluſius in pag. 177. of his Melo- 
labum, printed in 1668. 


RESOLUTION 1. 


1. Firſt, by weſt. 2 2. of this Book, ) I ſeek two ſuch Squares, that if 
to the Product of their multiplication the given number 12 be added. and 
the ſumm ſhall be a Square, ſuch are theſe Squares 1 and 4, whi ww. 
may be taken for two of the three numbers ſought, . . . . . . 

2+ Then for the third number ſought I purt „ & 


3. Now (according to the Queſtion ) the Product of the multiplication of the firſt and 
third numbers being increaſed with 12 muſt make a Square; allo, the Product 2 


—— 
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14. Therefore by dividing each part of the laſt Equation by a, it gives p 1 
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the ſecond and third numbers together with 12 muſt make a Square; it remains there- 
fore to reſolve this Duplicate equality, : 
, 12 ＋ 12 = 0 
Vile 4a +12 = 5 
4. But before the ſaid Duplicate equality can be reſolved, it muſt be reduced to another 
that ſhall have equal numbers of 4, to which purpoſe I multiply the firſt of the two 
quantities to be equated, to wit, 14 12, by 4, (which is prefixt to the latter 
of thoſe two quantities) and it produceth 44-48 to be equated to a Square, ſo this 
Duplicate equality ariſeth, ( inſtead of the former , ) 
viz, 2 46 T* = 0 
44 + 12 = Q 
5. Now to reſolve this latter Duplicate equality, (and conſequently the former,) I proceed 
according to the firſt manner ot ſolving the preceding Queſt. 8. viz. Firſt, the difference 
between 44 48 and 44 E 12 is 36, then I ſeek two ſuch Squares that their diffe- 
rence may be 36, and that the greater of them may exceed 48; but two ſuch Squares 
are 100 and 64, (found out by Cane 1. of the preceding Queſt. 7.) 
6. Then from either of theſe Equations 3 4473-45 = 100 
48-12 =" (64 
7. The third number ſought is diſcovered, ix. 4 = 13 
1 ay, the numbers 1, 4 and 13 will ſolve the Queſtion propoſed; for if 12 be added 
to the Product of the firſt and ſecond , likewiſe to the Product of the firſt and third, and 
laſtly to the Product of the ſecond and third, the three ſumms will be Squares, to wit, 
16, 25 and 64. The premiſſes ſhew how to ſolve the Queſtion by innumerable Anſwers. 


_— 


Another way of reſolving Queſt. 29. which # here repeated, viz. 


To find three ſuch numbers, that if to the Product of the multiplication of every two 
of them, a number given, ſuppoſe 12, be added, the three ſumms ſhall be Squares. | 


RESOLUTION z. 


1. For the given number 12 put 6 
2. For the three numbers ſought put © » > 
3. Then ſuppoling 6 to be the difference of two Squares, ſearch z 
out thoſe Squares (by the fifth Queſtion of this Book) and let cc > 
repreſent the greater, and xx the leſſer; therefore 
4. Now the Queſtion requires, that if þ be added to the Product of 
the multiplication of a and e (the firſt and ſecond numbers ſoughi 
the ſumm moſt be a Square, therefore by ſuppoling that Square 
to be cc above found, this Equation ariſes, 1&4. 
5. Therefore from the laſt Equation by equal ſubtraction of 6, 
6. And becauſe by Conſtru&ion in the third ſtep . .' .. '. 
7. Therefore from the fifth and ſixth ſteps . '. « .. . » 
8. Therefore by dividing each part of the laſt Equation by 4, it 
NG ER / 24a gs. 
1 , ( by the fifth Queſtion) find two other Squares whoſe 
difference ſhall be equal to b , ſappoſe dd the greater Square, and 
zz the leſſer, theretore . 


v 
0 
[ 
a | 


10. Then the Product of the multiplication of the firſt and third 
numbers ſought, with b added, makes au , which muſt be a#-|-b dd 
equal ro ſome Square, let it be dd before found, therefore 7 
11. Therefore by equal ſubtraction of 5 from the laſt Equation, . 4 = dd —6 
12. And becauſe by Conſtruction in the ninth ſtep -, . . * a= dd—# 
13. Therefore from the two laſt Equations . +. Þ % ="22 


VS. \ 


4 "i 
15, Now ſince by the ſecond, eighth, fifth, fourteenth and eleventh ſteps, the poſitions 


for the three numbers ſought ate; 2, , (or . ) = (ot — —) it is 


4 4 | "IP 
G 2 evident, 


Ca 
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8. Therefore by equal ſuhtraction of b . . 


evident, that if b be added to the Product of the multiplication of the firſt and ſecond 
numbers, the ſumm is a Square, to wit, cc. Likewiſe, if & be added to the Product 
of the firſt and third numbers the ſumm is a Square, to wit, dd; but if þ be added to 
the Product of the ſecond and third numbers the ſumm muſt alſo be a Square; therefore 
XXEYV 


aa 


-|- þ muſt be equal to a Square whoſe ſide we may feign to be — Ee; 


"= ; But x,z,6 and e 
6 it | 

are known numbers, therefore 4 the firſt number ſought is known alſo ; and from the 
eighth and fourteenth ſteps the ſecond and third numbers will be diſcovered, 


From this ſecond Reſolution of Queſt. 29. it will not be difficult to deduce the following 


CANON. 


Firſt , ſuppoling the given number ( to be the difference of two Squares, find out 
(by the ſecond Canon of the foregoing fifth Queſtion ) two pair of Squares in that dif- 
terence, and let the (ide of the leſſer Square of the one pair be called ( x,) and the fide of 
the leſſer Square of the other pair, (⁊ ;) then take ſome ſquare number whoſe ſide may be 
called (t,) and let the difference between (tt and 6) be called (g;) then divide the double of 
the ſolid Product of the three ſides x, x, 1, viz. 2xzt, by (g,) and the Quotient ſhall 
be one of the three numbers ſought , laſtly, multiply ſeverally the ſides x and = by g 
and divide the firſt Product by 2, and the latter by 2xt, ſo the Quotients ſhall be the 
two other numbers ſought. Compare this Canon with the two following Examples. 


or - :, and conſequently 4 will be found equal to 
A 


1 12 given in the Queſtion. 
x = 12 
& = Iz 2 ; EE | | 
22 _ ; found out according to the directions in the Canon. 
g£ = 413. 
_ 
gh 
gx | | 
2x © * | found out by the Canon to ſolve the Queſtion: 
E. = 402 | a4 
2.xt N 


I ſay the number given being 12, the Queſtion may be ſolved by theſe three numbers 
7, 5, 5; likewiſe by theſe, 75, , 48, as may eaſily be proved. 


A third way. of reſolving Queſt. 2g. which is here repeated, viz, 


To find three ſuch numbers, that if to the Product of the multiplication of every 
wo of them, a number given, ſuppoſe 12, be added, the three ſumms ſhall be Squares. 


RESOLUTION 3. 
1. For the given number 12 put 


2. For the three numbers ſought put . , . . . . . . 'L . „ * 
3. Then, according to the Queſtion, ae-|- b muſt be equal to a Square, 

let it be ſome known Square cc , therefore 8 e 
4+ Therefore from the laſt Equation by equal ſubtraction of 5, > „ = 6 


5. And by dividing each part of the laſt Equation by 4, it gives e = ©< b 


6. Thus, the firſt of the three numbers ſought being 4, and the ſecond ee N 


- - o 4 
is evident, that if þ be added to the Product of their multiplication, the ſumm is a 
Square, to wit, cc. | 


7. Again, according to the conditions in the Queſtion , au ,- b muſt 


be equal to a Square, let it be ſome known Square da, therefore 8 an - -U = dd 


222233 «S® „ = dd —b 
9. And 


Queſt. 29. 1D1ophantus's. Algebra explain d. 


9. And by dividing each part of the laſt Equation by a, . . #s = 4d —b 
i j 


A 
10. Thus, the firſt of the three numbers ſought being 4, and the third aa —b 2 
; a 
is evident, that if h be added to the Product of their multiplication the ſumm is a Square, 
to wit, dd. But the Queſtion requires alſo , that if to the Product of the ſecond and 
third numbers the given number þ be added, the ſumm muſt be a Square, therefore 
cc —b ad — b 
- and 


3 be mutually multiplied, 


and to the Product add ö, ſo the ſumm will be £244 E. hich 
muſt be equal to a Square, the ſide whereof may be feigned to be either de +6 or 
| de - b K We 2 

2 ; firſt let the (ide be EX* » then its Square being equated to the ſumm above- 
mentioned, after due Reduction of that Equation it will appear that 4 = c-{- 4. 

11. Therefore, the Equation laſt expreſt, to wit, a = c + 'being compared with 
the Quantities in the ſecond , fifth and ninth ſteps , the three numbers ſought , to wit, 
4, e, # will be found equal to theſe known Quantities , 21. 

pe 1 4 6 — b ad — b 
| 12 ＋ 4 N 4 
12. Again, for as much as the fide of the Square to be equated to baa-dace-1-bb bad bee 


let the ſecond and third numbers , to wit , 


7 


44 
be £22, ( as 


( the ſumm above-mentioned in the tenth ſtep ) may be feigned to 
) let the Square of 2 be equated to the ſaid ſumm, then by 


de -|- b 
4 3 
proceeding as before, three other numbers capable of ſolving the Queſtion will be found 
* equal to theſe, ix. | 
4 CO — b dd — b 


eas ,'.; = ans 
From the premiſſes two excellent Canons are deducible to ſolve the forgoing Queſt. 29. 


ow 4 7 © © 


1 3- Subtra& the given number from wo Squares ſeverally, then divide each of the Re- 
mainders by the ſumm of the ſides of the ſame Squares, fo ſhall the two Quotients 
and the ſaid ſumm ot the ſides be three numbers which will ſolve the Queſtion. 


For example, let the given number be 12, ſubtra& it from the Squares 36 and 64, the 
Remainders are 24 and 52, which being ſeverally divided by 14, (the fumm of 6 and 8, 


well as 


= T + 


= which are the lides of the ſaid Squares 36 and 64, the Quotients 17 and 37, with 
tte aid 14, are three numbers to ſolve the Queſtion, as will be evident by 
$ The Proof. 
8 14 x12, 4-12 = 36 „ 
14 * 34, E 12 = 64 Which are Squares, as was required. 
15 * 33, |- 12 = ag 
CANON 2. 


14. Subtract the given number from two Squares ſeverally , then divide each of the 
Remainders by the difference of the ſides of the ſame Squarcs, fo {hall the two Quo- 
tients and the ſaid difference be three numbers, which will ſolve the Queſtion, 


For example , let the given number be 12 , ſubtra it from the Squares 36 and 64, 
and divide each of the Remainders 24 and 52, by 2, (which is the difference of 6 and 8, 
the ſides of the ſaid Squares 36 and 64 ,) ſo the Quotients 12 and 26, with the ſaid 2 , 
are three numbers that will ſolve the Queſtion ,, as will appear by 


1 The Proof. 
1 | 3 X12, 12 = 36 . 
2X26, E 12 = 64 Which are Squares, as was required, 
12X26, + 12 = 324 


Bachet 
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Bachet in his Comment upon Queſt. 12. Lib. 3. Dioph. (which is the ſame with the 
preceding 29 Queſtion ) delivers two Canons, one ot which is the ſame with Cam 2. 
above expreſt, and the other is this following 

CANON 3. 


15. Subtract the given number from two Squares ſeverally , divide the Remainders ſe- 
verally by the difference of the ſides of the ſame Squares; then ſhall the two Quotients 
and their double ſumm leſſened by the aforeſaid difference be three numbers which will 
ſolve the Queſtion propounded. 


For example, let the given number be 12, ſubtract it from two Squares, ſuppoſe 
36 and 64, the Remainders 24 and 52 being divided ſeverally by 2, (the difference of 
the ſides of the ſaid Squares 36 and 64) give the Quotients 12 and 26, which are two 
of the three numbers ſought ; then from 76 (the double ſumm of the ſaid Quotients) ſub- 
tracing 2 (the before-mentioned difference,) the Remainder 74 ſhall be the third number 
ſought. By this Operation it is evident that the two ſirſt numbers are the ſame with thoſe 
found out by Canon 2. but the third numbers are different: I ſay the three numbers 
12, 26 and 74 Will ſolve the Queſtion, as may eaſily be proved. 

But to manifeſt the certainty of Canon 3. both irs Operation and Demonſtration may 
be ſymbolically expreſt in this manner, v5z. 


Operation. 
om n d the greater; 
16. Take two unequal numbers, ass 3 ” he Dole 2 
%% „„ . 5 7 P 


18. Take any number leſs than the Square of p ** 


. * . > b 

19. Subtract the number þ from the Squares of c and d ſeverally 

"> & 
ſo the Remainders are 


— þ and dd — b 


20. Divide each of thoſe Remainders by 4 . R "ſl he Quo- : — ad 44 — b 
% ĩ „„““ a 1 "I 
21. The double ſumm of thoſe Quotients is . , 3 . . e 


22. From that double ſumm ſubtract 4 — c, and the Remain- c- EAA E244 
MS» co „b „% ES a_s d—c 
23. Thus, the three numbers found out by Canon 3. laſt afore-going to ſolve 2ueſt, 29. 
are equal to theſe , viz. 
cc —b ad —b «© wec+ddd-2cd — 4b 
. * d—c \ 
Now I ſay, if every two of thoſe three numbers be mutually multiplied , and to 
the Products ſeverally the number & be added, the three ſumms ſhall be Squares. 


Demonſtration. 
24+ By Camn 1. Reſolut. 3. Queſt. 29. if the Product of the multiplication of the two 


firſt numbers, to wit, of —— - d = be increaſed with b, the ſumm will be 
a Square; it remains to prove, that if the Product of the multiplication of the firſt and 
third numbers be increaſed with h, the ſumm (hall alſo be a Square; likewiſe that the 
Product of the multiplication of the ſecond and third numbers increaſed with the num- 
ber b, makes a Square. But if the number ô be added to the Product of the multipli- 


cation of the firſt and third numbers, the ſumm is cece-1-cead-|-2ceed—4ccb gab. Ea 

| ad- Acc 2cd 2 
which is a Square, whoſe ſide is D And if ö be added to the Product of the 
multiplication of the ſecond and Third numbers, the ſumm is . : 
He EE 2. which is a Square whoſe ſide is 
—.— Therefore the truth of Canon 3. is evident. 


By the help of the ſecond and third Canons laſt before expreſt , Bacher extends the pre- 


c.eceding Dueſt. 29. to four numbers, as I ſhall ſhew in the next Queſtion. 


LUEST. 30. 


r 


72 * 
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AES. 30. ( Bachet in Queſt. 13. Lib. 3. Diophant. ) | 


To find four ſuch numbers, that if to the Product of the multiplication of every two 
of them, a number given, ſuppoſe 3, be added, the four ſumms ſhall be Squares. 


RESOLUTION, 


The number given in the Queſtion isse . 3 
Let two Squares be feigned from 4 ＋ two ſuch known numbers that their difference 
may be a Square, and that each of them may exceed the given number 3. To which 
end let the fide of one of thoſe Squares be teigned 4-4-2, and let the other fide be 
a 6., for the difference of 2 and 6 is 4, (a ſquare number; ) then will the Squares 
of the ſaid ſides 2 FE 2 and a +6 be theſe, 
viz < 44+ 44+ 4, ( theSquareof a--2.) 
* 2 aa-j-1246--36, ( theSquare of a-+ 6.) 
3. From each of thoſe Squares ſubtract the given number 3, ſo the Remainders will be theſe; 


WY aa - gat 1 


aa + 124 + 33 4 
4. Divide the ſaid Remainders ary 4, (the difference of the aforeſaid ſides 4 .- 2 
and 2 E- 6) and let the Quotients be aſſumed for two of the four numbers ſought, 
: 344 a +, ( the firſt number.) 
Vig 
2 aa 34 ＋ 83, ( the ſecond number.) 

5. The double ſumm of the ſaid Quotients (aſſumed in the laſt ſtep for the firſt and ſecond 
numbers ſought ) is 44 E 84-+ 17 , from which ſubtra& 4 , (the ditference before- 
mentioned) and let the Remainder be aſſumed for the third number, 

viz. & 44 ＋ 84-13, (the third number.) 

6. If the Conſtruction hitherto be compared with the third Canon in the third Reſolution 
of the foregoing 29 * Queſtion, ic will thence be evident, that if to the Product made 
by the multiplication of every two of thoſe three numbers before aſſumed in the fourth 
and fifth ſteps, there be added the given number 3, the three ſumms will be Squares. 

7. For the fourth number ſought aſſume the difference 1 
of the ſides Ca and s beſore- mentioned, to wit, & 7 ( the Jourth number. ) 

8. Then by comparing the Conſtruction in the ſecond, third, fourth and ſeventh ſteps with 
Canon 2. in the third Reſolution of the foregoing twenty-ninth Queſtion, it will be 
manifeſt , that if to the Product made by the multiplication of every two of theſe three 
numbers, to wit, the firſt , ſecond and fourth numbers before aſſumed in the fourth and 
ſeventh ſteps, there be added the given number 3, the three ſumms will be Squares. 

9. It remains to make the Product of the multiplication of the third and fourth numbers, 
the given number 3 being added, equal to a Square; but the third number 44 + 84 
＋ 13 , multiplied by the fourth number 4, gives the Product 444 E 324 ＋ 52, to 
which adding 3, the ſumm is 444+ 324-j-55 , which muſt be equal to a Square, 
the {ide whereof may be feigned to be 24— any known number whole Square exceeds 

55 ; therefore let the ſaid lide be 24 — 10, then the Square thereof being equated 
to 444-|-324 +55, the value of 4 will thence be found equal to +, by the help 
whereof , recourſe being had to the fourth , fifth and ſeventh ſteps , the four numbers 
ſought will be found theſe, viz. 352, *$57 , 3 and 4, which will ſolve the Queſtion, 
For if the firſt be multiplied by every one of the other three, and the Products be ſeve- 
rally increaſed with the given number 3, the three ſunims will be theſe Squares, ro wit, 
2+82+2 42432324 £4: whoſe ſides are 233, 44 and 3. Alſo, if the ſecond be 
multiplied by the third and fourth numbers ſeverally, and each Product be increaſed 
with 3, theſe two Squares will ariſe , to wit, **+73$; and £422, whoſe ſides are 
2:42 and £4; laſtly, the Product of the third number multiplied by the fourth being 
added to 3 makes the Square g, whoſe ſide is *;. 


— 


10 


— 


L2UEST, 31. , (Quaſt. 15. Lib. 3. Diophant.) 
To find three ſuch numbers, that if the Product of the multiplication of every two of 


them be leſſened by the third , the three Remainders ſhall be Squares. 
| RESOLUTION, 


x. For the firſt numberpm . . . +» » +» » «3 > +Þ ® 


' 


2; And 


507 I Ie + 
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2. And for the ſecond number put 2 -|- ſome known ſquare 
ke.» —-o-— rn 
3. Then the Product of the multiplication of the firſt and ſecond 
numbers is . 8 441-44 


4. From which ProduR if 44 be ſubtracted, it is evident the 
Remainder will be a Square, to wit, 44, therefore for the | 
third number we may put 44, (and ſo one of the conditions 4* 
in the Queſtion will be fatisfied) . . . . « , « + 

5. Then (from the ſecond and fourth ſteps,) the Product of the 
multiplication of the ſecond and third number is 444 E- 164, 
from which the firſt number à being ſubtracted, there remains 444 - 154 = © 
4aa-|-154, which (according to the Queſtion) muſt be | 
equal to a Square, vie... 

6. Alſo (from the firſt and fourth ſteps,) the Product of the 
multiplication of the firſt and third numbers is 444, from : | 
which ſubtracting the ſecond number 42 E 4, there remains 9 444 —«—4 = UV 5 
444 — 4 — 4, Which ( according to the Queſtion ) muſt be 
ea] ov a Square, . | 

7. So in the two laſt preceding ſteps we are faln upon a Duplicate equality, which (upon 8 
the grounds before demonſtrated ) may be reſolved thus, viz. Firſt , the difference of 
the two Algebraical quantities to be equated to two Squares, (by ſubtraRing the leſſer 
from the greater) is manifeſtly 164 4 ; then two Squares muſt be found, ſuch, that 
their difference may be 164 4, and that 444 may be in each of thoſe Squares: 
Therefore ( agreeable to Canon 2. of Queſt. 5. of this Book, ) two numbers are to be 
taken, that being mutually multiplied will produce 164-4; moreover , that 24 may 
be found as well in the half-fumm as in the half. difference of the numbers taken; but 
the only two numbers that will agree with thoſe conditions are 44 1 and 4 , whoſe 
half. ſumm is 24 +, and their half-difference is 24 — 2. 

8. Then by equating the Square of the ſaid 24 ＋ f to 444 E- 154 (in the fifth ſtep,) 
or the Square of 24 — 4 to 444 — 2 — 4 (in the lixch ſtep,) from either of thoſe 
Equations the value of a will be found + , which is the firſt of the three numbers ſought, - 
and conſequently from the ſecond and fourth ſteps, the ſecond and third numbers are 
25 and 5, Which three numbers will ſolve the Queſtion ; for if from the Product of 
every two of them the other be ſubtracted, the three Remainders are Squares, to wit, 
4. 25 and 1. 


Fm, 3+ 3 


ax. ke. 


#4 itt; * a & « - 


DUVEST. 32. 


To find three numbers, ſuch , that if to the Square of every one of them the ſumm 
of the other two be added, the three ſumms may be Squares. 


RESOLUTION. 


1. Take any number of 4 -|- ſome known number, as a-þ- 1 , for the (ide of a Square, 
then the Square of 4-1 is 3 1 ; now it for the firſt number ſought we 
put 4, for the ſecond 24, and for the third 1, then it is evident that the Square of 
the firſt number, together with the ſumm of the ſecond and third , makes a Square, 


to wit, 424 - 24 K- , whereby one of the conditions in the Queſtion is ſatisfied ; 
therefore, 


For the three numbers ſought put „ 4, 24,1 
2, Then(according to the import of the Queſtion,) the Square 
of the ſecond number, together with the ſumm of the firſt > 444+ - = 0g 
and third muſt make a Square, therefore 
3. Likewiſe the Square of the third number, together with the 7 . 
ſumm of the firſt and ſecond muſt make a Square, therefore ＋ n 
4. So we are faln upon a Duplicate equality , which differs from any of the preceding 
Forms, but (upon the ſame foundation by which thoſe have been reſolved) this may 
be reſolved thus; Firſt , ſuppoſing the former of the two quantities to be equated to 
a Square to exceed the latter, (for here we may indifferently take either of them for 
the greater,) their difference, by ſubtracting 34 =} 3 from 44a -þ 4+ 1 , is manifeſtly 
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444 — 24; this difference, (as in moſt of the Duplicate equalities hitherto ) muſt be 
eſteem'd the Product made by the mutual multiplication of two quantities, or factors: 
but here theſe two factors muſt be ſuch , that as well in half their ſumm as in half their 
difference there may be found 1, that is, the ſide of the known Square, ( or abſolute 
number) in each of the two quantities to be equated , to the end that when the Square 


of the ſaid half-ſumm is equated to 44 i; or the Square of the ſaid half- - 


difference to 34 -|- 1, the ſquare number 1, by due Reduction of either of thoſe Equa- 
tions, may vaniih. Now to find out two factors qualified as aforeſaid, firſt, take 2 6 
the double of the (ide of the known Square 1 in each of the two quantities to be equated, 
with — yu „( becauſe — is prefixt to 24 in the difference 444 — 24 above- 
mentioned , ) tor part of the firſt of the two deſired factors; then divide 24, (which 
is part of the (aid difference,) by 2 the double of the fide of the ſaid known Square 1, 
and take the Quotient à for the latter factor; then divide 444, (the other part of the 
ſaid difference 444 — 24) by the ſaid latter factor 4, and the Quotient 44 connected 
with — 2 firſt taken, ſhall be the compleat firſt factor: So two factors or quantities 
to agree with the conditions above mentioned are found to be 44 — 2 and 4; for the 
Product of their multiplication is 444 — 24, and 1 is found both in half their ſumm 
and half their difference: Then by equating the Square of half the ſumm of the ſaid 
factors 44 — 2 and 4, viz. the Square of 44 — 1, to 444-|-a+1 ; or by equa- 
ting the Square of halt the difference of the ſame factors, viz the Square of 44 — 1, 
to 34+ 1, the value of à will be diſcovered, v:z. 

5. From either of theſe Equations, after due * 2344 — 54 E- 1 = 44 -A ＋-1 
„„ 444 — 24+1 = 34＋1 

6. The ſame value of 4 will be diſcovered, viz. > 4 = + 
Therefore by the ſixth and firſt ſteps, theſe three numbers are found out, to wit; 


, f ander, which will ſolve the Queſtion propofed : For £5 the Square of the firſt 


number, together with £2 the ſumm of the ſecond and third, makes a Square, to wit, £22, 


> alſo 215 the Square of the ſecond, together with 425 the ſumm of the firſt and third, makes 
2 Square, to wit, £22, and laſtly, 1 the Square of the third, with 4+ the ſumm of the 


firſt and ſecond makes a Square, to wit, 9. By what hath been ſaid in the firſt ſtep of 
the Reſolution this Queſtion is capable of innumerable Anſwers. | 


— — — 


QUEST. 33. 


To find a number leſs than 2 a number given, and ſuch , that if it be multiplied by two 
given numbers 3 ſuppoſe by 8 and 6, and if to each of the Products a given ſquare 
number, ſuppoſe 4, be added, the ſumms may be ſquare numbers. 


„ RESQZUTION. 
x. For the number ſought pur “ id 
3. Then if that poſition be proſecuted according to the conditions in? 8a 4 = n 
the Queſtion, this Duplicate equality will ariſe , to wit, d 6a-þ4 = © 


3. Which kind of Duplicate equality Diophantus uſeth in divers Queſtions, and becauſe 
the Reſolution thereof is a vety ſubtil invention, 1 have framed this Queſtion purpoſely 
ro explain it. 

Firſt , obſerve well theſe three numbers, , . 3} .> 84 4, 6a+4 and 4. 


Then ſeck what proportion the exceſs of the greateſt of thoſe three numbers above 
the mean hath to the exceſs of the mean above the leaſt ; ſo you will find that the former 
excels is to the latter as 1 to 3. For the exceſs of 84 ＋E 4 above 64 E 4 is 24, and 


the exceſs of 64 ＋- 4 above 4 is 64; but 24 is to C4 as 1 to 3. Therefore the 


former exceſs is to the latter as 1 to 3, and conſequently the former exceſs is one 

third part of the latter. | | 
4- Now the principal ſcope in reſolving the ſaid Duplicate equality is to find out two 
ſquare numbers with this condition, that the excels of the greater above the leſs may 
have ſuch proportion to the excels of ſhe leſſer above 4 (the Square given in the Que- 
ſtion) as 1 to 3; to wit, as the difference of the numbers 8 and 6, which are prefixt 
to 4 in the Duplicate equality, is to 6 the leſſer number prefixt : For when two ſuch 
Squares are found out, then if the greater be equated to 84+þ- 4, or the leſſer to 64 4, 
H one 
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one and the ſame value of a will come forth. But to find out the ſaid two Squares 
I proceed thus: 
5. The leaſt of the three Squares above mentioned, to wit, that 
given in the Queſtion , by the help whereof the other two are p 4 
to be found our, is *. 
ſide of the mean Square be feigned e 2, (2 being the ſide 
of the given Square 4 ;) therefore the mean Squate it ſelf is 
7. Therefore the exceſs of the mean Square above the leaſt is 
EZ „„ % » © + —_—_ 
8. But by what hath been ſaid before, the exceſs of the greateſt 
Square above the mean muſt be 3 part of the exceſs of the mean , ＋ 44 
7 above the leaſt; therefore (from the laſt ſtep) the exceſs c 3 
of the greateſt Square above the mean ſhall be , , , 2 
9. Therefore by adding the laſt mentioned exceſs, to wit, See + 8 


ee N 4e 4 
ee T 48 


6. And to the end the mean Square may exceed the leaf! i let the c 


to the mean Square in the ſixth ſtep , the ſumm will be the S #ee j-*$e 4 
greateſt of the ſaid three Squates, io wit, 


10. Which Zee - Age 4 muſt be equated to a 1 „but the value of e muſt be ſub- 
ject to a Determination thus found out; viz. Foraſmuch as the two greateſt of the 
three Squares above mentioned muſt be ſuch, that when the greateſt is equated to 84-4, 
or the mean to 64-4, the value of 4 may be leſs than 2, (according to the con- 
ditions in the Queſtion, ) therefore ſuch a ſquare number muſt be found out equal 
to the {aid Fee g ge- 4, that when 4 is ſubiraRed trom the ſaid ſquare number, 
J part of the Remainder may be leſs than 2, Therefore from ce - ge 4 ſub- 
tract 4, and the Remainder is tee E *$e, whereof 3 is Zee -e, which muſt be 
leſs than 2; therefore 

D r 

12. Thence, by multiplying all by 6, it follows, that . . . ce 40 212 

13. And by adding the Square of half the Coefficient 4 to each 1 
ay © yang —_— JJ c++ n_z 8 ee-1-46-1-4 16 

14. And by extracting the ſquare Root out of each part of the | 

r 22 

15. Therefore by equal ſubtraction of 2, it is manifeſt that , . „ 2 


16. Thus we have found that re- - *$ e-|- 4 muſt be equated to a Square, with this 
condition, that the value of e may be leſs than 2. dow to cauſe that effect, the 
ſide of the ſaid Square may be feigned — 2 any number of e greater than 37222e, 
therefore let the ſaid fide be feigned 336 — 2, then the Square of 336 — being 
equated to the ſaid Fee -|- £24, the value of e will thence be found 11. 5 

r —- 

18. Then conſequently the Square of 336 — 2, that is, the greater 
of the two Squares ſought, will be 

19. And the Square r ( which in the ſixth ſtep was put? 2 
for the ſide of the leſſer of the two Squares ſought , ) will be GEE 

20. Which two Squares, to wit, 12 f and 127, ( whoſe ſides are £2 and 24, together 
with 4, (the ſquare number given in the Queltion ,) are ſuch, that the exceſs of the 
greateſt above the mean is ; part of the exceſs of the mean above the leaſt , (according 
to the ſcope deſigned in the fourth ſtep.) Now it the greater Square *32+ be equa- 
ted to 844-2, or the leſſer Square £453 ro 64+]- 4 , from either of thoſe Equations 
the value of 4, to wit, the number ſought by the Queſtion will be found £££ : For 
firſt, it is leſs than 2, alſo eight tires that number, together with 4, makes the Square 
Ar ; and fix times the ſame-nutmber 24, together with 4, makes the Square 432, 
It is alſo evident by the ſixteenth ſtep, that as many numbers as one will may be found 
out to ſolve the Queſtion propoſed. 

21. But for the greater evidence of the infallibiliry of the method of reſolving this Du- 
plicate equality, I ſhall demonſtrate the fame in matmer following, vid. bh 
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7 Suppoſe 
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two Multiplicators given in the Queſtion, 
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a ſquare number given in the Queſtion , | 
5 two ſquare numbers found out according to the direction 
: in the fourth ſtep of the Reſolution, | 


Suppoſe 
| / $24 5 the number ſought. 


22. Suppoſe alſo , according to the Conſtruction in the Reſolution , that the exceſs of 4 
above Fhath ſuch proportion to the exceſs of f above c, as the exceſs of r aboye x 
hath to 7, vix. as, d—f. f— e:: 4 | 

23. Then according to the Conſtruction in the twentieth ſtep of the Reſolution, let theſe two 
Equations be inſtituted, vir. ra e = 4 « | 


RnB Aya 


— 
> a n 


4a E- = f, | . 
24. Now ſince the Concluſion of the Reſolution ( in the ſaid twentieth ſtep ) takes it 
for granted, that one and the ſame value of 4, (to wit, the number — 2 will be 


given by either of thoſe two Equations, we muſt prove that theſe two Quotients are 
equal to one another, vid. d—c 2 | | 
r 2 14 . 
Demonſtration. 

25. Foraſmuch as by Conſtruction in the 224 ſtep, » def. fe tt 23 
26. Therefore by Compolizion of Reaſon, . . d d—c. fen: r 929 
27. Therefore SrARY - -o . Bt 3 fac & 
28, Bur if four numbers be Proportionals, the Reaſon of 4 ; 

the firſt to the ſecond is equal to the Reaſon of the third 15 — = — 


LL 
Which was to be demonſtrated. 


5 Obſervar. 1. upon Queſt. 33. 

In the Duplicate- equality uſed in the preceding QAseſt. 3 3. both the numbers of 4 

are affirmative, but it they were both negative, or one of them affirmative and the other 

negative, the Reſolution would differ very little from the fortner, as will appear by the 
two following Queſtions. 

2 VEST. 1. 
1. Let it be required to find out the number ſignified by 4 in this? 4— 24 
Duplicate equality, vic. 5 4=— 34 


RESOLUTION. 


2. Firſt , theſe three numbers are to be conſidered , ; . 4,4-24,4—34 


Then becauſe the exceſs of 4 above 4 — 24, hath ſuch proportion to the exceſs of 
4 — 24 above 4— 34, 28 2 to f, let 4 be conſidered as the greateſt of three Squares, 
and find the other two, with this condition, that the exceſs of 4 above the mean may be 

the double of the excels of the mean above the leaſt ; to which end, | 


3. Let the greateſt of the ſaid three Squares be 
4. And to the end the mean Square may be leſs than the greateſt, 
let the fide of the mean Square be 2 — e, therefore the mean> tc — 4e-þ 4 
"x | EF „ „  » 
5. Therefore the exceſs of the gteateſt Square above the mean is > 4e — ee 
6. Therefore , according to the condition preſcribed in the ſecond 
ſtep, the half of the exceſs in the fifth ſtep ſhall be the excels > 2e— ee 
of the mean Square above the leaſt, to wit, . , « + +» 
7. Which laſt exceſs, to wit, 26 —Zee being ſubtracted from the  _ © 
mean Square in the fourth ſtep , the Remainder ſhall be equal> 2c — 6e + 4 
to the leaſt Square 5 ro wit "WE Wi e © Þ . a » ne 
8. Therefore Zee — 6e -|- 4 muſt be equated to a Square, but the value of e muſt be 
| ſubjeR to a Determination thus found out, vid. Foraſmuch as the leaſt of the three 
Squares above mentioned muſt be ſuch , that when it is equated to 4 — 3 (in the firft 
ſtep,) the value of « may be greater than nothing, it is evident the ſaid leaſt Square muſh 
neceſſarily be leſs than 4; Suppoling therefore- 26% — 6e + 4 => 4 from this ſappo- 
: | ** .- = _ nion, 


* 
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ſition, (by arguing in like manner as before from the eleventh ſtep to the ſixteenth,) 
we ſhall find A 4 , therefore zee — 6e -|- 4 muſt be equated to a Square, ſo, as 
the value of e may be leſs than 4. Now to cauſe that effect, rhe ſide of the (aid 
| Square may be feigned to be 2 — any number of e greater than ze, let therefore 
the ſaid ſide be feigned 2 — 2c, then its Square being equated to Zee — Ge- 4 will 
give e=2, and conſequently the mean and lealt Squares ſought will be 25 and 27, 
the former of which being equated to 4 — 24, or the latter to 4 — 34, from either 
of thoſe Equations the value of 4, or the number ſought , will be found I ; which 
will ſolve Queſt. 1. before propounded, as will be evident by 
red The Proof. 
If 22 (or 4) be multiplied by 2 and 3 ſeverally, and if the Products be ſeverally 
ſubtracted from 4 , the two Remainders will be 25 and 27, which are Squares, as was 
Fquired. 
1575 2D EST. 2. 
x. Let ĩt be required to find out the number ſignified by 4,2 4 -|-24 = 0 
in this Duplicate equality, viz. . « « +» + 5 4—3a = O 


RESOLUTION. 


2. Firſt , theſe three numbers are to be conſidered, . «> 424, 4 , and 4— 34 


Then, becauſe the exceſs of 4 -]- 24 above 4, hath ſuch proportion to the exceſs of 4 
above 4— 34, as 3*to 3, let 4 be aſſumed to be the mean of three Squares, and find out 
the other two, with this condition, that the exceſs of the greateſt above the mean may be 
+ of the exceſs of the mean above the leaſt ; to which end, 
3. Let the mean Square boo 4 
4. And to the end the leaſt of the three Squares may 

be leſs than the mean, let the fide of the leaſt Square ꝙ ce — 464-4 

be 2 — e, therefore the leaſt Square ſhall be 
5. Therkfore the exceſs of the mean Square above the 
rr 
6. Therefore according to the condition preſcribed in the 

ſecond ſtep, ; of the laſt mentioned exceſs ſhall be equal > — Zee -|- fe 

to the exceſs of the —— above the mean, to wit, 

Which laſt exceſs added to the mean Square 4, will 
1 give the greateſt Square, to wit, — ; 40 . + — dee -e +4 


Therefore — fer- ge - 4 muſt be equated to a Square, but the value of e muſt 
be ſubject to a Determination thus found out; Foraſmuch as the greateſt of the three 
Squares required mult be ſuch, that when it is equated to 4 | 24 (in che ſirſt ſtep ) the 
value of 4 may be greater than nothing, it is evident that the ſaid greateſt Square muſt be 


than 4. 

Suppoſe therefore — ee -e 4 cr 4, thence it will follow, that e— 4 ; there- 
fore the ſaid — ee fe 4 muſt be equated to a Square, with —— 
value of e may be leſs than 4. Now to out ſuch a Square, the value of e may be 
*, (found out by the Canon of Queſt. 1 3. of this Book, mut murandis, ) whence 
the greateſt and leaſt Squares ſought will be 4 and 23; the former of which being 
equated to 4 -+ 24, or the latter to 4 — 34, from either of thoſe Equations the num- 

4 will be found 29, which will ſolve the Queſtion , as will be maniteſt by a 
The Proof. | 

(or 4) be myltiplied firſt by 2, and then by 3; , alſo, if che firſt Product be 

and the latter Product be ſubtracted from 4, the Sum and Remainder 

and 55 , which are Squares, as was required. 


Obſervat. 2. upon the preceding Queſt, 33. 


By the ſame artifice that hath been uſed in ſolying the ſaid Pneft. 3 3. this following 
1 —4— cane be aafaived. vic. N * 


* 


1. Let it „ a number, call it 4, 9 10a ＋ 9 = 0 


* 
rere e 


: 54 +4 


ſhall mak 
- 3; Firſt, 
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2. Firſt, by multiplying 54-44 by 9, the Product is 454 - 36; likewiſe 104] g 
multiplied by 4 produceth 404+ 36 ; fo the Duplicate equality propounded is re- 
duced to this, , 

454-36 = Q 

404-36 = Al 3 

3. Which latter Duplicate equality being of the ſame kind with that in the foregoing 
Quest. 33. may be ſolved by innumerable Anſwers ; but for the greater evidence, 
the ſearch may be made as before, viz, 


4. Let theſe three numbers be conſidered, . . 5} .> 454-536, 404436, 36 


Then becauſe the exceſs of the greateſt of thoſe three numbers above the mean, hath 
ſuch proportion to the exceſs of the mean above the leaſt as 1 to 8, let 36 be aſſumed 
for the leaſt of three Squares, and ſearch out the other two, with this caution , That the 
excels of the greateſt above the mean may be & of the excels of the mean above the leaſt 1 
to which end, | 
5- Let the leaſt of thoſe three Squares be & 36 
6. And to the end the mean Square may be greater than the leaſt, 

ler the fide of the mean Square be e 6 , therefore the mean d ee - 12e-þ- 36 

Square ir (elf (hall e ©. © » © + 
7. Therefore the exceſs of the mean Square above the leaſt is ee -|- 126 
8. Therefore gj of that exceſs (which according to the Caution > _ | 

given as above, mult be the exceſs of the greateſt Square above ce 4e 

the mean) ſhall be >. % D, 0060 8 Ru a_AUubu 
9. Which laſt exceſs, to wit, gee e, being added to the mean 

Square in the lixth ſtep, the ſumm is equal to the greateſt Square, > e *je -+ 36 

wit, - - > ec - „% „% © © mAS 
10. Therefore Fee Ee 36 muſt be equated to a Square, which ſquare number 

when tis found out muſt be equated to 454 E36, and therefore the ſaid Square muſt 

be greater than 36 but from any affirmatiye value of e whatſoever , the ſaid zee + 


dix. 


Ae 36 will be manifeſtly greater than 36. Therefore here being no need of any 


limit for the value of e, the {ide of the ſaid Square may be variouſly feigned; let then 
the ſaid {ide be Je — 6, the Square thereof will be Zee — 186 36, which being 
equated to er- ie g- 36, the value of „ will thence be found 28, and conſe- 
quently ( from the ninth and ſixth ſteps ) the greateſt and mean Squares ſought will be 
1296 and 1156, whoſe lides are 36 and 34 ; Then, 
11. From this Equation, $i 6 „ „% „ RSS > 454-135 = 1296 
x2. Or from this Equation, . . , . » +» + . 4044-36 = 1456 
x3. The number à will be diſcovered, to wie. 4 28 
I fay che number 28 will ſolve the Queſtion, as will be evident by 
The Prof. | 


If 28 (or 4) be multiplied by 10 and 5 ſeverally; alſo, if to the former product 
9 be added, and to the latter Product 4, the two ſumms will be 289 and 144, which are 
Squares , as was required, | . 


Obſervat. 3. un Queſt, 33. 


3® w # 


2. The firſt Caſe is, when in a Duplicate equality of the kind laſt mentioned, the gif- 


— rr Q , 
— n _— - 
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3. Let it be required to find out the number ſignified by à in this? 34 - 13 = 0 
Duplicate equality, viz. . . «- + . + +» « +» + +» 24 7 = 0 
4+ Becauſe 24-6, the difference of the two Algebraick Quantities propoſed , being 
divided by 2 gives the Quotient a 3 , which ſubtracted from a + 7 leaves a Square, 
to wit, 4; the Duplicate equality propos d is explicable by the method uſed in the 
preceding Queſt. 3 3. as I ſhall here make manifeſt. 
Firſt , let theſe three numbers be conſidered, to wit, .> 3a-|-13, 44754 
Then, by continuing the ſearch in ſuch manner as hath been ſhewn in ſolving the fore- 
going 2weſt. 33. you may find out (among innumerable values of a) 4 = 29 , which 
will ſolve the Duplicate equality propoſed , for if 29 be multiplied by 3, and 13 be 
added to that Product, the ſumm makes a Square, to wit, 100; allo, it 7 be added to 29, 
it makes the Square 36. 


5. The ſecond Caſe is, when the difference of the two Algebraick Quantities which are 
to be equated to two Squares is ſuch , that if it be multiplied or divided by ſome known 
number, and the Product or Quotient be ſubtracted from the leſſer of thoſe two Alge- 
braick Quantities, there remains a negative known number , which taken affirmatively 
hath ſuch proportion to the ſaid Multiplicator or Diviſor, as a ſquare number to a ſquare 
number. For example, 

6. Let it be required to find a number, ſuppoſe it to be 4, that 2 64 E- 25 = 0 
will make V e % et 24 —— 3 == 

7. Becauſe 44+ 22, the difference of thoſe two Algebraick Quantities , being divided 
by 2 gives the Quotient 24 17, which ſubtracted from the leſſer of the ſaid two 

Quantities , leaves — 8; and the number 8 to the Diviſor 2, is as 4 to 1, that is, as 
a ſquare number to a ſquare number; the Duplicate equality propounded may be re- 
folved thus, vix. | a 

8. Let theſe three numbers be conſidered, to wit, ; .> 64425, 2a+3, and — 8 
Then foraſmuch as 44-{-22 , to wit, the difference of the two greater of thoſe three 

numbers, is the double of 24-|- 11 which is the difference of the two leſſer of the ſaid 

three numbers, ſeek two Squares, that the exceſs of the greater above the leſſer may be 
the double of the exceſs of the leſſer above — 8; to which end you may proceed thus, 253+ 


9. For the leſſer of the two Squares put  . . „ as 

10. Then the exceſs of 44 above — 8 is . . . > aa-|-. 8 

vi. The doable where is 

12. Which added to the leſſer Square makes a ſumm equal to the 5 
—. cn; 0 0.68 I te ET | 
Now the ſaid 344+ 16 muſt. be equated to a Square, with this caution, That the 

ſquare number found out muſt exceed 25, to the end that when the ſaid Square is equated 

to 64 - 25, the value of 4 may be greater than nothing: But to cauſe that effect, 

I le Squares may be found out, ( by the method before-delivered in divers Que- 

ſions of this Book,) ſuch are 64 and 16; for whether you equate 64 to 64-|- 25 , 

or 16 to 23 ＋ 3, one and the ſame value of 4, to wit, 62, will be diſcovered to ſolve 

the Duplicate equality propoſed in the ſixth ſtep. 


LD UVEST. 34. ( Queſt. 17. Lib. 3. Diophant.) 


To find three ſuch numbers, that the Product of the multiplication of every two of 

them, with the ſumm of the ſame two numbers, may make a Square. 
RESOLUTION. 

1. Foraſmuch as the Product of the multiplication of two Squares 

whoſe ſides differ by unity, being added to the ſumm of the ſaid 

Squares, will make a Square, (by the Theorem at the end of the> 4 and 9 

Reſolution of this Queſtion, ) let there be put for the firſt and 

ſecond numbers V . . « 4 . * 8 
. So is one of the conditions in the Queſtion ſatisfied; for 4 multiplied by 9 pro- 
duceth 36, to which if 13 (the ſumm of 4 and 9) be added, the ſumm is a Square, to Wit, 49. 
2. Let the third number be — - * . . . . . 0 * * 2 4 

3. Then 
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63 


3. Then the Product of the multiplication of the ſecond and third 
numbers is 94, to which adding their ſumm 4 9, it makes 10 
-j-g, which (according to the Queſtion ) muſt be equal to a 3249 = A 
Square, vix. 
4. Likewiſe the product of the multiplication of the Grſt and third 
numbers is 44, Which with their ſumm 4 -þ 4 makes 54 a 4 — 
which (according to the Queſtion) muſt be equal to a Square * _ 
5. So in the two laſt ſteps we are faln into a Duplicate equality, which may be ſolved 
by innumerable values of 4, as hath been ſhewn in the ſecond Obſervation upon the 
foregoing Deſt. 33. of this « For example, take that value of & there found, 
to wit, 28 (S4) for the third number ſought by this Queſtion; I ſay 4, 9 and 28 
will ſolve this 34 Queſtion , as will be evident by 
The Proof, 
The three numbers found out are 5 + 6, 4 49 28. 
Now according to the Queſtion , 
a bg Cv Squa 4. 
91 28, -|- 28 = 289 ich are Squares, as was require 
— 42 28 + 4 j-28 = 144 f * | 
The firſt ſtep of the Reſolution of this 34* Queſtion is grounded upon chis 
THEORE M. 


6. If two numbers differ by unity, the Product made by the — of their 
Squares, together with the ſumm of their Squares ſhall be a Square. 
The. truth of this Theorem may be demonſtrated thus, 
7. Let there be two numbers which differ by 1 ( . 


unity * as * . . * . * . - . - - - ny and 4 : ; 


$. Then their Squares are 3 ae4- 244-7 
9. The ſumm of thoſe Squares is . 244 2a +1 
90 The Product of the multiplication of the ſaid Squares is 4444 E244 -|- 44 
The ſumm of the faid Summ and Product in —_ | 

17 are and tenth ſteps is « ren 
12. Which Aggregate is a Square whoſe fide is PF aaa 

As will eaſily appear by multiplying the ſaid ſide by it ſelf. Therefore the truth 
of the Theorem is manifeſt. 


DUES T. 35. ( QuzR.. 18. Lib. 3. Diophant.) 
This Queſtion is the ſame with the foregoing 34", which is here repeated, and ſolved 
after another m inner. 
To find three ſuch numbers, that the Product of the multiplication of every two of 
them, being added to the ſumm of the ſame two numbers, may make a Square. 


RESOLUTION. 


m1 7 _ FEES dd 7 
2. And let the f — . TA . * 4 
Then the Product of their multi ication ad to their umm, 
"makes . . a are 8 af — | 
4. Which qa + 3 mu ( according to the Que ion) equa to 
ſome Square, let it be 25, therefore e . ＋＋ 3 2 25 
5: Theretore from that Equation, . , »-© in. & 32 5% 
So we have found two numbers, to wit, 5+ and 3, which mill ſatisfie one of the con- 
"—_— in the Queſtion, for the product of their mulciplication with their ſumm makes 
25, Which is a Square, It remains to find a third number, which muſt be ſuch, that 
the Product of the ſecond and third numbers being added to their ſumm may make 
a Square; alſo, that the Product of the firſt and third numbers being added to their 
ſumm, may make a Square: Now to find out the ſaid third number, Drephazras begins 
again, thus , 


7. Let the frſt number be (as before it was found)  . © > 52 


— ä 


3. And 
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8. And let the ſecond number be (as before it was aſſumed,) .> 3 

9. Then for the third number put. 

10. And ſince (according to the Queſtion ) the Product of the 
multiplication of the ſecond and third numbers, with their ſumm, > 4443 = a 
muſt make a Square; therefore, from the eighth and ninth ſteps , 

11. Alſo the Product of the firſt and third numbers with their ſumm 634-53 = 
muſt be a Square; therefore, from the ſeventh and ninth ſteps, . n 


12. So in the two laſt ſteps we are faln into a Duplicate equality, but tis not reſol- | 


vable by any of the preceding Rules of Diaphantus; he frames therefore the Pofitions 
a- new, wherein his ſcope is to find ſuch numbers of à in the two Algebraick Quan- 
tities to be equated to two Squares, that ſhall be in proportion one to the other as 
a ſquare number to a ſquare number, and then he ſhews how to reſolve this new kind 
of Duplicate equality, which hath not hitherto happened. Firſt, if we examine whence 
4 and 6+ (to wit, the numbers prefixt before 4 in the tenth and eleventh ſteps ) do 
roceed, we ſhall find that they ariſe from the addition of unity to each of the num- 
3 and 5+ firſt found; (for by multiplying 4 into thoſe numbers ſeverally, and 

by adding « to each Product, there ariſeth 44 and 624 above expreſt.) Therefore 
the next ſearch muſt be to find two ſuch numbers , that being ſeverally increaſed wich 
unity, the one ſumm may be to the other as a ſquare number to a ſquare number: 
And becauſe ( by the Theorem in the following firſt Obſervation npon this Queſtion ,) 
if we add unity to each of two numbers whereof the greater exceeds the quadruple of 
the leſſer by 3 , the two ſumms will be in the Reaſon of a Square to a Square ; therefore, 


13. Let the firſt of the three numbers ſought be . . . . .Þ a 

14. Then (by the ſaid Theorem) the ſecond number ſhall be .> 4@-+ 3 

15. Now according to the Queſtion , the Product of the firſt and 
ſecond numbers together with their ſumm muſt be a Square, > 4as|£4-|-3 = 
therefore from the two laſt preceding ſteps . . . . . . 

16. The ſide of which Square may be fei ed 24 — any known number whoſe Square 
is greater than 3, let therefore the ſaid fide be 24 — 3, then its 7 being equated 
to 444 + 8a - 3 , the value of 4 will be found 28 for the firſt number, and 
conſequently 18 (= 44-3) ſhall be the ſecond number. ; 


So we have found two numbers which will anſwer the firft part of the Queſtion , and 
moreover they are fit to raiſe a Duplicate equality that will be explicable by a Rational 
number: Therefore now an effectual Reſolytion may be formed thus; 7 


9. L the firſt mee bfeee © oo 5 : 
x8. And the ſecond number . . . «. ., . . . . + 
19. And let the third number be 29 » - E „% o· a 
20. Then according to the Queſtion, the Product of the e 


V 
d . 


cation of the ſecond and third numbers, together with their ſumm, 
muſt be equal to a Square, therefore from the 1d and 190 ſteps, 

21. Alſo according to the Queſtion , the Product of the firſt and 
third numbers, with their ſumm, muſt be a Square; therefore ,> 2a = = on 
. of > > 2 

22. Now becauſe the numbers drawn into 4, in the Duplicate equality expreſt in the two 
laſt preceding ſteps , are ( by Conſtruction) in the Reaſon of a Square to a Square, for 
£2 , 22 :: 4; 1, and conſequently (by Prop. 19. Elem. 7. Euclid.) 22x 1 = 
28 * 4. Therefore by multiplying the Algebraick quantity in the twentieth ſtep by 1, 
and that in the twenty-firſt ſtep by 4, the numbers of à in the Products will be equal 
to one another, for the firſt Product will be +34 4 #2 y and the later 184-18 

hence anew Duplicate equality is formed , | 

184 + $2 

| Che +2 = 0 

23. Which Duplicate equality being of the ſame kind with that explained in the pre- 

_ ceding eighth Queſtion , may be ſolved by innumerable Anſwers, ; 


But I ſhall exhibit only one Anſwer for an Example. Firſt then, becauſe the difference 
of the two Algebraick quantities in the Duplicate 2 laſt before expreſt is 3, let 
two Squares be found ou ( by Canon 1. Queſt. 7. of this Book,) whoſe difference thall 
| be 


Q 


4 — 
484 +22 2 0 
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be 3, and that the greater Square may exceed #3 , ſuch are the Squares 22+ and 233 


whoſe ſides are 1 and 13: Then, 18895 
24. From either of theſe Equations 64 78 = 755 
. a 8 18 ＋ 13 = 4235 
25. The ſame value of 4 will be diſcovered for the third num- 4 
ber ſought, vis. . af - 4 = T5 


Thus three numbers are found out „ to wit, 18, #3 and 23, which will folve the Que- 
ſtion , as will be evident by | x | 

. The Proof. 

To * 78 7 * TS + as 

22 * 18 7 | I 18 

is * FS 7 +75 TS 


8 Which are Squares, as the Queſtion requires; 


Obſervations upon Queſt, 3 5. 


1. If the Reſolution of this Queſtion be well examined, it will appear, that the 
forming of the Duplicate equality in the twentieth: and twenty-firſt ſteps, where the 
numbers prefixt to 4 have ſuch Reaſon to one another as a ſquare number to a ſquare 
number; agreeable to the Scope before - mentioned in the twelfth ſtep, doth depend upon 
this following | 


THEORE M. 


If there be two ſuch numbers, that the greater exceeds the quadruple of the leſſer 
by 3, and if unity be added to each number, the ſumms ſhall have ſuch Reaſon between 
themſelves as a Square to a Square, viz. the greater ſumm ſhall be to the lefler as 4 to 1. 

Which Theorem may be eaſily demonſtrated , thus, 

a oy numbers, whereof the greater exceeds the quadruple 
| 44 of the leſſer by 3. E 
Suppoſe = T : A The firſt number increaſed with unity. 
44 -|- 4 = The ſecond number increaſed with unity. 
I ſay 4«+|- 4 hath ſuch proportion to 4-|- 1, as a Square to a Square, for, 
* U 4% -(. i „„ 

In like manner, if there be two numbers whereof the greater exceeds nine times the 
lefler by 8, as 17 and 1, then if you add 1 to each number , the ſumms ſhall be 
to one another as a ſquare number to a ſquare number, vic. the greater ſumm ſhall 
be to the leſſer as 9 to 1; the like is to be underſtood gf other Squares. 

2. After the two numbers prefixt before 4 in the Duplicate equality formed in the 
twentieth and twenty-firſt ſteps of this Queſtion, are found ſuch, that they have ſuch 
Reaſon one to the other as a Square to a Square; then may any two ſquare numbers in 
that Reaſon be uſed as is directed in the twenty-ſecond ſtep ; So inſtead of 4 and r 
there taken, we may take 100 and 25, Which have the ſame Reaſon between themſelves 
as 23 and 13; For, ia , 4% 2: 100 „ 25, 

Therefore, 18 * 25 —= 4X * 100. 


Then by multiplying the Algebraick quantity in the twentieth ſtep of the Reſolution 
by 25, and that in the twenty-firſt ſtep by 100, the following Duplicate equality (being 
that which Diophant us uſeth in ſolving this Queſtion) will ariſe, 

1304 095 2 U 

1308p 30 = U f 
Hence , by the Canon in the ſeventh ſtep of Reſolut. 1. Queſt 8. (among innumerable 
values of 4 that might be found out,) you may find 4 = x7 (as before) tor the third 
number ſought. 


i ⁊. 


DVEST. 36. ( Queſt. 20. Lib. 3. Diophant.) 
To find two numbers, that the Product of their multiplication increaſed ſeverally with 
each of them, and alſo with their ſumm, may make three Squares. 
RESOLUTION. 


7. For one of the numbers pt « © . . + © + 4 
2, And for the other 5 . . - o * = * o . . ä . > 44 —1 


3. Then their Product ie „ 444—4 


— © — 


— ———— Ie ang AAS." > ra RP: 


— — — - 


Diophantus's Algebra explain'd. Book III. 


— EE 


Whence it is evident , that if the firſt number 4 be added to the ſaid Product, the 
ſumm is a Square, to wit, 444. 


4. It remains, that the ſecond number and the ſumm of both 


being ſeverally added to the ſaid Product may make a Square; . ..- 
din he — number added to the Product * 444 + 34 ST _ - * — 
— 1; and the ſumm of both numbers, together with their 7 * 
Product, makes 44a ＋E 44 — 1; therefore "Fw 

5. Which Duplicate equality may be reſolved by the method before explained in the 
preceding twentieth and twenty-firſt Queſtions. For the difference of thoſe two Al- 
gebraick quantities which are to be equated to Squares is 4 , which is to be divided into 
two ſuch quantities that the Product of their multiplication may make 4, and that both 
in the half · ſumm and in the half - difference of thoſe two quantities there may be found 2 «; 
but ſuch are the quantities 44 and 4, whoſe Product is 4; alſo the half of their ſumm 
is 24. , and the half- difference is 242 - 5: then by equating the Square of 24.8 
to 4 44 — , or the Square of 24 — f to 444+ 34—1, from either of 
thoſe Equations the value of 4 will be found 253. Therefore the firſt number ſhall 
be 252, and the ſecond 224; which numbers will ſolve the Queſtion, as may eaſily 
be proved. | | 


—_—— — TTY TT 


** 


2UEST. 37. ( Quzſt. 22. Lib. 3. Diophant.) 


To find four ſuch numbers, that every one of them being added to, and ſubtracted from 
— —— of the ſumm of them all, as well the four ſumms as the four remainders ſhall 
e Squares. | 
A : RESOLUTION, 


1. In every right-angled Triangle, if the Square of the Hypothenuſal be increaſed or 
leflened by the quadruple of the Area, that is, by the double Product of the multi- 
plication of the two ſides about the righi- angle, it makes a Square, (which Theorem 
is made manifeſt at the end of the Reſolution.) Therefore the chief ſcope; is to find 
four right-angled Triangles in numbers having equal Hypothenuſals: Bul®thoſe may 
be found out thus , 

Firſt , (by the Canon in Obſervat. 8. Reſolnt. 2. of Queſt. 1. of this Book,,) find out two 
unlike right-angled Triangles in numbers, ſuch are theſe , 


„% 44:38 


3 - » 3-8 
2. Then multiply the three ſides of the firſt Triangle by the Hypothenuſal of the ſecond, 
alſo multiply the three ſides of the latter Triangle by the Hypothenuſal of the firſt ; 
fo the Products will give theſe two right-angled Triangles having equal Hypothenuſals, 
vi. 65 „ $2 „ 39 
„„ @ , 28 
3. By the help of the two unlike right-angled Triangles firſt found, to wit, 5 ; 4; 2 
and 13, 12, f, the Canon in Obſervar. 4. upon Reſalut. 2, and 3. of Oueſt, 2. of 
this Pook, will give two other right-angled Triangles unlike to thoſe in the ſecond ſtep, 
but having the lame Hypothenuſal 65, to wit, theſe, 3 
„% WW x 33 
69 , 28 ©, 09 
4. Then aſſume & to repreſent a number unknown, and let it be multiplied by every one 
of the ſides of thoſe four Triangles having 65 for a common Hypothenuſal, ſo the 
Products will be theſe , : ng, 
654 524 
654 60a 
654 „ 562 
654 164 
5- Now for the ſumm of the four numbers ſought by the Queſtion put . 654 
6. Therefore the Square of the ſaid ſumm is . , . > 422548 
7. Then for the firſt number ſought, take the quadruple of the Area of 
the firſt of the four Triangles in the fourth ſtep, viz. multiplying 524> 4056as 
by 394 , take the double of that Product for the brit number, to wit, 


8. In 
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8. In like manner for the ſecond number take the double Product 


of Gas by 2546, „„ „„ > = EL REzrHr_ 
9. And for the third number take the double Product of 564 by? . 

$36, %% „„ „„ oc  CS_S 
10. And for the fourth number take the double Product of 634 by p 

16a , that is, „% „ —ÜÄͤ⸗mq̃̃ f AO 
11. The ſumm of the four numbers expreſt in the ſeventh, eighth, 276k 


nlach end ach Ros ID co . oe co oo RE 

12. Which ſumm mult be equal to 654, which in the fifth ſtep was 
aſſumed for the ſumm of the four numbers ſought , hence this 1276844 = 654 
I QQTWrLLE_EAT TT © 

13. Which Equation reduced, gives . . . . . . . . > 4= 12711 

14. Therefore from the thirteenth, ſeventh , eighth, ninth and tenth ſteps the four numbers 
required will be found theſe, viz, 7633424, 763532822, 784841828, 7384327223 
which four numbers will ſolve the Queſtion , as will be evident to him that will take 
the pains of forming the Proof. 

But becauſe the Reſolution of this Queſtion is chiefly grounded upon a Theorem taken for 


granted in the firſt ſtep, I ſhall here demonſtrate the ſame 


THEORE M. 

15. If the Square of the Hypothenuſal of a right-angled Triangle be increaſed or leſſened 
by the quadruple of the Area, (that is, the double Product os the multiplication of the 
lides about the right-angle,) the ſumm, as alſo the remainder ſhall be a Square. For, 

If aande = þ the ſides about the right-angle of a right- angled Triangle, 

Then 246 = Þ the double Product of thoſe ſides, 

Alſo aa and ee = þ the Squares of thoſe ſides, | 

And 44 E e = Þ the Square of the tiypothenuſal, (per 47. Prop. 1. Elem, Euclid.) 

Hence that which the Theorem aſſerts is manifeſt , 

aa ＋ ce E 24% = oO, whoſelideis ae, 

aa Eee — 24e —= U, Whoſe lide is 4—e. 

It is alſo evident from the premiſſes, that this 326 Queſtion may be extended to five; 
ſix, or as many numbers as (hall be deſired; bur brſt of all, ſo many numbers as are 
required , ſo many right-angled Triangles in numbers muſt be found our having equal Hy- 
pothenuſals; which Triangles in whole numbers may be readily diſcovered by the method 
delivered in Ob ſervat. 13. upon Reſolut. 2. of Queſt. 1. of this Book, 


VIYs 


QUEST. 38. 


T his is Queſt. 20. of, the forth Book of Vieta's Z eteticks, and the ſame with Queſt. 3. 
L in Becker's — AT fourth Book of Diophantus.] * 


* 

Two cube - numbers being given, ſuch, that the double of the leſſer exceeds the greater, 
to find two other cube- numbers whoſe difference ſhall be equal to the difference of the 
given Cubes. (But how to perform this when the double ot the leſſer Cube is leſs than 
the greater, 1 ſhall hereafter ſhew in Queſt. 42.) 


RESOLUTION. 


1. Let the ſides of the given Cubes be 3 - the greater , 
7 


the eſſer. 
2. Then the Cubes of thoſe ſides are .> 4 and 653 
3. And the difference of the ſaid Cubes is > d3 — 63 
4+ For the ſide of the leſſer Cube ſought put > a —d 
5 - And for the ſide of the greater Cube E 7 "BY 
pur . s . * . . * ” . * . 
6, Therefore the greater Cube ſought is 3 Fac If 44+ Jdda — b 
7. And the leſſer Cube ſought is f 444 — 3daatþ- 3dda— d 
. 6.3 4 
8. re. * — * the * _ 2 ==. a4 3daa + ds — 62 
L WE | : 9. Which 
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9. Which difference muſt be equal to the ditference of the given Cubes, therefore , 
f0—5 _ Iarh jdead = -. 
10. From that Equation, after due Reduction, this ariſeth , 


I 1. And by reducing "the Fraction in the Jatter part of the laſt 2dþ3 
preceding Equation into its leaſt Terms , by the common Divi- 4 = Err 
% —cgedm U 7Ĩ en oeooRRe9S 

1. idealeos —.— the firſt, fourth, fifth and eleventh ſteps , the ſides of the Cubes 
ſought will be found equal to theſe known quantities, 


me = leſſer ſide , 


24% 34% 


2 


= the greater (ide, 


13. The ſame ſides will be produced, if you put a—b for the fide of the greater of the Cubes 
ſought , and ” d for the leſſer ſide, (inſtead of the Poſitions in the fifth and fourth 


ſteps ;) and it's evident that each of the ſides found out in the twelfth ſtep will be 
greater than nothing, if 263 exceeds ds, (that is, if the double of the leſſer of the 
two Cubes ou exceeds the greater, as the Queſtion preſuppoſeth. 
The twelfth ſtep affords this following 
CANO N. 


14. Multiply the exceſs of the double of the leſſer of the two Cubes given above the 
greater, by the ſide of the greater; multiply alſo the exceſs of the double of the 
greater Cube above the leſſer, by the (ide of the leſſer: then divide each of thoſe Pro- 
ducts by the ſumm of the given Cubes, and the Quotients ſhall be the ſides of the 
Cubes ſought. 

1 Examples in Numbers. 

15. Let two Cubes be given, ſuch, that the double of the Wy wed 
leſſer exceeds — AWA 8 125 = , =. 

16, The ſides of which Cubes are „. 5 = 4, and 4=6b 

| 2003 oft _ 
a* - | 

17. Then by the Canon, | the ſides of the Cubes ſought. 

2b — b* 1 
EIn 

18. The Cubes of thoſe ſides 55 and 34 are 378334 and 11313225, whoſe diffe- 
rence is 61, which is equal to the difference of the two given Cubes 125 and 64. 

19. In like manner, if theſe two Cubes be given, to wit, 1728 and 1000, whoſe dif- 
ference is 728, the foregoing Canon will give #33 and £322, the ſides of two Cubes 
whoſe difference is 728. MESS 


Obſervations upon Queſt, 38. 


Firſt, the chief ſcope in the Reſolucion of this Queſtion is, to raiſe an Equation be- 
tween ſome number of aa and ſome number of aa, that a may be found equal to à Rational 
number; to which purpoſe, the ſide of one of the Cubes ſought may be teigned to be 4 — 
one of the ſides of the given Cubes, and the other (ide ſought ſome number of 4 — the other 
ſide given; but this latter number of « muſt be ſuch as will cauſe equal numbers of 4 to 
ariſe in the Cubes of thoſe feigned ſides, that when the leſſer of the feigned Cubes is 
ſubtracted from the greater, the numbers of 4 may vaniſh , and then the Remainder beit 
equated to the difference of the given Cubes, this difference will likewiſe vaniſh , ( becauſe 
tis alſo found in the difference of the feigned Cubes,) atd an Equation remain between 
ſome number of 44 and ſdme number of 44. Now to cauſe that effect, ſuppoſing ( as 
before in the Reſolution ) 4 to repreſent the (ide of the greater Cube given, and 6 the 
ſide of the leſſer, we may pm a — A for the ſide of the lefſer of rhe Cibes lought , and 


chen the greater ſide moſt neceſfarily be a —b6; or a — may be put for the greater 


341 3 


{tle 
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6g 


fide ſought], and then the leſſer muſt be 2 —4, from either of which ways of framing 


the Poſitions there will ariſe, after due Reduction, an Equation between 444 and as . 
whence 4 will be found equal to a Rational number, All which will be manifeſt to him 
that diligently examines the preceding Reſolution, 


Secondly , if two pairs of Cubes which ſhall have equal differences be deſired in whol 
numbers, they may eaſily be found out by the help of the foregoing Canon, in — 
viz, let d and 6 repreſent the ſides of two ſuch Cubes, that the double of the Cube of 
= leſſer lide h exceeds the Cube of the greater ſide 4, then the ſaid Canon gives this 

quation, 


7 2643 — b* 
24þ3 — dv 
— Cube of C= | 
Now to contract that Equation, ſuppoſe f, h and g to be equal to the Numerators and 
common Denominator , ſo that Equation will be converted into this, viz. 


4 = 463. 


= Cube of 4— Cube of 6. 


2 g 
Whence, by multiplying every Term by the Denominator g, this Equation is produced, 


vi. 5 —Þ = gg — gb, 
: Cube of 
That is, * —— Of 1 8 = Cube of gd — Cube of gb. 


In which laſt Equation , if inſtead of f, h and g, you take 244} — , 24* —&, 
and 4 + b3, which were before ſuppoſed equal to F, h and g reſpectively, this following 
Equation will ariſe , viz. | g 

＋ Cube of 21K — F -+ Cube of &-þ 43. 
— Cube of 243—d' 3 2 — Cube of 4 + +. 
Which laſt Equation gives this following 
CANON. 

Firſt , take two ſuch Cubes in whole numbers that the double of the leſſer may exceed 
the greater, and multiply the exceſs of the double of the greater above the leſs by the ſide 
of the leſſer Cube; ſecondly , multiply the exceſs of the double of the leſſer Cube above 
the greater by the (ide of the greater Cube; thirdly , multiply the ſumm of the ſame 
Cubes by the ſide of the greater; fourthly , multiply the ſumm of the ſaid Cubes by the 
{ide of the leſſer: then the difference of the Cubes of the firſt and ſecond Products ſhall 
be equal to the difference of the Cubes of the third and fourth Products. 

An Example in Numbers. 
Let two ſuch Cubes be taken, that the double of the leſſer} 125 = add 


exceeds the greater, aa. + «+ 64 = 6bb 
The ſides of which Cubes are 3 5 — 


Then by working according to the directions of the laſt 
preceding Canon, the four Products, that is, the ſides of the> 248 , 5 , 315 , 252 
tour Cubes ſought,ih their leaſt terms will be found theſe, to wit, 

Which four numbers will ſatisfie the Propoſition; for the difference between the 
Cubes of 248 and 5 is equal to the difference between the Cubes of 315 and 252, as 
may ealily be proved. 

Hence it is eaſie to find four Cubes in whole numbers, ſuch, that the ſumm of two 
of them ſhall be equal to the ſumm of the other two; for if two pairs of Cubes be found 
out by the "laſt preceding Canon, ſach , that the firſt pair hath the ſame difference as 
the latter, then the ſamm of the greater Cube of the firſt pair and the leſſer of the latter, 
ſhall be equal to the ſumm of the leſſer Cube of the firſt pair and the greater of the latter. 

Thirdly , Albert Girard (in his Comment in Simon Stevin's Arithmerick , upon the 
19%. of the fifth Book of Diophant us,) obſerves, but doth not demonſtrate, that the 
Cubes found out by the preceding 2xeſf. 38. are always lefs than the Cubes given; which 
property, ſince it will be uſeful in the following Aueſt. 39. 1 ſhall here — 701 

up 


— 
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5 2 the ſides of two Cubes, ſuch, that the double of the leſſer 
4 exceeds the greater. 


"IE the Cubes of thoſe ſides. 


6 1 the difference of the ſame Cubes. 
60 0 25 8 4 g 
Then by the Canon in Seck. 14. weſt. 3 8. the ſides of two Cubes whoſe difference 
is equal to the difference of the given Cubes, whoſe ſides are 4 (5) and b (=4) 
will be found theſe that follow, to wit, 
. 
<<” Wor Ee 
Now becauſe the Cubes given and found out have equal differences, if it be proved 
that the greater Cube found out is leſs than the greater Cube given, then conſequently 
the leſſer Cube found out (hall be leſs than the leſſer Cube given: Eut that the fide of 
the greater Cube found out, is leſs than the ſide of che greater Cube given, (and by conſe- 
quence the greater Cube found out leſs than the greater Cube given, ) I prove thus ; 
The greater ſide found out (as before) is 5. =; 
0 n 2643 — 5 
Therefore we muſt demonſtrate that - . . . . + 2 78 2 4 


Demonſtration. 


2 
2 
. 

2 

1.10.0 48 0 


n 38 N r 
4 jolvin 1 
es 

And by adding & to each parte... „ 6'4dbb C 26 

% „ TT — om Bu 

Theretore from the two laſt preceding ſteps, . . „ « & -A 

And by multiplying each part in the laſt ſtep by b, g. ban a þ-þ- 4 

But by multiplying each number in the firſt ſtep of this 5 4 
CE + o © © © © » © = a7 3 86 

Therefore by comparing the ſumm of the numbers in the 
firſt parts of the two laſt preceding ſteps, to the ſumm of > . 2b —a 4d*-|-b4-þ- a 
r — _T_ | | 
| 7 by a OT r * 25 mY 26 — bs - 
Wherefore by dividing each part of the laſt ſtep b 264) — bv 
d3+-6, it's manifeſt this 0 * „ * "+  $+6 4 

Which was to be demonſtrated. 

Having proved that the greater of the two ſides found out by the Canon before diſ- 
covered for reſolving Queſt. 38. is leſs than the greater of the two ſides given, it follows, 
that the Cube of that ſide found out is leſs than the Cube of the greater ſide given, and 
that the leſſer Cube found out is leſs than the leſſer Cube given, ( becauſe by Conſtruction 
the two Cubes found out have the ſame difference as the Cubes given.) Therefore che 
truth of the property before affirmed is manifeſt. * 

Fourthly, if two pairs of numbers have equal differences, the leſſer number of the 
leſſer pair ſhall have lefler Reaſon (or Proportion) to the greater number of the ſame pair, 
than the leſſer number of the greater pair hath to the greater number of this pair. To 
make this 2 my 


two unequal numbers taken at pleaſure, 


9 == 6 
l b—c = 2 > the difference of thoſe numbers. 
PP9 d = 5 > anumberleſs than ( ) the leſſer of the two numbers firſt taken. 
bd = 3 8 two numbers whoſe difference is equal to the difference of the 
c—=d = 1 numbers firſt raken. 


Now I ſay that the Reaſon (or Proportion) of c—d to b—d is leſs than that of 
c to b; therefore, 


The Propoſition to be demonſtrated, is, that . ! . . . —_— * 


Demon 
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8 Demonſty ation. ' 1.3o 23 3 50- 
11 CT” = IT 
Therefore by multiplying o and & ſeverally by 4, it fallows > - : * 

hat 1 e 4 en : & IH 
And by adding vc to each part in the laſt ſte 7 . er & = A 
. Hog by ſubtracting hd from each part, PAR bed - Id = 1 


d by ſubtraftitig gc from _—_ part in the laſt | be—btd = all 4 


ſtep, . * - 7 * = - - o * . * - 


— * * A 


And by dividing ęach part of the laſt ſtep by 5 fon 42 = „% 
Wherefore by dividing each part of the laſt preceding ſtep — 94 
by b, . 4 r „ "i Y if 4 —4 f 1 


Which' was to be demonſtrated. | | 
Fifthly and laſtly , from the preceding 30 and 4 Obſervations we may ded 
..CQROLLARY. 


If two cube-numbers be given, ſuch, that the double of the lefſer exceeds the greater, 
then (by the help of the preceding Canon in Set. 1 4, 2ueft, 3 8.) two cube-numbers may 
be found out, whoſe difference fliall be equal to the ence. of the given Cubes, and 
the double of the leſſer of the Cubes found out (hall be leſs than the greater of them. 

For if two given Cubes, (which I ſhall call the firſt pair) be fuch that the double of the 
leſſer exceeds the, grower , we may by the ſaid Canon fad aut a ſecond pair of Cubes, 
whoſe difference ſhall be equal to the difference of the firſt pair, and (by Obſervas. 3.) 
the Cubes of the ſecond pair ſhall be leſs than thoſe of the firſt pair, (vis. the greater 
Cube of the ſeeond/ pait thall be leſs than the greater Cube of the firſt pair, and the leſſer 
Cube leſs than the lefler ; ) and the leſſer Cube of the ſecond pair ſhall have lefs Reaſon 
or proportion to the frm Cube of the ſame pair, than the leſſer Cube of the firſt pair 
hath to the greater of the ſame pair, (by Obſeruar. 4.) But if the double of the leſſer 
Cube of the ſecond pair doth yet happen to exceed the greater of the ſame pair, then 
by the help of the ſecond pair of Cubes and the aid Canon, we may find a third pair of 
Cubes, whole difference ſhall be equal tothe common difference of the firſt and ſecond pairs; 
and by proceeding in like manner, the double of the leſſer of the two Cubes found out 
will at Jength neceſſarily be leſs than the greater, becaufe (as before hath been proved,) 
the leſſer Cube of each pair found out hath leſs proportion to the greater of the ſame pair, 


uce this 


than the lefler of the next precedent pair (by which the latter were found out) hath to 


the greater, 


= 
— — 


- QUEST. 3g. 


Two cube-numbers being given, ſuch, that the double of the leſſer is either greater 
or leſs than the greater, to divide the difference of the given Cubes into two Rational 
cube-numbers. | 

Preparation. 


1. When the double of the leſſer of the given Cubes exceeds the greater, two others muſt 
be found out, (according to the directions following the Corollary in Obſervar. 5. 
Lneſt. 38.) ſuch, that the difference of theſe Cubes may be equal to the difference 
of thoſe given, and that the double of the leſſer of the Cubes found our may be leſs 
than the greater. Then two cube-numbers being given or found out, ſuch , that the 

double of the leſſer is leſs than the greater, theix difference may be divided into two 
Rational cube · numbers by the following Reſolution, ( which is the ſame in ſubſtance 
with that of rhe 1 WS Os th Book of Vieta's Zeteticks , and of the firſt Queſtion 
of Bachet in his Comm 6580 the fourth Book of Diop hant us.). a = 


A 
| RESOLUTION, | 1 
5 NS : 4 the greater ; and 6 the lefſer; 
3. Therefore the Cubes of thoſe ſides arte . «> 4 and: 83 552. 
4. And the difference of the ſaid Cubes is > 43 


For the ſide of one of the Cubes ſought „ „ Cy Oe 55 & ipai.k0 
5 e of one of the oug pur «> 4 04 
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6. And for the ſide of the other Cube ſought — 


put Eu <> „ „re © 0 © 2» 2 of p = 3 
7. Therefore the firſt Cube is — 4 + 3daa 34. + 


8. And the latter Cube is $026. of 3 g. 34.1 


DM 


9. Therefore the ſumm of thoſe Cubes is 4 
10. Which ſumm muſt be equal to the difference of the given Cubes; therefore, 
. -; +0 — þ = 3 — b*, 


| b® 
— * SS a6. - 3 
11. Which Equation, alter due Reduction, gives} 8 = * _.x ; 


12. Therefore from the firſt , fifth, ſixth and eleventh ſteps, the ſides of the two Cubes 
ſought will be found equal to theſe known Quantities , 


C4 —248 = the firſt ſide , 
Viz. 


A= 


13; The ſame ſides will be produced, if inſtead of the Poſitions in the fifch and ſixth 
ſteps, there be put 4a— 6 and 4 — * for the ſides of the Cubes ſought. And 'tis 
evident that each of the ſides found out in the twelfth ſtep will be greater than _— 
if 200 be leſs than q, that is, if the double of the leſſer of the two. Cubes given be | 
than the greater, as is ſuppoſed in the Preparation to the Reſolution of this Queſtion, 
The ſides in the twelfth ſtep, being expreſt by words, will give this 
| CANON. 


14. Multiply the exceſs of the greater of the two given Cubes above the double of the 
leſſer by the ſide of the greater ; multiply alſo the exceſs of the double of the greater 
Cube above the leſſer by the (ide of the leſſer; then divide each of thoſe Products by 
the ſumm of the ſaid Cubes, and the Quotients ſhall be the ſides of the Cubes ſought, 


Example 1. in Numbers. 
15. Let two ſuch Cubes be given, that the double of 1 
„ — = o of > 


8 = dd and 1 = 63 
$=s8 and 1 = 6 


leſſer is leſs than the greater, as, 
16, The ſides of thoſe Cubes are 


4 — 246 
Php © 3 . 
17. mb Ce, 26% — 6 : 0 the ſides of the Cubes ſought: 
FR | 
The Cubes of thoſe ſides 7 and 3, are $7 and 19, whoſe ſumm is 7, which is equal to 
the difference of the two given Cubes 8 and 1 , as was required by the Queſtion. 7 


Example 2. 


18. Let it be required to divide 61 , which is the difference of theſe Cubes 125 and 64; 
into two Rational cube-numbers. 


Here, becauſe the double of the leſſer Cube exceeds the greater, the Canon above expreſt 
in Set. 14. is of no force; therefore by the help of the given Cubes, ( according to the 
directions following ghe Corollary in Obſervar. 5. 2xeſt. 38.) two other Cubes muſt 
be found out, ſuch, that their difference may be equal to 61 , to wit, the difference of the 
given Cubes 125 and 64, and that the double of the leſſer of rhe two Cubes found out 
may be leſs than the greater of them : But two ſuch Cubes are theſe, vic. 44224224 
and 273849, whoſe fides are z and 7+ , then uſing theſe Cubes as the Canon in the 


preceding Sect. 1 4. of this. Queſt. 39. doth direct, you will find $£3532424 and 4333612236 


for the ſides of the Cubes required , for the ſumm of the Cubes of the ſaid ſides is 61, 
which is equal to the difference of the given Cubes, 125 and 64. 


19. Hence 


— x — - 


Queſt, 40,41. Diophantus Algebra explain d. 


1 Hence it is eaſie to find four cube numbers, the greateſt of which ſhall be equal, 


to the ſumm of the other three; for when the difference of two given Cubes is divided 
intd two rational Cubes, theſe two, together with the leſſer of the two given Cubes 


hall make the greater Cube given. But if four ſuch Cubes be deſired in whole num- 
| bers, they may be readily 


nd out by the following Canon, which is raiſed by the 
like manner. of arguing as was before uſed in the ſecond Obſervation upon the preceding 


wee. 38. 
E= CANON. 


20. Firſt, take two Cubes in whole numbers, with this caution , That the double of the 


'-donble of the greater Cu 


leſſer may be leſs than the greater, and multiply the exceſs of the greater Cube above 
the double of the leſſer by the ſide of the greater; ſecondly , multiply the exceſs of the 


the ſumm of the ſaid Cubes by the fide of the greater; fourthly , multiply the ſuch 
of the ſame Cubes by the (ide of the lefſer : Then the farm of the Cubes of the firſt, 
ſecond and fourth Products ſhall be equal to the Cube of the third Product. 


An example in Numbers. 


21. Let two ſuch Cubes be taken, that the double of the leſſer? 8 = ddd 
is leſs than the greater, as, . « « + 8 nx = bbb 
22. The ſides of which Cubes are. 1 
23. Then by the laſt preceding Canon, the ſides of the four p 
Cubes ſought, 7 will be found theſe, vis J +2 53 033 
I ſay the f the C and 3 is equal 
"4 dp tka of 6, wie. rere, 
| RUEST. 40. 
To divide any cube - number, ſuppoſe 8, into three Rational cube-numbers. 
| ; RESOLUTION. 


Take any cube-number leſs than the given Cube 8, as 1; then (by the preceding 


Pet. 39.) divide 7 the difference of thoſe Cubes into two Cubes, ſuppoſe into theſe, 
$2 and £52, whoſe ſumm 7 is equal to the difference of the given Cubes 8 and 1, 
2 


* 
* 


Therefore 3 * TY —— _— 
. | 27 27 1 nx = 8. a 
Whereby tis manifeſt that three Cubes, to wit, 45, +37 and 1 are found out, whoſe 


ſumm is equa] to the given Cube 8, as was required. 

Hence you may eaſily perceive a way to divide a given Cube into any odd number of 
Cubes ; as to divide a Cube into five Cubes, firſt divide the given Cube into three Cubes, 
and then divide one of thoſe three into three Cubes, ſo the other two, with the three Cubes 
laſt found out are five Cubes, whoſe ſumm is equal to the Cube firſt given; in like manner 
you may divide a Cube into 7, 9, 11, 13, &c. Cubes. But there is not any Rational 
cube-number that can be divided into two Rational Cube numbers; which negative Pro- 
poſition the Learned D* Wallis hath demonſtrated. e 


Two cube · numbers being given, to find two other cube· numbers whole difference ſhall 

be equal to the ſumm of the given Cubes. | 
RESOLUTION. 0 
1. Let the Tides of the given Cubes be * > << 3 b the =_ * 
2. Therefore the Cubes of thoſe ſides are . . + „ h and 63 | 
3. For the ſide of the greater Cube ſought put 2 ** e 
4. And for the fide of the leſſer Cube ſought put 3 Tenb OG 
= J. Theres 


LUEST. 41. 


This is the 19" of the, q Book of Vieta's Zeteticks, and the ſane with Queſt. 2. 


0 of Bachet in his Comment upon Queſt. 2. of the 4 Book, of Diophantus. ] 


above the leſs by the fide of the leſſer; thirdly , multiply © 


Diophantus F ; Algebrs explein'd. Book III. 


2 5. Therefore che greater Cube ſought is Sport 


6. And the leſſer Cube ſought is «© 5 - 1 A 3dls — bY 
7. "m— the difference of the Cubes ought? egen. Ke. 1-14-41 


8. "Which difference muſt be equal to the ſumm of the given Cubes, therefore: 
bo —49 + 3fa+ 34a +0 = #6. 


&* 
9. Which Equation, after due Reduction, gives — * 1 


10. Therefore from the firſt , third , fourth and tenth ſteps , the ſides of the two Cubes 
ſought will be found equal to theſe known quantities, 


240-4. 
— 4 

— 4 = the leſſer ſide. 

The fame ſides will = produced , if inſtead of the Poſitions i in the third and fourth 


ſteps there be put 4 149 and 4 b; and thoſe ſides 2 by Letters ge thay 


CANON. 


11. Add the greater of the two Cubes given to the double of the lefſer, and maltiply the 
ſumm by the ſide of the greater Cube; add alſo the lefſer Cube to the double of the 
greater, and multiply this ſumm by the (ide of the leſſer Cube z laſtly, divide each of 


- thoſe Products by the difference of the given Cubes, and the Quotients ſhall be the 
ſides of the Cubes ſought, 


= the greater ſide , 
Viz. 


An Example in Numbers. 
Let two Cubes be given, as, . , « + . 8 = ddd, and 1 = bl 
> 2= 


The lides whereof are 4 and 1 =6 
k | 24þ3 a* 34 
| 4 — b3 : ; 
Then by the Canon , LS .... & cho Ca og 
> = op. 
The Cubes of thoſe ſides 4 and *2 are £322 and 344, whoſe difference 9 i equal 
to the ſumm of the given Cubes 8 and l. 


12. Hence tis eaſie to find out four cabe-numbers, the ſt of which ſhall be equal 
to the ſumm of the other three : For when by this two Cubes are found out, 
| having their difference equa] to the ſumm of two given —— the leſſer of the two 
Cubes found out, together with the two given Cubes ſhall be equal to the _ of 
the Cubes found out. But if four ſuch Cubes be deſired in whole numbers „they 
may. be readily found out by the following Canon, which i ls A 1 the like manner 
of U e before uſed in Obſervar. 2, Queſt. 38. 
CANON. 


I 3. | Firſt ke any two Cubes in whole numbers, add the greater to the double of the 
leſſer and multi 1 the ſumm by the (ide of the greater ; ſecondly, add the leſſer Cube 
to the double of the greater, and multiply this ſumm by the ſide of the lefſer ;"thirdly, 
multiply the — of thoſe Cubes by the ſide of the greater; fourthly, multiply 
the ſaid difference by the ſide of the leſſer Cube: Then the ſumm of the . of 
the three latter Products ſhall be equal to the Cube of the firſt Product. 


An Example in Numbers. 


LettwoCubes in whole numbers be taken at Plealure,as > 8= add; and 1 = bb 
The ſides of thoſe Cubes are . -> 2 d. and 1 2 
Then by the Canon laſt afore-going , the ſides of the } 
four Cubes fought will be e 6 „ * 17 „ 147 
20 is equal to the ſi of the 
Cubes of 17, 17,14 and 7, vie. Herr ies wo 8000 =491 34-2744-ſ-343 


2 „ „ LUEST. 42s 


Queſt. 12,43. Diophantus's Algebra explain'd. 


LDUEST. 41. 


Two cube-numbers being given, ſuch, that the double of the deſſer is leſs than the 


greater, to find out two other Cubes whoſe difference ſhall be equal to the differente 


of the given Cubes. (But how this is to be done when the double of the leſſer Cube 
exceeds the greater, hath already been ſhewn in Queſt. 38.) | 


RESOLUTION. 
1. Let there be two Cubes given, to ww wut. J — 2 8 
2. By the Canon in Sect. 14. of the foregoing Queſt. 3 9. find out two 0 
Cubes whoſe ſumm ſhall be equal to the difference of the given Cubes, $ © = 57 
, „ RR x ErrCr gre = 555 
Therefore by that Conſtruction, .> ddd— b = ect / ggg = 8-1 7. 


3. By the Canon in Sect. 11. of the foregoing Queſt. 41. find two Cubes whoſe dif- 
ference ſhall be equal to the ſumm of the Ch. and gg, (found out in the pre- 
cedmg ſecond ſtep,) ſuch are theſe, b : 


kak = — 8728555 , Whoſe (ide is EM 
Z1 . 12 
92 225128287 5 whoſe ſide is 2356, 
Therefore by this Conſtruction . „ kkk—U = web goo = 7. 
4. Therefore from the ſecond and third ſteps, ( per 1. Axiom, 1. Elem. Euclid. ) 
kkk — It = dad — bbb = 7. 

I ay kkk and 1, that is, f, and 4247223244 '( whoſe fides are £342 
and 4434, ) will ſolve the Queſtion propoſed ; for their difference 7 is equal to the 
difference ot the given Cubes 8 and 1. | ; 

Note. Although by the preceding Reſolutions of this and Que. 38. innumerable 
pairs of cube - numbers may be found out, ſuch, that the difference of each pair ſhall be 

ual to the difference of two Cubes given, yet nether of thoſe Reſolutions will find out 
al the pairs of Cubes that have the ſame ditterence with two given Cubes; for example, 
if the Cubes 1728 and 1000 be given, whoſe difference is 728, the Canon in the 14" 
ſtep of the foregoing Queſt. 3 S. will not find out the Cubes 229 and 1, whoſe difference 
is 7283 although that Canon, with the help of the Reſolution of this Queſt. 42. will find 
out innumerable pairs of Cubes , ſach , that the difference of each pair ſhall be 728. 


— * — 


St. 


2 UEST. 43. | 


To divide a given number 28 cochpos d of two cube numbers 27 and 1, into two 
other Rational cube-numbers, 


L This Queſtion was propounded in 165 7, by Monſ, Fermat, ( a4 appears by an Epiſtolical 
Commerce printed at Oxford in 165 8.) but his way of ſolving it came not to light, 
till it. was publiſh'd ( after his death) among other his Analytical Inventions , by way of 
Supplement to Monſ, Bachet's Comment upon Diophantus, printed at Tholoſe i» 1670. 
jet the very ſame way of ſolving this Queſtion was found out long 7 * by enr Learned 
Dr John Wallis, (though, it ſeems, not timely enough to have inſerted in the 
little Book above-mentioned, ) and likewiſe by my 42 before 1 had ſeen or heard 
of any Solation to the ſaid Queſtion , in ſuch manner as here it follows. ] 

| RESOLUTION. : 
v. Let the Cubes 27 and 1, whoſe ſumm makes the given number 28, ddd = 27 

be repreſented by ddd and bbb, vin 8 bbb = 1 

2. By the Canon in Seit. 1 1. of the foregoing Queſt. 41. find two cube-numbers whoſe 


di may be equal to 28 the ſumm of the given Cubes 27 and 1, that is, dd4 
and b,) ſuch are theſe Cubes, 


geo = $5593 whoſe ſide is 37+ 
Viz, 


” 


17576 ? 
ere — whaſe ſide is Ie | 
Therefore, .  . . ggg ccc = ddd +bbb = 27 +1 = 280 
K 2 3. By 


— 
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3. By the foregoing Jueſt. 39. find out two Cubes whoſe ſumm ſliall be equal to 28 
the difference of the two Cubes ggg and ccc, ſuch are theſe, 
— 25345 23252734129 8070262 
= A417 
111 — -2376266096373544085 2630 
— _9864820937041015055552 * 1 
The ſides of which Cubes are theſe, to wie 214468280 


27726040 
Therefore, ggg — ccc = kkk-}-1ll. 


21446 
4. But by Conſtruction in the 24 ſtep, > ggg ccc = dad- EC- = 27 TI = 28, 


5. Therefore from the two laſt . uy = 52 
tions, (per 1. Axiom. . E lem. Euclid.) kkk-11 = dd = __ 28. 


Whenee it is manifeſt that the two Cubes found out, to wit, KKK and d, ( which 
with their ſides are before ſevetally expreſt by numbers in the third ſtep,) will ſolve the 
Queſtion, for their ſumm makes 28, which is the ſumm of the given Cubes 27 and 1. 
And becauſe by the help of the known Cubes ggg and cce in the ſecond ſtep , divers pairs 
of Cubes having the ſame difference with the [aid ggg and ccc may be found out, (by the 
38" or 424 Queſtion atoregoing : ) Therefore by the help of any of the pairs of Cubes 
ſo found out, their difference may be divided into two Cubes whoſe ſumm ſhall be equal 
to the ſumm of the given Cubes 27 and 1. 


Another Example. 


Let it be required to divide 9, which is compos d of the Cubes 8 and 1, into two 
other Cubes, | 


RESOLUTION. | 
1. Let the Cubes 8 and 1, whoſe ſumm makes the given number 9, 5 2 28 


repreſented by dd and bbb, vin 2 1 
2. By the Canon in Sect. 11. Queſt. 41. of this Book, find out two Cubes whoſe dif- 
ference may be equal to 9, the ſumm of the given Cubes 8 and 13 ſuch are theſe Cubes, 


ore. if £22 = 242 „ Whoſe ſide is . 
XY or = —_— whoſe fide is . 
Therefore, ggg — ccc = dad -b = 8-41 9. 
„ 3. Then by the preceding 39 Queſtion divide the difference of the Cubes ggg and cer 
into two rational Cubes, vi. divide 9 the difference of the Cubes 34 and 344 
into two Cubes: But here becaufe the double of the leſſer Cube 3 exceeds the 
greater 345, two Cubes muſt firſt be found out, (by the help of the foregoin 
Leſt. 3 8.) that the difference of theſe may be equal to the difference of thoſe , a 
that the double of the leſſer of the Cubes found out may be leſs than the greater; ſuch 
are theſe Cubes, | 


mum — 9590842626239 
Viz. 
Nun 


738542637646471 ? 


— _487071038080600 _. 2 - +368 
 738542637646472 ? whoſe lide is '=535 


4. Now foraſmuch as the double of the leſſer of the two Cubes laſt found out is leſs 
than the greater, we may by the help of the preceding Queſt. 3 9. divide 9 the difference 
of thoſe Cubes mmm and n, (and likewiſe of ggg and ccc) into two rational Cubes, 
whoſe ſides will be found theſe , g 


SN 12486177 139900248 76487 
Viz. & = 609623835676137297449 ? 


| — #$7267171714352336560 
Therefore by Co Ep EO 
5. efore nſtruſtion in the two 
preceding — T 'd ccc -l. 
6. But by Conſtruction in the ſecond ſtep, > ggg ccc = dd E — 8 1.29 
7. Therefore from the two laſt Equations, . . > k$&&|-1! = du. b = 8-1 = g 


Thus two Ctibes ( whoſe ſides & and / are above expreſt in numbers) are found out, 


* added together make 9, the ſumm of the given Cubes 8 and 1, as was re- 
quired, ' | | 


VEST. 44. 


4 


& / 
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LUEST. 44. 
To divide the double of any given cube-number into four cũbe - numbers. | 
For example, let it be required to divide 5.4 the double of the Cube 27, into four 
cube-numbers. | | 5 
RESOLUTION. 


7. For the given Cube 27 put ddd, viz. ſuppoſe . , . „ dad — 
2. Therefore the double of that Cube is _ „ 5 2ddd — i 
3. Take any cube - number leſs than the given Cube 27 , as 1, for | 

Sa, ee 
4. By the foregoing Zeſt. 43. find two Cubes whoſe ſumm may be equal to dd -b, 

(to wit, 27 ＋ 1,) ſuppoſe thoſe which ſolved the ſaid Zueſt. 43. in Example 1. 

K = 25 3452325 273412980702625 
Vis, — _98648259372410I5ogo55x ? 

111] — 2276266096373544985 2831 


+ 9864820937041lol50555523 * 
p n 1 —_— 
The ſides of which Cubes are theſe, ro wit, , , . , 3 = 144683 5 


— 2112211 
— 214468285 


Therefore by that Conſtitution,  . . . > dd bbb = kkk-+ 1M = 28 
5. By Zeſt. 39. of this Book divide 26 the difference of the Cubes 27 and 1 , to wit, 
dad — bbb into two Cubes, ſuppoſe into theſe , 


825 i 

— rr S555 > Whole ſide is 28 
18 

4 = Ai, Whole ſide is 53, 


1 8 by (aw voce * » > ddd—bbb=rrr-|-5s5 = 26 

+ Therefore by adding together the Equations 2 ** 

in the fourth and Am lers, this will ale, 9 24dd = k&&- N 30 

Therefore four Cubes are found out, to wit, KKK, IU, rr and 55s, which with their 
ſides are before expreſt in numbers in the fourth —＋ 2 and the ſumm of thoſe 
Cubes makes 54, which is equal to the double of the Cube 27 fitſt given, as was 
required by the Queſtion. | | 


— — 


QUEST. 45. ( Quaft. 17. Lib. 4. Diophant. ) 

To find out three numbers whoſe ſumm may make a Square ; and that the ſecond 
number added to the 2 of the firſt may make a Square ; alſo, that the third number 
added to the Square of the ſecond may make a Square; and laſtly, that the firſt number 
added to the Square of the third may make a Square, "= 


RESOLUTION. 


1. For the firſt number ſought put @ — any known number, as, þ .> a—31.. - 
2. The Square thereof inn „% 44 —24-1 
3. To which Square if -E 4 be added, (to wit, the double of — 24, | 
but with the contrary ſign ,) it makes a Square, to wit, 
4. Therefore for the ſecond number put tt 44 
Whereby one of the conditions in the Queſtion is ſatisfied ; for the ſecogd number 4 « 
added to the Square of the firſt number a — 1 makes the Square aa ]-24+]-1 , 
Whoſe Root is 42 - 1. 
3. Then form a Square from 44 - 1, ( which is the ſumm of the ſecand number 44 and 
ie known number i in the firſt aſſumed number 4 1, but with the contrary ſign ,) 
ſo the Square of 44 P- 1 will be 1648 + ta 4-1 ;_ from which ſubtraR the Square 
of the ſecond number 4a, to Wit 1644, and put the Remainder 84-E 1 for the third 
number : Whence it is evident, that if this third number be added to the Square of 
* _ , the ſumm is a Square, V hereby another of the conditions in the Queſtion 
is ſatisfied, 
6. From the firſt , fourth and fifth ſteps the ſumm of the three numbers ſought is 1 34, 
which according to the Queſtion muſt be a Square, let it therefore be equated to ſome 
. Square, ä 134 = 16944, hence 4 = 1344 3 now according to = 
| value 


an -|-24+\--£ 
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value of 4, the firſt number which was put 4 — 1 will be 1344 — 1, the ſecond 
number which was put 44 will be 5244, and laſtly, the third number which was aſſu- 
med 84-1 will be 1044 CI. It remains that the Square of the third number 
10444 -|- 1, to wit, 108164444 E 2084 i, added to the firſt number 1 3aa—1 
may make a Square; but it makes 1081 64aaas -|- 22144, this therefore muſt be equa- 
ted to a Square, or the ſame divided by aa gives 108 16 221 to be equated to 
a Square, whoſe ſide, to the end that 4 may be greater than 4/77 , and conſequently 
1 34a greater than 1, may be feigned to be 10444- any known number leſs than 478, 
or 1044 — any known number greater than 607£ , ler therefore the {ide of the (aid 
Square be feigned 1044 4 1 , whence the Square n ſelf is 10816 20845- 1, 
which being equated to the aforeſaid 108164 E- 221 , will give a = . Therefore 
the poſitions being reſolved , the firſt number will be 12534, the ſecond 34, the 
third #2222 ; which three numbers will ſolve the Queſtion , for their ſumm is 2784 
the Square of the ſide 232; alſo the Square of the firſt number, to wit, 47876 


7311616 


added to the ſecond makes the Square 42 82g from the ſide £35535 3 moreover 


the Square of the ſecond, to wit, #2332222 added to the third makes the Square 
„ from the ſide 2282; laſtly , the Square. of the third, to wit, 


£434. added to the firſt makes the Square 42242424422, from the lide = 7262, 


** 


LL UVEST. 46. 


To find three numbers, that as well the ſumm of every two, as of all three, may make 
a Square. 
RESOLUTION. 


1; Let 6 repreſent any kgown number, and 4 ſome number un- | 
known, then from 4 ſome even number of &, (for avoiding > aa++ 4ba + 4bb 
Fractions) as from a + 2b form a Squam, which will be 
2, Then for the firſt number ſought put the two firſt terms of the . 
faid Square, as * „ W Ä WY ACE pg 29 93 N 4ba 
3. Then take the half of the ſaid 46a, to wit, 264, and prefixing 
the ſign = to it, it makes — 26a, to which add bb the Squar "BY 
of half the Coefficient 26, and take the ſumm for the ſeco — 264-68 
number ſought, to wie. 3 
4. Subtract &þ in the ſaid ſecond number from 40b part of the 
Square firſt formed, and add the Remainder 3b to -|- :ba, 
to wit, the ſame multitude of b as is in the-ſecond number, > - 244 -|- 366 
but with a contrary ſign, and put this ſumm for the third number | 
110% ↄ˙ůÜb ðꝛ ꝓ: 
5. Then from the premiſſes it neceſſarily follows, that the ſumm 
of the firſt and ſecond numbers ( in the ſecond and third ſteps) > au - 26a | bb 
— . è nc » 
6. And the ſumm of the ſecond and third numbers ( in the third 
and fourth ſteps) is a Square, to wit... 5 3 - +466 
7. Alſo the ſumm of all the three numbers is a Square, to wit, v 4444 ＋ 4bb 
8, It remains that the ſumm of the firſt and third numbers make a Square, but it makes 
as -+- 6ba-- 3bb , which muſt be equated to a Square, yet ſo as the value of « may 
be leſs than 26, to the end that the ſecond number — 2ba -|- bb may be greater than 
nothing. Now to cauſe that effect, the (ide of the ſaid Square may be feigned — a+ 
any number between 4/3bb and 36, (as may be collected from the Canon in Sec. 1 5. 
>a 12, of See Let 3 the — fide be — a+ 26, and then its 
uare 44 — 4ba ++ 4 ing equated to a4 -+-'6ba + 36b (the ſumm of the fir 
third numbers) this Equation arch 8 - wit, +4250 * 
: | ag + 6ba ＋ 360 = aa— 4bar- 4bb. 
9. * after due Reduction, the value of 4 is made ena oy 5 4 = 26 
10. Therefore, the poſitions in the ſecond , third and fourth ſteps being reſolved according 
to that value of , the three numbers ſought are diſcovered , — Wit uy 8 


rel“ „ % and 46. 


Hence this 
CANON. 


DT — — 
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£ CANON. 

Take any ſquare number, then. 29 of that Square , alſo 4 of the ſame Squate 
14 thereof, wil give three numbers to ſolve the . 7 * RY 1 

As, for example, if 10 be taken for the (ide of a Square, then theſe three numbers 
will be found out by the Canon, to wit, 41, 80 and 320, which will ſolve the Queſtion : 
For the ſumm of 41 and 8o makes the Square 1 21, whoſe ſide is 11; alſo the ſumm of 80 
and 320 makes the Square 400, Whoſe (ide is 20 and the ſumm of 320 and 41 makes 
the Square 361, whoſe ſide is 19; laſtly , the ſumm of all the three numbers 41, 80 
and 320 makes the Square 441 , whoſe {ide is 21. In like manner you may find out 
as many Anſwers in whole numbers as you pleaſe, by taking 20, 30, 40 or 50, &c, for 
the fide of a Square, and then taking ſuch parts thereof as the Canon directs, 


— — —_ — — - . 


 DUEST. 47. ( Quzſt, 2 3. Lib. 4. Diopham.) 


* To find three numbers, that if they be ſeverally added to the Solid produced by their 
continual multiplication, every one of the three ſumms may be a Square. 

( I ſhall wave Diophantus's Reſolution , and uſe that of Fermat in his Obſervation upon 
this Jueſtion , which is much eaſier. ) 

RESOLUTION. "1 

1. Let à Square be formed from 4 — any known number, as from 7 

rr TE 
2. Then for the Solid of the three numbers ſought put the two firſt 
N. = 
3. And for the firſt number ſought put the laſt term of the ſaid 

„ x ﬀſY_ 
©" Whence one of the conditions is fatisfied , for if the ſaid firſt number 1 be added 
to 44 — 24, (chat is, the Solid of all the thtte numbers,) the ſumm is a Square, to wit, 
that firſt formed. _ | * | 
5. For the ſecond number put . 5 , . . 24 
This added to the ſaid Solid 44 — 24 makes the Square 44, whereby another of the 
conditions in the Queſtion is ſatisfied. 
5. Then divide 4s - 24, ( the Solid of all the three numbers) by 2 the Product of the 
firſt and ſecond, ſo the Quotient is 
324 — 1, ( the third number.) 


44 — 242 - 1 


44 —2 4 


6. Which third number added to the Solid of all the three muſt alſo make a Square, but 


m makes as — 24 — 1. 

7. Therefore as 4. — 1 muſt be equated to a Square, yet ſo, as the value of 4 may 
be greater than 2, to the end that the third number 32 — 1 may be greater than no- 
thing: But vv. cauſe that effect, the ſide of the ſaid Square may be feigned a any 
number leſs than 2, but greater than 43 or 4 — any number greater than 2 , let then 
the ſaid ſide be feigned «— 3, whoſe Square equated to a4 — 34 — 1, will give a= #223, 
According to which value, the Poſitions being reſolved , the firſt number ſought is 1, 
the ſecond , and the third 3, which will ſolve the Queſtion, : For the ſolid Pro- 
duct of their multiplication one into another, to wit, 32 , taking to it ſeverally the ſaid 

'- three Humibers , makes the Squares f, 7 and 527. | FF 


. QUEST. 48. ( Quaſt. 31. Lib. 4. Diophant. ) 


To find four ſquare nutabets, whoſe ſumm added to the furam of their {des may make 
a number given, ſuppoſe 52. | 


RESOLUTION. 


Foraſmuch as (by the firſt Propoſition in the following Obſervation upon this 2xeſh. ) 
every Square increaſed with his ſide and + of unity makes a Square, whoſe [ide leffencd 
by + of unity gives the ſide of the former Square - therefore the ſumm of the four 
Squares fought rogethet with four times + will make four Squares; but the given nam- 
ber 12 increaſed with four times 4, to wit, 1, mates 13. Therefore we muſt divide 
13 into four Squares ꝝ then if from every one of their ſides we ſubtract 2, there will 
remain the ſides of the four Squares ſought, But 13 is compos d of rwo Squares — 
| | | therefore 
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therefore (by the firſt Queſtion of this Book ) each of theſe may be divided into two 
Squares, viz. 4 into 27 and 23, and 9 into £75 and ff; now the four Roots of thoſe 
uares are 1, 4, f and 2, from each of which Roots if à be ſubtracted there will re- 
main the ſides of the four Squares ſought , to wit, the ſides 18, x4, 18 and 283, whoſe 
ares £22, 758, 22% and 183 will ſolve the Queſtion : For if their ſumm > be 
added to 5 the ſumm ot their ſides, it makes the given number 12 ; which was required, 


Obſervations upon Queſt. 48, 


The preceding Reſolution depends upon two Propoſitions, viz. | 
Firſt, if any ſquare number be increaſed with its ſide and 4 of unity the ſumm will 


be a Square, whoſe fide leſſened by 3 of unity gives the (ide of the former Square. 
This way be demonſtrated thus ; 


oO om CW _R_r_—_rR 
Then to that Square add its ſide and 4 of unitty, to wit, 
So the ſumm makes this Square, WO 
NESS x ͤ o + 
From which Root if you ſubtraſlt . . + 
The Remainder is the (ide of the firſt Square, to wit, 
Theretore the Propoſition is manifeſt. 


Secondly , the id Reſolution takes this Propoſition for granted, vis. That any given 
whole number increaſed with 1 may be divided into four Squares; how this may be gene- 
rally done Diophantus doth not ſhew : But tis evident, that if a given ſquare number 
increaſed with 1 makes a Square, or a number compoſed of two Squares, then the ſumm 
may ealily be divided into four Squares, or into as many as you pleaſe, ( by the firſt 
or ſecond Queſtion of this Book.) But if 13 be given, how 13 increaſed 
with 1, that is 14, Which is neither a Square nor compoſed of two Squares, be divided 
into four Squares ? This at firſt fight ſeems to be a very hard Task, but if the matter be 
narrowly conſidered , the difficulty will ſoon vaniſh; for 14 is compos d of three 
Squares, to wit, 1, 4, 9 z Wherefore if one of theſe be divided into two Squares, then 
conſequently 14 is divided imo four Squares. But Fermat in his Obſervation upon 
this Leſt. 3 1. of the fourth Book of Diophantus, affirms that every whole number is 
either a Square, or elſe compos'd of two, three or four Squares, and he there promiſeth 
to give the Demonſtration of this and other abſtruſe Myſteries in Numbers in a particular 
Treatiſe. Bachet confeſſeth he could not demonſtrate the ſame, but gives Examples of 
the certainty thereof in all whole numbers from 1 to 120, and faith he had made experi- 
ment of all whole numbers to 325. If this Prop. be granted, then the Queſtion may 
be eaſily extended to five, fix , or as many Squares as you pleaſe, without any Determi- 
nation, But if two Squares only be deſired , whoſe ſumm with the ſumm of their ſides 
may make a Square, then after 2 is added to the quadruple of the given number, the 
ſumm muſt be compos'd of two Squares: And if three _ be ſought, then after 3 
is added to the quadruple of the given number the ſumm muſt be compos'd of three Squares, 
which conditions are manifeſt from the firſt Propoſition above expreſt. 


—— 


LUVEST. 49. 


This i the 34 of the fourth Book, ef Di ; a 
er... 


To divide a given number x into two ſuch parts, that if the firſt part be increaſed with 


a given number þ, and the other part with a given number d; the Product made by the 
multiplication of the two ſumms one into the other may be a ſquare number. 


* 
RESOLUTION. 
1. For the firſt part ſought put 8 
7 


. 0 4—6 
K — 42 41 
* 


x — 4 414 ＋2 4 
5. There- 


2. Therefore the other part, to the end the ſumm of the res ma 
make x, ſhall be _ : 1 : 


„„ „„ 
4. And adding 4 to the ſecond part, the ſumm is 


3- Then (according to the Queſtion ) adding b to the firſt part, 
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8; 


5. Therefore the Product made by the multi — of * 
two ſumms one into the _ will de 4 l . 7 x *4— 44-|-baþ- da 
6. That 1 is o * . . . . 0 . * > x-þb+di into 45 — 44 


7. Which Product muſt be 8 to a Square, whoſe ſide may be feigned 74, and then 
the Square of 2, to wit, 5544, being equated to "_ Product in the ſixth ſtep, this 
Equation ariſeth, viz. 

d into 4, — a4 = 5544. 


8. Which Equation , Ap due Reduction, gives 2 4 = x+6-+-4 


| 1 
9. Therefore from the eighth and firſt eps , the firſt _ 3 x+ d — 556 
will be made known, towit, . . . + p 5 44-1 


10. And from the eighth and ſecond ſteps the ſecond pr ought 58x | 53 — 4 
will be diſcovered , to wit, . «. « + +» 44 1 


But to the end that each of the two parts in the ningh and tenth ſteps may be greater 
than nothing, the number s cannot be taken at pleaſure, but within the limits hereafter 
diſcovered , viz. 


11. e the numerator in the ninth ſtep requires that :> x Wy d c- 5b 
12. Therefore by dividing each part in the laſt ſtep by , 3 22 2 
13. That is, oe eddie 39539; * wen 
14. Therefore by extracting the ſquare Root. out of each in \. ,x +4 
HG Be” +> > « * * 97722 
15. Again, the Numerator in the tench ſtep ſhews, chat „„ „rel 
16. Therefore by dividing each part by x -, it follows thar 1 — + 
17. Therefore by extracting the on Root out 7 =_ youu in 
the laſt ſep, © + © » ++: 8 1 A 
18, Thus in the fourteenth and ſeveriteench ties i is — that for the number 
we may take any number between ** and = g 5 and then the two deſired 
parts whoſe ſumm is equal to x the number to be divided will be ſuch as are before 


expreſt in the ninth and tenth ſteps. 
An Example in Numbers. 
4 
Suppoſe < 12 


> numbers given in the Queſtion; 
20 = =y 


Whence *,= p a numberchoſen within the limits in the eighteenth hep. 


Then by the help of thoſe known numbers, the ninth and tenth ſteps will give 27 and Z 
the two parts ſought, whoſe ſumm is 4, (or x ;) the former of which parts Lands 
with 12 (orb, ) and the latter with 20 (ox 4,) make the two ſumms +35 and 53s, 
theſe multiplied one by the other produce A Square whoſe (ide is 5. Therefore the 
Queſtion is ſolved , and manifeſtly capable of innumerable Anſwers. 


—_— 


LUEST. 50. (Qual. 35. Lib. 4. Diophant. ) 


To divide a given number into three numbers, ſuch, that if the Product of the multi- 
plication of the firſt into the ſecond be increaſed and leſſened by the third, as well the ſumm 
as the remainder may be a ſquare number. 


RESOLUTION. 
Le Ge amen x „% „„ „ % „ © 47 
2. For the third number ſought put 2 4 
3. For the ſecond number ſought put — known number leſs than the given 
number 6, as 


4+ Therefore, becauſe all the three numbers foaght muſt make 6, the beſt 
number ſhall bee. = : : 2 


5. Then 


— — 
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5. Then (according to the Queſtion ) the Product of the firſt and 2 WE 
cond numbers ſought, together with the third,muſt make a Square, vic. 

6. Alſo the ſame Product leſſened by the third number muſt make ? g _ * * 0 
„ +4 0 + SR. 

7. oh the two laſt ſteps we are faln upon a Duplicate equality, but tis inexplicable ; 
Diophantus therefore ſeeks out another Duplicate equality wherein the numbers prefix 
to 4 may have ſuch proportion to one another as a ſquare number hath to a ſquare 
number, for then it will be reſolvable like that Duplicate equality which hath been 
already explain'd in Queſt. 35. of this Book, Firſt, then inſtead of 2 which was 
aſſumed for the ſecond number ſought ; ſome other number leſs than 6 muſt be taken, 
ſuch , that if it be increaſed and leſſened by unity, the ſumm may be to the remainder 
as a ſquare number to a ſquare number; (for if the riſe of 3 and 1, which are pre- 
fixt to 4 in the Duplicate equality above expreſt , be examined, it will appear that 3 
ariſeth by adding 1 to 2, and 1 arifeth by ſubtracting 1 from the ſame number 2.) 
Therefore let e repreſent ſome number to be taken inſtead of 2 for the ſecond number 
ſought ; then e|-1 muſt be to e—1 ; as a Square to a Square, ſuppoſe as bb to dd. 

Sek, i. 0 «0 0 + T © 8—1 2: > , us 

8. Therefore by comparing the Product of the extremes to the? TA 

EEG, < . cow tons 'F 4, = -I 


9. Whence after due Reduction « « JP ++ E= = 

10. But the value of e muſt be leſs than 6, which I ſhall call f. CA f 
„ I es 

11. Therefore by multiplying each part by 7. „ bb-{-dd =D f- da: 

Hence this Canon to find out the number e, viz. | 

12. Take any two ſquare numbers whoſe ſumm may be leſs than the Product of their 
difference multiplied into the number given in the Queſtion , then divide the ſumm of 
the ſaid Squares by their difference, ſo the Quotient ſhall be the number to be put for the 
ſecond number ſought by the Queſtion propoſed , for it ſhall be leſs than the number 


= O 


4* in the Queſtion and if it be increaſed with 1 and lefſened by 1, the ſumm (hall 
e to the remainder as the greater of the Squares taken is to the lefler. Therefore 
I take the Squares 4 and 1 and divide their ſumm 5 by their difference 3, ſo there ariſeth 
+ for the ſecond number. Now let the Politions be renewed thus, viz. 


1 3. The number given to be divided into three numbers is . 6 
14. For the ſecond number put „. „% % „ «a «as 
15. And for the third number  . © «. . 6 4 
16. Then the ſumm of the ſecond and third numbers ſubtracted 
from 6 (the ſumm of all three) leaves the firſt number 
17. Now (according to the Queſtion ) the Product of the firſt / 
and ſecond numbers together with the third, muſt make a 2 
„„ „ee 
18. And the fame Product leſſened by the third number muſt? ,, , __ 
„ e 
19. So in the two laſt ſteps there is a Duplicate equality wherein the numbers prefixt to 4 
have ſuch proportion one to another as a Square to a , ſor 3 is to f 28 1 to 4; 
and therefore this Duplicate equality may be reſolved like that in the preceding Queſt. 35. 
in this manner, v4z. Foraſmuch as a ſquare number multiplied by a Square produceth 
a Square, therefore to take away the Fractions , multiply all the _ in the 17 
and 1 &* ſteps by the Denominator 9, fo this Duplicate equality arifeth | 
65 — 64 = DO 
65 — 244 = Of 
20. Then the former of thoſe two Equations multiplied by 4 produceth 260 — 244 , 
ſo at length this Duplicate equality remains to be reſolved , 


vi. 


260 — 244 = 0 

65 —244 = 
21. Novy che difference of theſe two Equations being 195, I ſeek by Cu 2. Lueſs. 7. 
of this Book, wo ſuch ſquare numbers that their difference may be 195, and that the 
greater Square may be leſs than 260, But the only pair of Squares in whole numbers 
A ſo 


VIE. 


Queſt. 5 1. Diophantus's Algebra explain'd. 


ſo qualified are 196 and 1, the greater of which being equated to 260'— 244, or the 
lefler to 65 — 244, Will give 4 = for the third number ſought, and conſequently, 
by the Poſitions in the fourteenth and ſixteenth ſteps , the firſt and ſecond numbers are 
+ and +, which three numbers will ſolve the Queſtion , as is evident by the Proof, for 
their ſumm is 6; alſo if g the Product of the firſt and ſecond be increaſed with the 
third number g it makes the Square *; but if the ſame Product be leſſened by the 
ſaid 3 it leaves the Square 3. | 


LUEST. 51. ( Quart. 36. Lib. 4- Diophant. ) 


To find three numbers , whereof the third may be ſuch a Fraction of unity, that if the 
firſt number takes from the ſecond ſuch part or parts as the Fraction expreſſeth, the ſumm 
may be to the remainder in a given Reaſon, ſuppoſe as btod. Alſo, that the ſecond 
number taking the ſame part or parts from the firſt, the ſumm may be to the remainder 
in a given Reaſon, ſuppoſe as f to g. But the Product made by the mutual multiplication 
of the brit term of each Reaſon mult exceed the Product of the latter terms one into the 
other, viz, bf muſt be greater than ag. 

Preparation. 

Let 4 and e repreſent the firſt and ſecond numbers, and # the third, or Fraction ſought ; 
then becauſe to take any part or parts of a number, the number muſt be multiplied by the 
Fraction expreſſing the parts, the Queſtion may be ſtated thus, vi. 


5.1 %%% „„ „% „%% RR O_______ 
2. 4a „ „ 7 . „„: f. 
What are the numbers, 4, „ « ! 
RESOLUTION. - 


3. By comparing the Product of the extremes to the Product of the means in the firſt 
Analogy , this Equation is produced , to wit, F 
| da due = be — bue. -þ 
4+ Likewiſe from the latter Analogy this Equation is produced, vic. 
3 ge + gu = fa — fua. 
5. From the Equation in the third ſtep by tranſpoſition of due, this ariſeth , 
; | da = be — bie — due. 
6. And by dividing each part of the laſt Equation by 4, this ariſeth, 
be — bue — due 


6 == — 


7. Then by exchanging 4 in the fourth ſtep, for that which is equal to 4 in the laſt Equa- 
tion, and multiplying all into 4, the Equation in the fourth ſtep will be converted into 


this, viz, | 
age . bgue — bguue bfe — 2 bfue — dfue 
2 4 CE = IE Ge Jha FT IO 
8. From which Equation , after due Reduction, this following Equation ariſeth, wherein 
x only is unknown, vir. | 
e 72 — bf — dg . 
by ＋ ag H- of bj +4 +6+4 | 
9. Which laſt Equation may be reſolved (by the Canon in SetZ. 10. Chap. 15. Book, 1.) 
in this manner, vi. half the Coefficient drawn into # in the ſaid Equation is 
, . tby + bf + 4df 
3 b dg ＋ bf + df 
10, The Square of the ſaid half = Bk WW. - | 
beg += bbif + $447 + bbſy + b4ff = 2h 
-- . .. . bg. + dg + bf + df into bg--+ dg + bf + df © | 
11. Then to EE able quantity which ſolely poſſeſſeth the latter part 
of the Equation in the eighth ſtep to the ſame Denominator with the Square in the tenth 
ſtep, I multiply as well the Numerator as the Denominator of the ſaid Abſolute quan- 


tity , by its Denominator bg -E dg = bf-|- df , and it makes 


bbfg + bbff + bdff — bdeg — ddgg — dai 
by -\- dg -+- bf -+ df into be + ag . Pf of © 
2 


12. Which 


Diophantus's Algebra explain'd. Book Ii. 


12. Which Fraction laſt above expreſt being ſubtracted from the Fraction in the tenth 
ſtep will leave this that follows, to wit, 

Ag . 444 L- L -L . 

bg -+- ag -- bf + af into by . ag ++ of +1 of 
13. The ſquare Root of the Fraction in the twelith ſtep is 

AHF TE- 
be + 4 + if + of . 

14. Which ſquare Root being added to and ſubtracted from the half · Coefficient in the 


ninth ſep, the ſumm and remainder ſhall be the two values of in the Equation in the 
eighth ſtep, vi⁊. 


2218 alſo, # = 


. 
oF + ag -\- bf + of 
| * . f — af N a 
The latter of m__ values of , to wit, TA is the Fraction fought by 
the Queſtion. 


15. Then according to the ſaid leſſer value of u, the compound quantity 


b — bu — as 
a 


into which e is multiplied in the latter part 92 BR y the ſixth ſtep will be 
. Ny , , | _ __ ig -1- | hich les. 
tity, tO wit which multi 
reduced into this fractional quantity ; & bit Þ- df . 
plied into any number taken at pleaſure for the value of e, will give the number 4; 
and therefore to find out 4 and e in whole numbers we may take the Numerator of that 
fractional quantity for 4, and the Denominator for e, or any two whole numbers in 
the ſame proportion with the ſaid Numerator and Denominator , and the lefler of the 
two values of & before found for the Fraction ſought. 


An Example in Numbers. 
16. Let there be given . * „ „„ 5 


= bby -|- 2bag + dd 
= bag 1 * 1475 + ddf 
4 


| ; 12 by ag+bf+o 
18, Which three numbers, to wit, 16, 24 and 21 will ſolve the Queſtion, as will be 


manifeſt by ny Proc 


19. If the firſt number 1 6 receive 72 of the ſecond number 24, that is, 14, the ſumm 30 
will be to the remainder 10 as 3 to 1, (vi. as & to 4;) Again, if the ſecond number 
24 take 12 parts of the firſt number 16, to wit, 93, the ſumm **2 will be to the 
remainder ½ as 5 to.1, (to wit, as f to g) Or inſtead of 16 and 24 you may take 
2 and 3 , or any two numbers in the ſame Proportion. | 

20. Again, if b=3 .d=2.f=4.andg=y5, then the literal quantities in the 
preceding 15" ſtep will give theſe three numbers, 125, 90 and 7+ to ſolve the Que- 
ſtion; or inſtead of 125 and 90 you may take 25 and 18, or any two numbers in the 
ſame Proportion. 

Note. If in reducing the Equation in the ſeventh ſtep , bf were ſuppoſed either equal 
to dg or leſs than dg, there would come forth an Equation wherein the value of u would 
be either unity or greater than unity; but according to the import of the Queſtion it 
ought to be leſs than unity, and ſuch is the leſſer value of u in the Equation in the eighth 
ſtep, where bf is ſuppoſed greater than 4g, as the Determination annexed to the Queſtion 


16 
24 
7 


17, Then the three numbers ſought will be theſe, — 


requires. 


LUEST. 52. (Quaſt. 41. Lib. 4. Diophant.) 
To find two numbers, that the Product of their multiplication may be to their ſumm 
in a given Reaſon (or Propottion,) ſuppoſe as 7 to 5. 
RES O- 


ee —  — ee A Are a > 


Queſt. 5 2,5 3. Diophantus's Algebra explain d. 


RESOLUTION. 


3. Fer the rf qumnber pet © oc 0 t oo» RIS 
a. Mee = TT ____ 
3. Then their ſumm is 4 > ae 
4. And the Product of their multiplication i 3 ac 
5. But according to the Queſtion the Product muſt be to the ſumm 
a8 y to 2, therefore * e :: 1. 4 
6. Therefore by comparing the product of the — to the Pro. 
duct of the means this Equation ariſeth,. .. .. „ ae = ra re 
7. And by ſubtracting re trom each part of chat Equaion „ this | 
ariſeth, viz. . dae — re = T4 


ariſeth, vx. "ws 
Which Equation gives this 


- * = * * * * 


54 — 7 


8. And by dividing each par of the laſt Equation by. r, 1 1 


CANON. 


9. For the firſt number ſought take any number greater than the Quotient that ariſerh 
by dividing the former term of the given Reaſon: by the latter; then multiply the firſt 
number ſo taken by the latter term, and from theProdat ſubtraq the former term 
laſtly, by the Remainder divide the Product made by the multiplication of the firſt num- 
ber into the former term, and the Quotient thall be the ſecond number ſought. For 
example, if two numbers be deſired that their Product may be to their ſumm as 3 to 2, 
(chat is, as 7 to 5 in the Reſolution, ) you may take any number greater than 2, 
352, for the firſt number; then (by the Canon) the other number will be found 6; 
which numbers 2 and 6 are ſuch , that their Prodoct 12 is to their Summ 8, as 3 to 2, 
35 was deſired. After the ſame manner you may find out innumerable Anſwers to the 

ueſtion. 

1 if it were deſired to find out two numbers that the Product of their multiplication 


might be equal to their ſumm, and that the ſumm ot Product * be a ſquare number; 
the numbers may be found out thus „ viz. 


For the firſt — fought put. . © . +: 4:5 „ oÞ's 
And for the ſecond number „ 
Then according to the Queſtion, nn Þ 1 == a be - 


Therefore by tranſpoſition of „ 
Therefore each part of the laſt Equation _ divide 1 
ie „ 


Which laſt Equation multiplied by « gives „ =] hb 7 (& 40 


. Pe” 7; 


Which — 2 — mult (according to the Queſtion) be a ſquare number. But the Nu- 


merator 44 is a Square; i remains then to equate the Denominator # — 1 to ſome ſquare 
number, let it be 4d, viz. ſuppoſe a—1 = dd, whence 4 = du; : to 


which value of 4, the number e which was before found equal to — will be £4 


47 5 
Therefore for the two numbers ſought take dd-[-1 and . which i i words give this 


CANON. 


For one of the numbers ſought take any ſquare number increaſed with unity; then 
divide that ſumm by the ſquare number taken, and the Quotient ſliall be the other number 
ſoughr. 

As, for example, you may take 4 - 1, that is, 5 fot one of the numbers ſought ; 
then dividing 5. by 4 (the Square taken,) the Quotient? £ ſhall be the other number ſought. 
So 5 and + will ſolve the Queſtion laſt propoſed ;. fot their Produtt is 4, their dumm alſo 

2 . which is a * number as was required. 


. 
* — 


QUEST. 53. 


To find two numbers, that their difference may be equal to the difference of theit Squares, 
and that the ſumm of the Squares of the two numbers may be a 


RESO- 


Diophantus's Algebra explain d. Book III. 


12. Which Fraction laſt above expreſt being ſubtracted from the Fraction in the tenth 
ſtep will leave this that joilows, to Wit, 


2bbeg e eee eee. 
„55 of + af ino bg | ag + bf -1- of 
t3: The ſquare Root of the Fraction in the twelich ſtep is 
> fa wil. the wil. 
by + 4 + bf + f . 
14. Which ſquare Root being added to and ſubtracted from the half · Coefficient in the 
ninth ſtep, the ſumm and remainder ſhall be the two values of in the Equation in the 
eighth ſtep, viz. . bf — & 
m—_— 
, X bf — ag 8 Fracdi 5 
The latter of which values of 4, to wit, TTD is the ion fought by 
the Queſtion. 


15. Then according to the ſaid leſſer value of u, the compound quantity : 


— bu — as 

a 
into which e is multiplied in the latter part of the Tam y the ſixth ſtep will be 
reduced into this fractional quantity, to wit, 1444 : 2 GH f „ Which multi- 
plied into any number taken at pleaſure for the value of e, will give the number 4; 
and therefore to find out 4 and e in whole numbers we may take the Numerator ot that 
fractional quantity for 4, and the Denominator for e, or any two whole numbers in 
the ſame proportion with the ſaid Numerator and Denominator , and the leſſer of the 
two values of A before found for the Fraction ſought. 


An Example in Numbers. 
16. Let there be given . 3 8180 = 8289 @ «+ * 


0 
Uu 
N Te 


6 = bbp-|- 2b dd, 
I by -|- ; ur 


17, Then the three numbers ſought will be theſe, — 4 = 4 . 
| i i N 
18. Which three numbers, to wit, 16, 24 and 23 will ſolve the Queſtion, as will be 
manifeſt by | 


The Proef. 


19. If the firſt number 16 receive 72 of the ſecond number 24, that is, 14, the ſumm 30 
will be to the remainder 10 as 3 to 1, (vi. as bto 4;) Again, if the ſecond number 
24 take 2 parts of the firſt number 16, to wit, 93, the ſumm 2 will be to the 
remainder * as 5 to 1, (to wit, as f to g-) Or inſtead of 16 and 24 you may take 
2 and 3 , or any two numbers in the ſame Proportion. 

20. Again, if b=3 .d=2.f=4.andg=5 then the literal quantities in the 
preceding 17" ſtep will give theſe three numbers, 125, 90 and 27 to ſolve the Que- 
ſtion ; or inſtead of 125 and 90 you may take 25 and 18, or any two numbers in the 
ſame Proportion. 

Note. If in reducing the Equation in the ſeventh ſtep, bf were ſuppoſed either equal 
to dg or leſs than dg , there would come forth an Equation wherein the value of & would 
be either unity or greater than unity; but according to the import of the Queſtion it 
ought to be leſs than unity, and ſuch is the leſſer value of u in the Equation in the eighth 
ſtep, where bf is ſuppoſed greater than 4g, as the Determination annexed to the Queſtion 


requires. 


LUEST. 52. (Quaſt. 41. Lib. 4. Diophant. ) 
To find two numbers, that the Product of their multiplication may be to their ſumm 
in a given Reaſon (or Propomion,) ſuppoſe as 7 to 5. 
RES O- 


8 
i 
| 
$ 


"ys. 
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RESOLUTION. 
rn nn on . co Snot © a x 
T T7 7O\ﬀo FW _£__ET 
» Then ob DD - co Go RR 
And the Product of their multiplication is  . .þ 
But according to the Queſtion the Product mult be to the ſumm 
—_—7 „ Tr - 
6. Therefore by comparing the Product of the extremes to the Pro- 
duct of the means this Equation ariſeto dnn 8 dae = ra re 
7. And by ſubtracting re trom each part of that Equation , this * 
ariſeth, viz. . . rr. 


8. And by dividing each part of the laſt Equation by 1 —r, this N 2 


ne 


Ae . 44e :: 71. 4 


AD 


Which Equation gives this 


* . * o - * 


34 — 57 
CANON. | 

9, For the firſt number ſought take any number rome than the Quotient that ariſeth 
by dividing the former term of the given Reaſon: by the latter; then multiply the firſt 
number ſo taken by the latter term, and from the Product ſubtrat the former term; 
laſtly, by the Remainder divide the Product made by the multiplication of the firſt num- 
ber into the former term, and the Quotient thall be the ſecond number ſought. For 
example, if two numbers be deſired that their Product may be to their ſumm as 3 to 2, 
(chat is, as r to g in the Reſolution, ) you may take any number greater than 2, 
as 2 , for the firſt number; then (by the Canon) the other number will be found 6; 
which numbers 2 and 6 are ſuch , that their Product 12 is to their Summ 8, as 3 to2, 
as was deſired; After the fame manner you may find out innumerable Anſwets to the 
Queſtion, | | 

10. But if it were deſired to find out two numbers that the ProduR of their multiplication 


might be equal to their ſumm, and that the ſumm ot Product might be a ſquare number 
the numbers may be found out thus , viz. iq | , 


For the firſt number ſought put . . . „ 4 
And for the ſecond number * . * 80 4 * * 8 e 
Then according to the Queſtion, n „ i= a be 


Therefore by tranſpoſition of „ . 5 „ >», id 
Therefore each part of the laſt Equation being divided by? let 4 
f=- 1, ual . . + ib Os Pl 


Which laſt Equation multiplied by « gives . +» 1 :; 3 | ay —_ (& #46) 


Which —<<__. muſt (according ro the Queſtion ) be a ſquare iamber, © Bur the Na- 


merator 44 is a Square; it remains then to equate the Denominator a — 1 to ſome ſquare 

number, let it be 44, viz. ſuppoſe a— 1 = dd, whence 4 == du I; according to 

which value of 4, the number e which was before found equal to = — vill be 2 1 
14 — I 

Therefore for the two numbers ſought take dd-|-1 and . which in words give this 


CANON. 


For one of the numbers ſought take any ſquare number increaſed with unity; then 
divide that ſumm by the ſquare number taken, and the Quotient ſliall be the other number 
ſought. 

As, for example, you may take 4--1 , that is, 5 fot one of the numbers ſought ; 
then dividing 5 by 4 (the Square taken, ) the Quotient £ ſhall be the other number ſought. 
So 5 and + will ſolve the Queſtion laſt propoſed ; for their Product is , their dumm alſo 
bo , which is a ſquare number as was required, 


— 


QUEST, 53+ 


To find two numbers, that their difference may be equal to the difference of theit Squares, 
and that the ſumm of the Squares of the two numbers may be a Square. 


RESO- 
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RESOLUTION. 
1. For the greater number put | 
>. Ras for the leer : 
3. Then their difference is . . ; 4 + 


= 6 - 


4. And the difference of their Squares is 
5. Therefore according to the Queſtion, . -. . 


6. Therefore by dividing each part of chat Equation by 8 the 


—_— 6 a» 
7. Therefore by tranſpolition of .. © + oP o 
8. Now taking 1 — 4 inſtead of e, the two numbers ſought ate . & and 1—4 
9. The difference of which numbers is either 24 — 1 or 1 —24, and the ſame is the 
difference of their Squares: Bur the ſumm of their Squares muſt make a Square; there- 
fore 244 — 24+ 1 mult be equated to a Square, yet fo, as the value of # may be leſs 
than 1. Now to cauſe that effect the ſaid ſide may be feigned — 1 - any multitude 
of à greater than 24 ; let therefore the ſaid (ide be feigned 34— 1, then the Square 
of 34 — 1 being equated to the ſaid 244 — 24 + 1 the value of 4 will be found *, 
which ſubtracted from 1 leaves 5; therefore + and + are the numbers ſought. : For 
as well their difference as the difference of their Squares is ; and the ſumm of the 
Squares of # and + makes a Square, to wit, 33. 
From the premiſles ariſeth this 
CANON. 


10. Take any number greater than 2 ; then divide the exceſs of that number above unity, 
by the exceſs of half the Square of the ſame number above unity, and the Quotient ſhall 
be one of the numbers ſought, which ſubtracted from unity leaves the other number ſought. 
As, for example, take the number 3; then dividing the exceſs of 3 above 1, that is, 2, 
by the exceſs of half the Square of 3 above 1, that is, by 2, the Quotient ? is one 

of the numbers ſought, which ſubtracted from 1 leaves + for the other number. 

11. The ſame Queſtion may be propounded thus, viz. To find a right-angled Triangle 
in Rational numbers, that the difference of the ſides about the right-angle may be equal 
to the ditference of the Squares of the ſame ſides. For ſolving this Queſtion , take any 
two numbers found out by the ſaid Canon, as Sand + for the ſides about the right- 
angle, whence the Hypothenuſal (to wit, the ſquare Root of the ſumm of the Squares 
bn and 2) vB . 

Moreover, from the foregoing Reſolution of Queſt. 5 3. we may deduce this 
THEORE M. 


12. If unity be divided into any two parts, the difference of the parts is equal to the dif- 
ference of the Squares of the ſame parts: And if the Product made by the mutual 
multiplication of the parts be ſubtracted from each of them, each Remainder will be 
a Square: Alſo the exceſs of the greater part above its Square is equal to the exceſs of 
the leſſer part above its Square, and each exceſs is equal to the Product of the parts. 

This will eaſily be manifeſted by theſe two numbers 4 and x — 4, whoſe ſumm is unity. 


DUEST. 54. ( Quæſt. 45. Lib. 4+ Diophant.) 


To find three numbers, that the exceſs of the greateſt above the mean may be to the 
excels of the mean above the leaſt in a given Reaſon, ſuppoſe as 3 to 1 ; and that the ſumm 
of every two of the three numbers may be a Square. 


RESOLUTION. 


1. Foraſmuch as the ſumm of the mean and leaſt of the three numbers muſt 
„ '>6 
2. Therefore the mean is greater than 2 for if we ſhould pur it 2, the leaſt 
would be alſo 2, which is abſurd ; therefore for the mean let there be 1 
3. Therefore from the ſaid poſitions the leaſt number is 
4. And the exceſs of the mean above the leaſt is . . . . . . .> 
5. But the exceſs of the greateſt above the mean muſt be the triple of the, 
excels of the mean above the leaſt ; therefore from the laſt ſtep the 
excels of the greateſt aboye the mean is 


e ET EY 


Queſt. 55. Diophantus's Algebra explain d. 


6. Which laſt mentioned exceſs, to wit, 6, being added to the mean 7 ' 
4a -|- 2 , gives the greateſt of the three numbers, rowit, . . . 76-2 
7. But the Queſtion requires two things more, to wit, that the greateſt | 
with the mean may make a Square; and that the greateſt with the”Q 84 4 
leaſt may make a Square; hence ariſeth this Duplicate equality{ 64 + 4 
—— A 2 * 8 3 a | | 
$, Which Duplicate equaliry hath. already been ved in the precedi ueſt.-33. of 
this Book , where — number f, ( among innumerable yy — . 
be diſcovered, and each to be leſs than 2, as the third ſtep of the preceding Reſolution 
requires, ) was found out for the value of 4. Therefore 244 being taken for the value 


[a 


[Fi 


of 4, and the politions in the ſixth; ſecond and rhird ſteps reſolved accordingly., the 


three numbers ſought will be found theſe, to wit, 2445, 184 and 284, which will 
ſolve the Queſtion. For firſt, the exceſs of the greateſt above the mean, to wit, 4482, 
is the triple of +2 the exceſs of the mean above the leaſt ; ſecondly , the ſumm of the 
preateſt and mean is the Square 243% , whoſe ſide is 25, thirdly; the ſumm of the 
greateſt and leaſt is the Square 249, whoſe ſide is 153 laſtly ; the ſumm of the mean 
and leaſt is the Square £23% , whoſe lide is 22, that is, 2. 


Es T. 55- (Quxſt. 2. Lib. 5. Diophan, ) 
Io find three numbers in Geometrical proportion, that every one of them increaſed 
with'a given number 4 may make a Square. 


RESOLUTION. 


1. Firſt, ſeek a Square which added to the given number d may make a Square, 
and whoſe + part may exceed 4; ſuppoſe it be found bb, let this be put for > bb 
one of the extreme Proportionals ſought, to wit, ... ., « « « +» + +» 
3. Forthe other extreme pupurruuP³ nnn „„ & 4a 
3. Then becauſe the Product of the extremes is equal to the Square of the: 
mean, therefore the Square of the mean is bb, whoſe Root is the mean > ba 
= a, OUR, - - o oe , oo Ge  RQuwoxs ; 
4. By Conſtruction in the firſt ſtep the firſt extreme bb increaſed with the given number 4 
makes a Square; but according io the Queſtion the other extreme and the mean being 
ſeverally increaſed with the ſame given number d muſt alſo make a Square, whence this 
Duplicate equality ariſeth, 
44 E d : 


| OY ba -|- d a 

5. Now to reſolve this Duplicate equality I proceed as in former Queſtions , viz. Firſt, 
the difference of thoſe two Equations is 44 — ba, which is equal to the Product of 4 
into 4 ; then if the Square of half rhe ſumm of à and 4 — & be equated to 44. 4, 
or the Square of half the difference of 4 and 4 - to bs + 4, from either of thoſe 
Equations the value of 4 will be made known: But half the difference of the ſaid 4 and 
a—b is 16, whoſe Square N 1 this r 2 10 b -d, and it will be 

2 = 


o 


I II. 


6. Whence, after due Reduction, the value of 4 will be diſcovered, 


1 1 


7. And by multipl 


— Ebb —d 
RY ror 


ing each part of the laſt Equation by 6, it gives > ba = 46 — d 


From the premiſſes ariſeth the following Canon to find out the three Proportionals ſought; 


CANON. | 


8. Take for one of the extreme Proportionals ſought ſuch a ſquare number that if it be 
increaſed with the given number it may make a Square, and that a quarter of the firſt 
Square may exceed the given number; then from a quarter of the firſt Square ſubtract 
the given number and there will remain the mean Proportional ; laſtly , divide the mean 
by the ſide of the Square firſt taken, and the Square of the Quotient ſhall be the other 
extreme. | 

An Example in Numbers. 


Suppoſe 19 = 4 the number given in the Queſtion; then find à Square that if ic 


be increaſed with 19 may make a Square, and that a quarter of the Square found out _ 
excee 
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— yo A 
—— — 


exceed the ſaid 19, (or that the (ide of the ſaid Square may exceed 76.) But ſuch is the 
Square 81, ( found out after the manner of reſolving the ninth Queſtion of this Book,) 
for $1 increaſed with 19 makes the Square 100, alſo 3 of 81 is greater than 19 , there- 
fore $1 ſhall be the firſt of the three Proportionals fought, Then by the Canon above 
expreſt, the other two will be found æ and 1233. I fay, 81, 4 and 5755 will ſolve the 
Queſtion : For firſt they are continual Proportionals, in regard the Product of the ex- 
tremes. is equal to the Square of the mean; ſecondly, the firſt Proportional 81 increaſed 
with the given number 19 makes the Square 100; thirdly , the mean Proportional 3 in- 
creaſed with the ſaid 1 9 makes the Square 44 laſtly, the third Proportional 2255 increaſed 
with the ſaid 19 makes the — 7273, Whoſe ſide is 44. Therefore the Queſtion is 
ſolved, and manifeſtly capable of innumerable Anſwers. 


— — , btn. or ne 
— — — — 


QUEST. 56. ( Quaſt.7. Lib. 5. Diophant.) 
| To find two numbers, that the Product of their multiplication added to the ſumm of 
their Squares may make a Square. 


RESOLUTION. 
1. For one of the numbers ſought take any known = 3 
> 4 


J „ © © 
2. For the other number put | 
3. The Square of the firſt is . « « « « . . «> bb 
4. The Square of the ſecond is . « . +» „ 44 
5. The Product of the multiplication, of the two num- þ 

ber 8 is 0 SECS 4 0 es e 1 
6. Therefore the ſumm of the ſaid Squares and Product is '> as -+ ba + bb 
7. Which ſumm muſt be equal to a Square, the fide 

whereof may be feigned to be 4 — any known number | 

greater than 6b, let it be 4 — d, and then the Square of > 4 ba- = a4a—:2 dH 

42 — d being equated to the ſaid ſumm, this Equation 

LES c ua = 3% 
8. Which Equation after due Reduction gives .> 4 
9. Therefore from the firſt, ſecond and eighth ſteps the 

rwo numbers ſought are equal to theſe known numbers, 

DES ©. © o Fo RT TIE an T3 ne . . 
10. But to avoid Fractions multiply thoſe two numbers 


ſeverally by the Denominator 24--b, and take the> 2 db - bb and dd — bb 
Products for two numbers to ſolve the Queſtion , vix. | 


| The Proof. 
It. The Square of dd —bbis * . . . . dddd—2ddbb þ+tbbbb 


12. The Square of 245 - „ is ... 4ddbb+- 4dbbb-|-bbbb 

13. The Product of dd b into 2db - is , > 2bddd— 24bbb + bbad-bbbb 
- 
4 


14, The ſumm of the ſaid Squares and Product is ; dq. -i 3 db 246 
15. Which ſumm — Root is a Fi bb oo 
From the tenth ſtep ariſeth 


(| 
- * oi 
22 


CANON I:. 


16. Take any two unequal ſquare numbers, then their difference ſhall be one of the num- 
bers ſought; and the leſſer Square increaſed with the double Product of the multipli- 
cation of the ſides of thoſe Squares ſhall be the other number ſought. | 


| Moreover, becauſe the Product of the multiplication of the ſumm of any two numbers 
into their difference, is equal to the difference of their Squares, therefore from the pre- 
ceding Canon ariſeth 


CANON 2. 
17. Take any two unequal numbers, then the Product of their ſumm multiplied into their 


difference ſhall be one of the two numbers ſought, and the double Product made by 


the mutual multiplication of the two numbers firſt taken, together with the $ f 
the leſſer number ſhall be the other number ſought, _ © *% Jongg 


From 
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From the premiſſes tis evident that the Queſtion is capable of innumerable Anſwers in 
whole numbers, of which (for the Learners exerciſe ) I ſhall exhibit ſix, with their Proofs, 
in the following Table. 


8g 


d. are aq 17 
32,1] 5, 3.1. 35} of 256 ages 
2 2211 8 7 64| 49] 56 169] 13 
3|3»2 16, 5| 256| 25 80 36719 
4|4»3| 33, 7 1059] 492311369 37 
FIS,T|24,11 | 576| 1211264] 961J31 
6 5 „3 39, 26 11521| 256[| 62412401 49 


18. The numbers under d and & in this Table are fix pairs of numbers taken at pleaſure; 
by which the latter of the two preceding Canons gives ſix pairs of numbers under s and v 
to ſolve Queſt. 56. As, for example, if 2 and 1 be taken, then Canon 2. gives 5 and 3, 
(hat is, 5 and r) to ſolve the Queſtion : For 25 and 9, the Squares of 5 and 3, together 


with 15 the Product of 5 and 3, (that is, g 5r ) make the Square 49, (that 
is 9q,) Whoſe lide is 7, (to wit, 3.) 


But for a further Proof, you may obſerve from the fourteenth and fiſteenth ſteps of 
the Reſolution, that every number ſtanding under q is _ to its reſpective dd -C; 
ſo 7 in the Columel of q is equal to the Squares of 2 and 1 ſtanding under 4, b, together 
with the — of 2 into 1. The like is to be underſtood of the other five Anſwers 
in the Table. 


Ob ſervat. 1. wpon the foregoing Queſt. 56; 


Whereas it is taken for granted in the tenth ſtep of the preceding Reſolution of 
Aueſt. 56. that two numbers in the ſame Reaſon-( or Proportion) with thoſe found out 
to ſolve the ſaid Queſtion will likewiſe ſatisfie the ſame , 1 ſhall here demonſtrate the truth 
thereot. | 


Suppoſitiont. 


1. Let two numbers capable of ſolving Qucſt. 56. ſuppoſe 7 | 
5 and 3, berepreſented by . . 2 3 5 4 and 5 


2. And let their Squares be ſignified by ; , „% 44 and bb 
3. Then according to the import of Queſt. 56. . > aa ba--bb = Q 
4+ Let two other numbers having the ſame Proportion to | 

one another as 4 to 6 be repreſented by d and c, viz. 5 a . b :: de c 


r 
5. Ihen add cd the Product of r and 4 to cc and 

the Squares of c and d, ſo the ſumm is „ *S; 4 dd j- ed J-ce | | 
6. Now we muſt demonſtrate that. „f edc = (a Square.) 


Demonſtration. 


7. By Prop. 17. Elem. 7. Euclid. . . . „% 2 :: as . ba 

8. And by Prop. 11. Elem.8. g. ba :: ba . bb | 
9. * ore our of the two laſt n — 4 1 0 22 bob Sr 
10. And by the like argumentation, . . % d.c :: 4d, cd :: cd, ce 
11. And becauſe by ſuppoſition in the fourth ſtep, > 4. 6 ::d .c 


12. Therefore out of the ninth, tenth and mY 


venth ſteps, ( per Prop. 11. Elem.5.) . aa ..ba :: ba. lb :: dd. ed :: cd. ce 


13. Therefore alternately (per Prop. 13. Elem. 7.) > 
14. Therefore (per Prop. 12. Elem. 7.) 
15. And becauſe by ſuppoſit ion «' «> 
16. And by ſuppolition in the third ſtep, .> 
17. Therefore from the fourteenth, fifreemh and 
ſixteenth ſteps, (per Prop. 24. Elem. 8.) 


Which was to be proved. 


9 © 


M 


aa. ad :: bar cd :: bb. ce 


> rb. du Acer:: 44. dd 


44 and dd are Squares. 
aa + ba+ bb = 


dd ed 6 = 0 | 


Obſervat. 2. 
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Obſervat. 2. upon Queſt. 56. 


Albert Girard in pag. 618. of Simon Stevin's Arithmerick printed in the French Tongue 
at Leyden, in 1625. doth from the ſaid ſeventh Queſtion of the fiith Book ot Diophanties 


deduce this following ; 
THEOREM. 


If a plain Triangle be made of three ſuch ſides, hat the ſumm of the Squares of two of 
thoſe ſides , together with the Rectangle (or Product of the multiplication ) of the ſame 
two lides, is equal to the Square of the third (ide , then the angle oppolite to ſuch third 
fide hath for its meaſure exactly 120 degrees. But if the ſaid Rectangle (or Product) 
be ſubtracted from the ſumm of the ſaid Squares, and the Remainder be equal to the Square 
of the third fide, then the angle oppoſite to ſuch third ſide ſhall have for its meaſure infal- 
libly 60 degrees. 

This may eaſily be demonſtrated by Prop. 12, & 13. Elem. 2. Euclid. but waving the 
Demonſtration, I ſhall explain the Theorem by Numbers. 

Firſt then, if three numbers be deſired to expreſs the meaſures of the ſides of a plain 
Triangle that ſhall have one angle whoſe meaſure is 120 degrees, the preceding Table will 
furniſh you with ſix ſuch Triangles , for in every rank of numbers in that Table, the 
three numbers which anſwer to 2 1 and g will conſtitute the Triangle deſired. As, for 
example, 5, 3 and 7; likewiſe, 8, 7, 13 | 16,5, 19, Cc. will expreſs the Quantities 
of the ſides of Triangles, in every one of which, the meaſure of the angle oppolite to the 
greateſt fide is exactly 120 degrees. 

Otherwiſe , without the help of the ſaid Table, if two unequal numbers be taken 
at pleaſure, as 2— d, and 1 = b,, then theſe three following numbers ſhall expreſs 
the meaſures of the ſides of a Triangle having an angle of 120 degrees, viz. 


2db -1- bb = 5 = AB, C 
dd — bb = 3 = BC=BE=EC, 
ad - db bb = 3 = AC. 


A 1 
Which, three numbers, ( as is manifeſt by the preceding Reſolution of Queſt. 56. ) have 
this property , vic. the ſumm of the Squares of the two leſſer numbers together with 
the Product of their multiplication is equal to the Square of the third or greateſt number. 
Moreover, if three unequal. numbers be deſired to expreſs the Quantities of the ſides 
of a plain Triangle that ſhall have for the meaſure of one of its angles exactly 60 degrees, 
you may readily find them out by the help of the preceding Table: For the numbers 


anſwering to , r, and q are the three numbers deſired ; ſo from the firſt rank of 
numbers in the Table, you may take | 


8 = A Hr = AE, 
422 r = EC = EB = BC, 
7 = g = AG. 


Which three numbers 8, 3, 7 are the meaſures of the ſides of a Triangle having one 
of its angles, (to wit, that opoſite ro 7 or q, ) exactly 60 degrees. 

Otherwiſe , without the help of the ſaid Table, if two unequal numbers be taken at 
pleaſure, as 2—=4, and 1 , then theſe three following numbers ſhall be the mea- 
ſures of the ſides of a Triangle having one angle of 60 degrees, to wit, that oppolite 
to the {ide dd -|- db + bb. 


24h dd 8 = AE, 
; dad — b = 3 = EC, 
ad -|- db = bb = = AC 


| | 7 ; 

In which Triangle the Square of the fide dd -|- db -|- bb is equal to the ſumm of the 
Squares of the other two ſides 2 db -|- dd and 4d — bb, leſs by the Rectangle (or Product) 
ot the ſame two ſides, as is evident by the following 

Proof. 
The Square of 24h - dd is . +. 4b + 4bddd-|- dddd 
The Square of dd — bb is „ dd — 2ddbb + bbbb 


* 1 p _ 
FA 


. -m — 


V 


ne 
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The ſumm of thoſe Squares is . . 8 24dbb-|- qbddd + 2 dddd + bbbb 
The Product of 24b-{-dd into da- bb is > 26b4dd-|- dddd — 2dbbb — dabb 
Which Product being ſubtraRed trom — dadd -- bbb -þ- 3dabb -.- 24bbb + 2bdad 


ſaid ſumm of the Squares, leaves 8 
Which Remainder is the Square of 4d-E db -{- bb , as was affirmed. 


LUEST. 57. (Quaſt.8. Lib. 5. Diophant.) 
To find three right-angled Triangles in Rational numbers that ſhall have equal Area's. 


RESOLUTION. 


1. Firſt , by either of the Canons in Sect 16, 17. of 
the foregoing Queſt. 56. find out two numbers 
capable of ſolving that Queſtion , ſuppoſe ; 

2. Therefore, (according to the import of the ſaid * 
Leſt. 56.) the Squares of s and v, with the Pro- is. 2 
duct of s into v is equal to ſome Rational ſquare u - E = 94 
number, let it be gg, whence . . . . .. | | 

5.  -— by — . the firſt and ſecond : = 9, (Rational.) 

4. By the Canon in Obſervar. 8. Reſolut. 2. Queſt. 1. form a right-angled Triangle from 
v: 85 5r 4-77: (that is, 3) and er, ſo the three ſides will be expreſſible by theſe 
Rational numbers, _ 

. s ir 2x7 = Hypothenuſal , 
vi x. = 


—— 


s the greater, 
the leſſer. 


u 5+ = Bale, 

| | 247 = Perpendicular. 

5. In like manner form a ſecond right-angled Triangle from y/: 55 Pr + 77 : (that is, q 
and £, ſo the three ſides will be Spreſſible by thei Rational numbers , : 20 

2% Ir rr — Hypothenuſal, 
vid 3 3 rr — Baſe, 

| 24s = Perpendicular. 

6. Likewiſe , form a third rigft-arigled Triangle from y/: P P: (that is, q ) 
and r, ſo the three ſides will be expreſſible by theſe Rational numbers, 

2 + zur -|- 247 = Hypothenuſal, 
vix. 5 ar = Baſe, 
298 ＋ 247 = Perpendicular. 

7+ I ſay thoſe three Triangles will ſolve this 37 Queſtion : For firſt , by Conſtruction 
they are right-angled Triangles , ſecondly, all the fides are expreſſible by Rational 
numbers, tor 3, » and q are Rational numbers by Conſtruction , thirdly, it in every 
one of thoſe three Triangles the Baſe be multiplied by the Perpendicular , every one 
of the three Produtts will manifeſtly be equal to 29rss + 2 qr; therefore the halves 
of thoſe Products, that is, the Area's of thoſe three right-angled Triangles are equal 
to one another, as was required. 

8. And lince the foregoing Queſt. 56. gives innumerable whole numbers anſwering to 
5s, 7 and q, you may find out as many Ternions of right-angled Triangles in whole 
numbers as (hall be deſired to ſolve this g Queſtion. But to have the nine ſides 
of every Ternion expreſſible by whole numbers in the leaſt Terms, every pair of the 
ſaid numbers s, » muſt be the leaſt Terms of a Reaſon, that is, two ſuch numbers as 
have no common Diviſor beſides unity. a 

9. The premiſſes give the following Canon to find out innumerable Ternions of right- 
angled Triangles in whole numbers to ſolve the Queſtion propoſed, after the Rational 
whole numbers repreſented by 2, r and q are firſt found out by either of the Canons 


of 2 xeſt. 56. 
eſt 5 CANON. 


is rr = h — Hypoth, - | ; 
DDr o- 
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Hypoth. 
Baſe, | of Triangle II. 
Perp. 


188 Obſervation upon the Canon laſt aforegoing. 


Divers properties, beſides the equality of Area's, in the three right-angled Triahgles 
found out by the ſaid Canon, do preſent themſelves to your view, and are worthy of Obſer- 
vation. The principal Properties are theſe four , vis. 

cons tay 


That is to ſay, in words, | 

1. The ſumm of the Hypothenuſal and Baſe of the firſt Triangle, is equal to the ſumm 
of the Hypothenuſal and Baſe of the ſecond. 4 

2. The fumm of the Hypothenuſal and Baſe of the third Triangle, is equal to the 
double · ſumm of the Baſes of the firſt and ſecond. 

3. The exceſs of the Hypothenuſal above the Baſe of the third T e is equal to the 
ſumm of the Hypothenuſal and Baſe of the ſecond, and likewiſe to the ſumm of the Hypo- 
thenuſal and Baſe of the firſt. 

4+ The Perpendicular of the third Triangle is equal to the ſumm of the Perpendiculars 
of the firſt and ſecond. 

By the firſt of choſe three Triangles is meant that which hath the ſhorteſt ; 
by the ſecond, that whoſe Hypothenuſal is next greater than the ſhorteſt , and by the third, 
that which hath the longeſt Hypothenuſal; in which order they are ſer in the Table. But 
the better to explain the Canon and Properties, I ſhall reſume the Table belonging to 
Aueſt. 56. and call it Table I. whence ſix Anſwers in whole numbers to this Queſt. 57. 
are deduced , and inſerted in the following Table II. 


Table I. brought from Queſt. 56. 
222 — . 


2 5 Fa I) 9 | } 49 
3,1] 8, 7 49 |_$6] 169 
3,2|16, 7 25 361 
423 27 7089 49 1369 
2. 242110 776127 961 


— 


23322156 256 | 624 |2401 


Table II. daduced from Tab. I. by the Canon in Seft.g, Quelt. 57. 


b. | p.| 6. . | H.| B.TF.” 
r | __40|__42]_74 * 113151 112 
2218 120} 182233 | 394\_$6] 3 
3 335 190612 802 80 798 
1320 582458 N 2969 2312960 


vw © 


— 
a9 


wo | = 
Wwe 


; 


+» jw 


8.4 658201832 1488 2186 | 26.4 2170 
114515683922 3822 5416 |624 | 5390 


The ConſtruRion of T. L hath already bann expreſt in weſt. 56. whence the latter 
Table is deduced according to the Canon in Seßb. . of 2 „ and contains 
fix Anſwers to it the firſt of which is to be underſtood : | 


od chus, 


4 
F 
6 


* 


In 


. — 
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In the Hirſt rank, under . h, b, p. b,b, p. „ . 
you will find » © o- $50, 40, 4. 74, 24 5 70. 113, 155 112. 
Which three Triangles have equal Area's, and ſuch other properties as before have 


been declared, viz. h -b B=, Oc. as will eaſily a by com 2 
numbers anſwering to thoſe Equations, The like is tobe underſtood ood of te aller fie Antlers 


—ͤ— LT 


DES. 58. 


[ This Probl. 29. in 131, of the Introdattion to Al tranſlated ont of Hieb 
Dutch into Engliſh 4118666 Al Brancker, AA. A. _—_— 7 He 


To find three . — Triangles equal to one another in Area; and that the Perime- 
ters of two of t — may be equal to one another; and that the ſides and Per- 


—— of every one of thoſe three Triingles may be expreſſible by rational numbers. 


7 5 
RESOLUTION. | 
t. Hy the Cahon in the ninth ſtep of the Reſolution: of the ſoregoing 2uef. 57. find our 
three right-angled Tri in rational numbers, and equal to one another in Area; 


ſuch are the three Triangles in any one of the fix ranks of tlumbers in Table 11. be- 
longing to the ſaid 2. 57. for example, take thoſe in che firſt rank. 
5 bh, G Ry H „ , P. 
— 1 74 , 24 » 70. 113, 15 112. 
Then ( as is evident by the Diagram bel to this Queſtion) the ſides of the three 
1 * N ired hall be theſe folding, _ 
PI * h „ 2b. . H,H ; 2B, 
58,58, 80. 74 74 » 48. 113 „113, 30. | 
And Gs Perpendiculars falli n the Baſes, viz. upon ; + 
— 2b, 2b, 2B of thoſe three roral Triagfes, Mgr as p.- * 76 „ 112) 
* three equicrural Triangles in rational numbers hw expteſt in the ſecond ſtep 
will cke the Queltion, a5 will be evident by 
| Tie Proof. TTY 
Conſtruction in the firſt ſep the three right-argled Tri p. »PÞ- | 
u. Kl f — obs extder ile, ents oops. : 4 axe equal 10 te 
another; but the ſaid double Area's —— S 
b, h, ab. | b,h, 2b. H, H, zB, and therefore the Area's D 43 2 
angles are equal 3 


i 24. = by = BP, | 
PIC = 24x70 = „rs = 1680. 
Moreover, by the c 
e 57.this Equation is 


DL = bb; ö 
"FEE 9 


94 Diophantus's Algebra explain'd. Book 111: 


6. Therefore the double of the firſt part of that Equation ſhall be equal to the double 
of rhe latter part, 1 „  » 

-2h 2b = 26 +26, 92911 

116 ＋ 80 = 148-48 3 196. f 

7. But the ſaid double ſumms ( if you view the Diagram belonging to this Queſtion ) 

are manifeſtly equal to the Perimeters of the two equicrural Triangles h, h, 2b and 
b, h, :b , therefore thoſe two equicrural Triangles are equal to one another in their Pe- 
rimeters as well as in their Area's, and each Area is equal to the Area of the third equi- 

crural Triangle H, H, 26; alſo all their ſides and Perpendiculats are expreſt by rational 
numbers, as the Queſtion required. In like manner five Anſwers more to this 5 8. 
Queſtion may be collected from Table II. in Queſt. 57. and tis evident from the pte- 
miſſes , that innumerable Ternions of equicrural Triangles in rational whole mw 
may be found out to ſolve the ſaid Qxeſt. 5 8. 


di x. 


LUEST. 59. 


The three ſides of any plain right-angled Triangle being given in rational numbers, 
to find out another right-angled Triangle in rational numbers, which ſhall have the ſame 
Area with the former. 

[ Monſ. de Fermat, in his Obſervation upon Queſt. 8. of the fifth Book, of Diophantus, 

gives a Canon to ſolve the Queſtion above propoſed , but ſhews not the riſe thereof; 
I ſtall therefore reſolve the ©ueſtion at large by Literal Algebra, upon the ſame 
grounds by which it i reſolved by Numeral Algebra in pag. 11. of his Analytical 
Inventions, prefixed to the late Edition of Diophantus printed at Tholoſe i» 1 670. ] 
RESOLUTION. ! 

Let there be given a right-angled Triangle in rational numbers; as 3, 4; 5; which 
may be repreſented by b, p, h, whoſe Area is 2%; then let 6 and a+|-p be aſſumed for 
the ſides about the right-angle of a ſecond right-angled Triangle, whence the Hypothenuſal 
will be /: aa+ 2pa+ bb : that is, (becauſe bh = pp 4- bb) y: aa + 2pa + bh: 
and the Area ee mal, age is 2b HELA Now ii 4 — Area be divided by the 


former Area 2b p; and if by the ſquare Root of the Quotient I- 1, bit. by : © + 1; 


the three ſides of the ſecond Triangle be ſeverally divided, the Quotients ſhall be the three 
| ſides of a thirdright-angled Triangle , whoſe Area is equal tothe Area of the right-angled 
. Triangle firſt given: For if the ſides of the ſecond right-angled Triangle, to wit, b, a+ p 


and /: 44 2pa + bb: be ſeverally divided by 9 + 1 : the Quotients - : , 
| | TE Si— +1: 
Th 1 = are the ſides of a third right-angled Trianlge 
47) bt blk fe it 

of, 
whoſe Atea << 2 * is equal to i by the Area of the firſt right-angled Triangle ; ( for 7 


+ 2 into 20% makes ba-|- bp: ) So that if a4-|-2pa-+ bh and © 4-1 were ſquare 


numbers, then the Queſtion were ſolved : But how. t . * 
ties to be ſquare numbers, the following Refolmdien fhews. ake thoſe two Algebraick quanti- 


1. Let there be given, as before, the three ſides of a right-angled 2 
„% „% „% „„ „„ „ 7 

2. Then for one of the ſides about the right · angle of a ſecond 
„ > <>  R_—_z 

3- And tor the other ſide about the righi- angle. a-|-p 

4. * dene the — ef * of thoſe two ſides 

equal to t of the Hypothenuſal , rhe Square of 

the Hypothenuſal of the ſecond righr-angled Triangle ſhall be a 

52 That is, ( becauſe bh r F 2 % ib 

92 24 „ — ; x | | 6. From 


\ 


_— 7 
P : * 
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6. From the ſecond and third ſteps the Area of the ſecond right- > . 
nungled Triangle is " os © wm . 1 26 ＋ 369 
7. Which Area divided by 26, the Area of the firſt right · angled > 4 

Triangle, gives the Quotient „ 9 ry * 
8. Now according to the (cope before · mentioned; each of the ; aa T- 2pa|- bh = 0 

quantities in the fifth and ſeventh ſteps muſt be equated to 

a Square, ſo we are fallen upon this Duplicate equality, viz. 

9. In order to reſolve that Duplicate equality, I multiply the 


aid E 1 by the Square hh, to the end there may bethe> =, + hb = 2 


3, S 
Pp 


ſame known Square hh in each Equation, ſo it produceth . . | 
10. Then the difference of the ſaid aa + 2pa + hh and 7 as + 2pp—bb, 
7 | 


-- bh, viz. the difference of the two Squares ſought is 
11. Which difference is equal to the Produ of the — gab 2pp — bb and a 


cation of theſe two quantities, to wit, 


12. The halt-ſumm of the two quantities laſt mentioned ers 9 a+ 2þþ — hh 
2 


13. Then the Square of the ſaid half. ſumm being equated to 44 E- 254 + Th (aſſumed 
to be the greater of the two quantities in the eighth ſtep) gives this Equation, viz. 


A z L = as +20 . 4200p 6bbb— ablpp 


7 45 
14. Which Equation, after due Reduction, gives d 4 = Epos —2bbp 
25. Therefore from the ſecond, third and fourteenth ſte 25 b. 
the two ſides about the right- angle of the ſecond — b and ILE Rs bbpp 


angled Triangle fought arrre o . | 
16. The ſumm of the Squares of thoſe two ſides; by taking 66 - pp inſtead of the Factor 
bb, and bbbb -|- : bbpp 1 PPP inſtead of the Factot hbbb, will be found 
b 2864p" þ- 2b*%pp 4 bby . 
bp 4-2bbp* 4-p* 
17. The ſquare Root of the ſumm ot the Squares in the 
laſt ol the Hypothenuſal of the ſecond right-angled > . 1715 ＋ 222 
Triangſe ſought, rowit, . + a ** * © bp ppp 
18. Which Hypothenuſal, by taking hb in of bp; Abbbb L 33 
and bbbh inſtead of 6665 -4- 2 bbpp -1— ppp, may be ex- So de 


_— —.. - - - « + + « "fi 
19. Therefore from the fifteenth and eighteenth ſteps , the three ſides of the ſecond right- 
angled Triangle ſought are theſe, to wit, 


g „ mp —_—_— an . 


20. Therefore the Area of the faid ſecond right - angled ? ppppb + Abb — bbppb 
Triangle is | _ 2 bhp 


21. Which Arca divided by 2 the Area of the oy pppp | bbb. hhpp 
angled Triangle firſt given, gives the Quotient . "opp | 

| | k | Pp — tbh 

22. The ſquare Root of that Quotient is 3 * 

23. By which ſquare Root, if the chree ſides of the ſecond right - angled Triangle before 
expreſt in the nineteenth ftep be ſeverally divided, the Quotients will be the three ſides 
ot the third right-angled Triangle ſought, to = b 

| hhpb bp 

10 ph — 1b (er pp — 3b ) 

ppp? -. 0 — bhpp 

pph — Zhbh : 

y | ? bhhb -\- bbpp 

3. 


£4 


ppb —3blb 


_ 24, But 
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* But bbpp -|- pppp = hbpp, therefore inſtead of ſubtracting hhpp in the Numerator 
of the ſecond of the three ſides laſt before expreſt, we may ſubtract bbpp -F pppp , 


whence that ſide may be expreſt thus = => „and conſequently the three ſides 


of the third right-angled Triangle ſought thall be theſe, to wit, 
Hh : 2 hbhh — bbpp 2 bhhh -- bbpp 

ppb bh ppb — Sbbk  * ph —Thhbb © 

25. Or, (to avoid Fractions) we may multiply the Numerator and Denominator of every 
one of the three ſides laſt above expreſt, by 4, ſo theſe three following ſides (Which 
are of the ſame value with thoſe ) will be produced for the third right-angled Triangle 
ſought, to wit, 

ah „ e —qbbpp „ 0 
4pph — 2 hh. 4pph — 2 hh 45 — 260 
Hence ariſeth, 


CANON I. 


26, Let b, p, h repreſent the three ſides of any right-angled Triangle given in rational 
numbers , whereof the Hypothenuſal is h, and p the greater of the two ſides about 
the right · angle; then from hh and 2bp torm a right - angled Triangle, ( by the Canon 
in Ob ſervat. 8. upon the Reſolution by literal Algebra of the firſt Queſtion of this 
Book ;) that done, divide ſeverally the three ſides found out by 4pph — 2hbh, fo 
there will ariſe the three ſides ot a right-angled Triangle whoſe Area ſhall be equal 
to the Area of the given right-angled Triangle , , h. 

27. Again, by ſuppoſition, hhj-pp = bb-|-2pp, and pc=6b, therefore pp — bb 
D 2pp — hh, whence by multiplying each part into 2h it follows that 2pph — 266bh 
= 4pph — 2hbbh : Therefore inſtead of the Diviſor 4pph — 2hbh in Canon 1. we 
may take '2pph — 2bbh, and ſo there will ariſe the following Canon, (which is the 
ſame with Monſ. Fermat's in the place before cited.) 


CANON z. 
4bhpb _ bbhh — abbpp „ bhbbb ＋ qbbpp 
Im —: = * = 


In words thus, 

28, Let h, p, h repreſent the three ſides of aay right-angled Triangle given in rational 
numbers, viz. kh the Hypothenuſal, p the greater (ide about the right-angle , and 6 
the leſſer ; then from hh and 2bp form a right-angled Triangle, and divide ſeverally 
the three ſides found obt by 2pph — 2bbh, ſo the Quotients ſhall be the three ſides 


of a right-angled Triangle whole Area is equal to the Area of the given right-angled 


Triangle 6, p, h. 
T- r An Example in Numbers. 


Let there be given the three ſides of a right-angled Triangle? 6 5 5 
in rational numbers, to wit, . . 


Then by eicher of the Canons theſe three ſides of a right- - " = 4 10 1 
angled Triangle will be found out, to wit. .F 79? ? 79 2 79 
Which latter Triangle hath the ſame Area with the former, to wit, 6. 
Again, 


Let there be given this right-angled Triangle in numbers, ? 6 p 5 
__ "FS Cw HEE EMT Tn „ 83 
Then by either of the preceding Canons this right-angled > 141 42142 42241 
Triangle will be found out, to wit, d; o % S525 3094 3 3994 3 3094 
Which latter Triangle hath the fame Area with the former, to wit, 30. 
From the premiſſes it is evident , that from any right-angled Triangle given in rational 
numbers another of the ſame Area may be found out ; and from the ſecond a third; and 
from the third a fourth, &c. all which tighi-angled Triangles ſhall have one common Area, 
to wit, that of the given right-angled Triangle, and all their ſides expreſſible by rational 


numbers. 


29. Moreover, from the nineteenth ſtep of the preceding Reſolution , ſeveral Canons 
may be deduced , to ſhew how by the help of any right-angled Triangle given in rational 


numbers, 


N 
; 
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numbers, to find out another, whoſe Area divided by the Area of the given Triangle will 
give the Quotient a ſquare number, But I ſhall exhibit only this following 
CANON. kl 

Let h repreſent the Hypothenuſal, p the greater ſide about the right-angle , and b the 
leſſer in any right-angled Triangle given in rational numbers; then from hh and 2bp 
form a right-angled Triangle, and divide ſeverally the three ſides found out by 4hhp , 10 
there will come forth the three ſides of a right-angled Triangle, whoſe Ares: divided 
by the Area of the given Triangle, will give the Qyotient a ſquare number whoſe Root is 


pp — 1 h5 or .2ÞÞ — bb 
hp  2bp A Example in Numbers. 

Let there be given the three ſides of a right-angled Triangle? þ ; þ 2 6 
m nv, Wi; 'o. oo oe oe ts SS 3 48 

Then by the laft Canon, this right-angled Triangle will be 3 
nn „b „ „ 7 >. * *. 

Ide Area of the latter Triangle 1j „ „ 2 23 

Which Area divided by 6 the Area of the given right - angled e 42 
Triangle 3, 4, 5 gives a ſquare number, to wit. > W 

The ſquare Root whereof ie 7 7 


LUEST. 60. ( Quaſt. 12. Lib. 5. Diophant p 


To divide unity into two ſuch parts, that if to each part a given number, ſappoſe 6 
be added, the two ſumms may be ſquare numbers. But the ſumm of the cable of the 
given number and unity muſt either be a ſquare number , or elſe compoſed of two Squares. 

RESOLUTION . ... . 
A.G -.B . A 
D — — — 1 ——— Y — E | 

Let AB be 1, and A D B E be the given number 6; therefore DE 13. Now 
we muſt divide A B, to wit, unity, into two patts, ſuppoſe in the point &, that GD and 
GE may be ſquare numbers; ſo that in effect we. muſt divide DE, that is, 13 into 
two ſuch Squares that one of them may be greater than 6, but leſs than 7, But that 
may be done by the fourth Queſtion of this Book, where 13 is divided into the Squares 
Aa and 2287, whoſe ſides are f and Af, and each of thoſe Squares is greater, 
than 6, but leſs than 7 ; therefore raking each Squire from 7; the remainders 2307 
and 224+ , (that is GA and GB, ) are the defired of unity: For if to each of 
thoſe parts the given number 6 be added, the two ſumms will be the Squares 8. 

It is alſo evident that inſtead of unity, e may be given to be divided z pro- 
vided that the ſumm of this number and of the double of the other number given make 
a Square, or elſe a number compoſed of two Squares. 


OVEST. 61. ( Queſt. 13. Lib. 3. Diophant. ) 

To divide unity into two ſuch — „ that to the one addiug 2, (a number given,) and 
to the other 6, ( another number given, ) the ſumms may be ſquare numbers. But the 
ſumm of the given numbers with unity muſt either make a ſquare number, or elſe a number 
compos'd of two Squares. | | 


RESOLUTION. 
A G B,,. » SS = 
v—— — 


= 

Let AB be 1, AD=2 .BE=6; therefore DE 9. Now we mult divide 
AB, to wit, 1 into — — ſuppoſe in the point G, that G D and G E may be ſquare 
numbers: So that in effect we muſt divide D E, that is, 9 into two ſuch Squares that one 


may be greater than 2, but leſs than 3 ; or that one Square may be greater than 6, but 

leſs than 7. But the third Queſtion of this Book ſhews/how to find out two Squares fo 

qualified, as the Square 2245 for GD, and the Square 4435 for GE, the es. of 
N Wnie 
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which Squares are 1 and 135: then ſubtracting 2 from the Square 21838, and 6 from the 
Square 1823, the remainders 2885 and 4323 are the deſired parts GA, GB of unity. 
For if the former part be added to 2, and the latter to 6, the ſumms are Squares, to wit, 
225% and 1365, a5 Was required. 


— 


QUEST. 62. ( Quzſt. 14. Lib. 5. Diophant. ) 


To divide unity into three ſuch parts, that if to every one of them a given number 3 
be added, the three ſumms may be Squares. But the ſumm of the triple of the given 
number and unity muſt cither be a ſquare number, or elſe a number compoſed of rwo or 
three Squares. 


RESOLUTION. 

It is eaſie to apprehend that the ſumm of the three Squares ſought makes 10, and that 
the ſcope of the ſearch muſt be to find out three Squares, every one of which may fall 
between 2 and 4, and that their ſumm may be 103 for then the three exceſſes ot thoſe 
Squares above 2 wil} be the three delired parts of unity. Firſt then, foraſmuch as 10 is 
compos'd of w a Squares 9 and 1, 1 divide 10 into two other Squares whereof one may 
be greater than 3, dut leſs than 4; ſuch are the Squares 35345 and 67343 , whoſe ſides 
are 2+ and 2+, for the ſumm of thoſe Squares is 10, and the firſt Square 35345 is be- 
tween 3 and 4: Then | take the Fraction 2335, (to wit, the exceſs of the firſt Square 
above 3) for the firſt of the three deſired parts ot unity; for if to that Fraction the given 
number 3 be added, it makes the Square 374335. | 5 

Then I divide the latter of the Squares firſt found, to wit, 67435, whoſe (ide is 22 into. 
two ſuch Squares that one may be greater than 3, bur leſs than 35443, or leſs than 32 , 
tor if ſuch Square be leſs than 34, it will neceſſarily be leſs than 37335, becauſe + is leſs 
than 2433. But the ſides of two ſuch Squares are 1334 and +£$2 , therefore the Squares 
themſelves are 2522343 and 257532442, from each of which if 3 be ſubtracted , the 
remainders 7482223 and p77 5£;5, with the Fraction 533+ firſt found, that is, (in the 
ſame Denominator with the former) 2141225 (hall be the three deſired paris of unity 
to ſolve the Queſtion. | 

After the ſame manner any number given inſtead of unity may be divided into three 
ſuch parts, that a number given being added to every one of them may make three Squares. 
But the ſumm of the number given to be divided, and the triple of the number to be 
added, muſt be either a Square, or a number compos d of two or three Squares. 

As, if it were deſired to divide 2 into three parts, that each part increaſed with 4 
may make a Square: Firſt , foraſmuch as 14 the ſumm of 2 and the triple of 4 is com- 
pos d of three. Squares 1, 4 and 9, let 10 the ſumm of 9 and 1 (two of thoſe three 
Squares) be divided into two other Squares that the firſt may exceed 4 the number given 
to be added, but beleſs than 6; to the end the exceſs may be leſs than 2 the number given 
to be divided; then add the other of the two Squares found out to 4, ( the other ot the 
three Squares before mentioned ; whoſe ſumm made 14, ) and divide the ſumm into two ſuch 
Squares that each may be greater than 4; laſtly , from each of theſe two Squares laſt 
found out, as alſo from the firſt Square before found, ſubtra& 4, ſo the Remainders (hall 
be the deſired parts of 2. But the Operation I leave to the Learner's exerciſe. 


DUEST. 63, (Queſt. 15. Lib. 5, Diophans. ) 


To divide unity into three ſuch parts , that if the firſt be increaſed with 2 , the ſecond 
with 3, and the third with 4, the three ſumms may be ſquare numbers. But the ſumm 
8 the three numbers given and unity muſt either be a Square, or compos'd of two or three 
Squares. 


RESOLUTION. 


Firſt we muſt divide 10 (the ſumm of the three numbers given with unity) that the firſt 
may exceed 2, the ſecond 3, and the third 4. To which end, firſt, (by 2ueſt. 4. of this 
Book, ) divide 10 into two Squares that one may fall between 2 and 3; ſuch are the 

vares £347 and £3$+, whoſe Roots are 25 and £3; then from the firſt Square +4*2 

btract 2, and take the Remainder #£2 for one of the deſired parts of unity. 

It remains to divide the other Square 434 into two other Squares, that one may fall 


between 


* 
1 
* 
* 
- 
* 


Queſt. 64,65. Diophantus's Algebra explain'd. 


99 


between 3 and 4: Bat two ſuch Squares will be found 2222281 and 243+t22 whoſe 
ſides are *32+ and 184 , then from the latter of the ſaid Squares ſubtract 3, and from 
the former, 4; ſo the two Remainders 543733 and 582251 with 452 before found, 
that is, (in the ſame Denominator with the two former) £*2#2 ſhall be the three deſired 
numbers, which will ſolve the Queſtion. For firſt, their ſumm makes unity; moreover 


if 2 be added to $2282, that is, 3£2, (the firſt number) the ſumm is the Square 43 2 


and if 3 be added to the ſecond number 587 202 it makes the Square 37482 , laſtly, 
if 4 be added to the third number 543332 , it makes the Square 3£2242+, 


QUEST. 64. ( Quaſt.16. Lib. 5. Diophant. ) 


To divide a given number 10 into three numbers, that the ſumm of every two may 
be a Square; but the double of the given number muſt be either a Square, or elſe compos'd 
of two or three Squares. 

RESOLUTION. 


Foraſmuch as the three numbers ſought are to be ſuch that the ſumm of the firſt and 
ſecond muſt make a Square, alſo the ſumm of the firſt and third muſt make a Square, 
likewiſe the ſumm of the ſecond and third muſt make a Square; therefore theſe three Squares 
are equal to the ſaid three numbers twice taken. And becauſe the ſumm of the three 
numbers is 10, therefore twice their ſumm, to wit, 20 ſhall be the ſumm of the three 
Squares. We muſt therefore divide 20 into three Squares, each of which may be leſs 
than 10; (for every one of theſe Squares muſt be equal to two of the three numbers, 
and conſequently leſs than 10 the ſumm of all the three numbers.) But 20 is compos'd of 
two Squares 16 and 4; therefore we may take 4* (which is leſs than 10) for one of. the 
three Squares ſought , and then divide 16 into two Squares, one of which may fall be- 
tween 10 and 6, for then the other will alſo be leſs than 10, ( becauſe both muſt-make 16.) 
But (by .2eft, 4. of this Book) the ſides of two ſuch Squares will be found 235 and 


229; wheretore the three Squares ſought are 4, 18727 and 2 fg, which ſubtra- 


Red ſeverally from 10 leave three Remainders, 6, 83 and 8852 for the three 
deſired numbers, whoſe ſumm is 10, and every two of them added together makes a 
Square, as was delired, | 

But to make it more clearly evident that three numbers ſo found out will ſolve the Que- 
ſtion , ler 56, cc, ad repreſent three ſquare numbers, then | 

Suppoſe i . 0 © +» ... = 30 

And conſequently . « « +. +» » © © © © ow eee -d = 10 


Then from 10, that is, from 366 ＋- gcc + 2d ſubtract r + 34d — 40 
bb, cc and dd ſeverally, ſo the three Remainders are 230 
1 fay thoſe three Remainders ſhall be three numbers to Ive the Queſtion ; for the 


ſumm of the firſt and ſecond makes the Square dd, the ſumm of the ſecond and third 
makes the Square bb , and the ſumm of the firſt and third makes the Square cc. 


— 


DAUVEST. 65. ( Quaſt. 17. Lib. 5. Diophant.) 


To divide a given number, ſuppoſe 10, into four numbers, that the ſumm of every 
three may make a Square. 
RESOLUTION. 


Foraſmuch as the ſumm of every three of the four numbers ſought muſt make a Square, 
therefore the four Squares ſought are equal to the four deſired numbers thrice taken, But 
the four numbers thrice raken make 30, therefore 30 muſt be divided into four ſuch 
Squares that every one of them may be leſs than 10, (for every one of the four Squares 
mult be equal to three of the numbers ſought , and conſequently be leſs than 10 the ſumm 
of all four.) But 30 is compos'd of tour Squares, 16, 9, 4 and 1, two of which, 
to wit, 9 and 4 may be taken for two of the Squares ſought, and then 17 (the ſumm of 
the other two Squares 16 and 1) muſt be divided into two Squares that one may be leſs 
than 10, bur greater than 7, and then the other will be alſo leſs than 10; but the fides of 
two ſuch Squares will (by Queſt 4. of this Boo) be found 1 and 73, and the Squares 
themſelves are 223g and £222, each of which is leſs than 10. Therefore the four Squares 


N 2 ſought 
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ſought are 9, 4, 13 and £333 , which ſubtracted ſeverally from 10, leave the Re- 
mainders 1, 6, 285 and $45 for the four numbers fonght , whoſe ſumm makes 10, and 
every three of them added together make the Squares £343, 9, 4 and 285, whoſe lides 
are it 35 2 and 1. * ä . . 

Note. If the quadruple of the number given be a whole number , this Queſtion may 
be extended to five numbers , or as many as you pleaſe : for every whole number is com- 
pos d of four oo, which may be divided into any multitude of Squares within any 
poſſible limits, by the help of the third Queſtion of this Book. 


DES T. 66. ( A Lemma, uſed in the following Queſt. 67. ) 


To find three ſuch Cube-numbers, that if from every one of them a number given , 
ſuppoſe 1, be ſubtracted, the ſumm of the Remainders may be a Square. 


RESOLUTION. 


1. For the ſide of the firſt Cube put a any abſolute number, as, 8 «+1! 

2. Then take ſome ſquare number, as 9, and from its 3, to wit, from 3 
ſubtract 1 the abſolute number in the (ide of the firſt Cube, and let 
the Remainder 2 be connected by + with — 4 for the ſide of the — 4 2 
ſecond Cube; the reaſon whereof will appear in Obſervation 1. upon 
D - + » eo © = oo. ESTs 5 

3. Let the ſide of the third Cube be any known number whoſe oo 4 
exceeds the number given in the Queſtion, to wit, the ſide , « 

4. Then the Cubes of thoſe three ſides are theſe, to wit, 

I. aaa -E 34a + 34 - 1, 
2. } — aaa 644 — 124 ＋- 8, 
. „„ +» + „„ © i 8 

5. From every one of which Cubes ſubtra& 1 the number given in the Queſtion, and add 
the Remainders together, ſo the ſumm will be 944 — 9a + 14, which muſt be equated 
to a Square; but the ſide thereof muſt be ſo feigned that the value of 4 may be leſs 
than 2, to the end that — 4 E 2, or 2 — 4 the {ide of the ſecond Cube may be greater 
than nothing. Now to cauſe that effect, the ſaid ſide may be feigned 34 — any abſo- 

| lute number between 4/14 and 4/32 6, (which limits are found out after the me- 
thod before delivered in divers Queſtions of this Book ;;) let therefore the fide of the 
ſaid Square be feigned 34 — 4, and then the Square of 34 — 4 being equated to 
944 — 94 ＋ 14 above mentioned, this Equation ariſeth, to wit, 
94a — 9a 14 = 944 — 244-416, 

6. From which Equation, the value of 4 will be made known, viz. .> a = 7+ 

7. Therefore from the ſixth, firſt, ſecond and third ſteps the ſides of the three Cubes ſought 
are 13, 14 and 2; wherefore the Cubes themſelves are 3323, 34 and 8, which 
will ſolve the Queſtion. For if from every one of thoſe Cubes the given number x 
be ſubtracted, the ſumm of the three Remainders in its leaſt terms is 257, which is 
a Square, as Was required. 


' Obſervations upon Queſt. 66, 


1. Two things are remarkable in the preceding poſitions for the ſides of the Cubes 
ſorght; Firſt , in the firſt ſide a4 1 there is put a, and in the ſecond fide — a + 2 
there is put — 4, totheend that in adding together the Remainders mentioned in the fifth 
ſtep, -|- aaa and — aaa may deſtroy one another: Secondly , the unities in the ſecond 
{ide muſt be choſen with ſuch Caution that the number prefixt to aa in the ſumm of the 
ſaid three Remainders may be a Square, for if 9a had not been a Square, then gaa — 
9a 14 could not have been equated to a Square. Therefore that the number prefixt 
to 44 in the ſaid ſumm of the Remainders may infallibly come forth a ſquare number, the 
number of unities to be connected with — 4 by + in the (ide of the ſecond Cube, muſt 
be the excels of one third part of ſome ſquare number above the unit or unities in the (ide 
of the firſt Cube: The reaſon whereof may be thus manifeſted, Suppoſe 4 EU, and 
— 4 ＋ d, and 2, to be the ſides of the three Cubes ſought , then from the Cubes 
of thoſe ſides ſubtracting the given number 1 ſeverally, the ſumm of the Remainders is 
3b 3 daa 3bba — 3 dda -\- bbb ddd -+- 5 ; which ſumm cannot be equated to 
a Square, unleſs the number ſignified by 36, 3d, which is multiplied into 44 be a _ 

number ; 
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number; ſuppoſe therefore 3b E 3d = ff, whence by due Reduction, 4 = f—b. 
which ſhews that d the number of unities in — 4 - d the (ide of the ſecond Cube, muſt 
be the excels of one third part of ſome ſquare number, above 6 the unit or unities in a -!-. b 
the feigned ſide of the firſt Cube, as was direRed in the ſecond ſtep of the Reſolution. 

2, It is eaſie to apprehend that this Queſtion may be extended to as many numbers 
as you pleaſe: For having put (as before) 4 - for the (ide of the firſt Cube, and 
(for the reaſons before given) — 4 E 2 for the (ide of the ſecond Cube, you may put 
2 for the lide of a third Cube, 3 for the (ide of a fourth, &. provided 2 the Cubes 
of theſe abſolute numbers 2, 3, Cc. do every one of them exceed the number given 
to be ſubtracted; then from the ſumm of all thoſe Cubes — the given number, 


the ſumm of the Remainders may be equated to a Square, becauſe by Conſtruction the 
number prefixt to 44 is a Square. 
* 


LUEST. 67. ( Quelt. 18. Lib. 5. Diophant. ) 


To find three numbers, that if they be ſeverally added to the Cube of their ſumm, 
the three ſumms made by thoſe additions may be Cubes. 


N RESOLUTION. 

5 1. For the ſumm of the three numbers ſought put ; . {> 4 

? 2. Then the Cube of their ſumm is „ 444 

N 3. For the three numbers ſought puutt „% 7444, 26444 and 6 zaaa 
8 4. Whence it is manifeſt , that if each of the three laſt mentioned quantities aſſumed for 
x the three numbers ſought , be increaſed with 29s which was put Ge he Cube of their 


ſumm, there will come forth the Cubes 8 44a, 2 74, and 64444 ; but the ſumm of theſe 
three quantities 7444, 26444 and 634aaa muſt be equal to az therefore 964 = 4, 
and conſcquently 9644 — 1 : where it 96 were a ſquare number, the value of would 
be expreſſible by a rational number, and conſequently the Queſtion ſolved. Whence 
therefore comes y6 ? examine the Poſitions and you will find that by ſubtracting 1 
( to wit, unity ) from the three Cubes 8, 27 and 64, the remainders 7,26 and 63 
added together make 96. Therefore we muſt ſeek three ſuch Cubes that if 1 be ſub- 
tracted from every one of them, the ſumm of the three remainders may be a Square: 
But the fides of three ſuch Cubes are 74, 2 and 2, (found out by the preceding Queſt. 66.) 
and the Cubes themſelves are 357+ , *332+ and 8, from every one of which if 1 be 


ſubtracted, the three remainders will be 31374, 42422 and 7, whoſe ſumm in its leaſt 


terms is the Square 435, whoſe fide is. 3. Now by the help of thoſe remainders, 


let the work be renewed thus, vix. 
For the ſumm of the three numbers ſought put 
. Whence the Cube of their ſumm is 
. Then for the firſt number pure « o oS J 
Fer the ſecond © „ „„ 
3 
> 


S ©oW &Qow 


„ And for the ill 

10. Then the fumm of the three numbers laſt expreſt is 

11. Which ſumm muſt be equal to a, which in the fifth ſtep Was 8 
put for the ſumm of the three numbers ſought , therefore . 

12. Which Equation, after due Reduction, diſcovers the _ 13 | 
of the three numbers ſought, viz.  . 0 . « © oY ©? 


Therefore from the twelfth , feventh , eighth and ninth ſteps, the three numbers ſought 
will be 773432, 742422 „117437, Whole ſumm is 54, the Cube whereof is 5432 ; 
which being added to every one of the ſaid three numbers, the ſumms will be Cubes, to wit, 
777234 723212, 723222, Whoſe ſides are 42, £2 and 42 ; therefore the Queſtion is 
ſatisfied , and by the help of the preceding Queſt. 66. may be extended to four, five or 
as many numbers as ſhall be deſired. 


2 EST. 68. 


To find two Cube- numbers, that if their difference be increaſed with a given number, 


ſuppoſe 2, it may make a Square, and that the ſide of the greater Cube may be leſs than 1 
a number given. 8 20 


Diophantus's Algebra explain d. Book III. 


| RESOLUTION. 
I. For the ſide of the leſſer Cube ſought put 28 
2. For the (ide of the greater Cube put 4 -}- one third part of 
ſome ſquare number; but ſach third part muſt be leſs than 1 the > a+ 3 
preſcribed limit, therefofe let the (ide of the greater Cube be 
3. Therefore the greater Cube iz: „ -A- art 
e . coo os - +.» * 
5. Therefore the difference of the ſaid Cubes is anal 
8 . „ 


6. To which difference add 2 the number firſt given in the Que- ; 
ſtion, and the ſumm iz 

7. Which ſumm muſt be equal to a Square, the ſide whereof muſt be ſo feigned that the 
the value of 4 may be leſs than 3, for then 44-35 (the fide of the greater Cube) 
will be leſs than 1, as the Queſtion requires. Now to cauſe that effect, the fide of 
the ſaid Square may be feigned to be either 4-|- any known number between +324 and 
173883 or elſe — 4 ＋ any known number between 17555 and 2758, (which limits may 
be found out by the method directed in the preceding ue . 12, ) let therefore the 
faid ſide be feigned 44+ , and then the Square of 4 -|-+ being equated to the ſumm 
in the ſixth ſtep, this Equation ariſeth , vix. | 

an o+ $a + $ = a6 + $4 of Be 

8. Which Equation after due Reduction gives 8 

9. Therefore from the eighth, firſt and ſecond ſteps the ſides of 
the two Cubes ſought are „„ % 2 

10. The Cubes of which ſides 3 and +, viz. 525 and 285 will ſolve the Queſtion; for 
if to their difference 225 you add 2, the ſumm £*$2 is a Square, and 5 the ſide of 
the greater Cube is leſs than 1, as was required. 


A 


Example. 2. 


Let it be required to find two Cube-numbers whoſe difference added to 1458 (a given 
number) may make a Square, and that the fide of the greater Cube may be leſs than 9 
(a number given.) 

Reſolution, 


1. For the ſide of the leſſer Cube puer 
2. For the {ide of the greater Cube put a+ one third part of 
ſome ſquare number, but ſuch third part muſt be leſs than 9 > 4-3 


the limit above preſcribed; therefore let the ſaid fide be 
3. Therefore the greater Cube is aaa -- E274 C27 
=. = aa 
5. Therefore the difference of thoſe Cubes is . .> . 44-2 7a--2 
6. To which difference adding the number firſt given in this? 2 * 1 
r 1467 


4. And the leſſer Cube is BE, 


7. The ſumm will be : . cv „ 494-2771485 

8. Which ſumm muſt be equal to a Square, the ſide whereof muſt be ſo feigned that the 
value of 4 may be leſs than 6, for then a + 3 ( which in the ſecond ſtep was aſſumed 
for the ſide of the greater Cube ſought ) will be leſs than the preſcribed limit 9 ; Now 
to cauſe that effect, the ſide of the ſaid Square may be feigned to be 34 any number 
between 26 and 39, or — 34 ＋ any number between 38 and 63; ſuppoſe therefore 
the ſaid ſide be feigned 34 36, then the Square of 34 - 36 being equated to the 
ſumm in the ſeventh ſtep , this Equation ariſeth , viz. 

94a ＋ 2164 -|- 1296 = gaa ＋L 274 + 1485. 

9. Which Equation after due Reduction gives „ 4 = 1 

10. Therefore from the ninth, firſt and ſecond ſteps of this 
ſecond Example, the ſides of the Cubes ſought are .C * and 4 

11. The Cubes of which ſides 1 and 4, viz. 1 and 64 will ſolve the Queſtion ; for 
if their difference 63 be added to 1458 the number given in Example 2. it makes the 
Square 1521, whoſe fide is 39; and 4 the ſide of the greater Cube is leſs than 9, as 
was required, y | 


Example 3. 


P 


4. The Cube thereof is 
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Example 3. 

Again, the fame numbers 1458 and 9 being given as before in Example 2. the fide 
of the- Square mentioned in the eighth ſtep may be feigned to be — 34-43; (-which 
is within the limits there expreſt, ) and then the Square of — 34 E 48 being equated 
to 94a + 274+ 1485, (before expreſt in the ſeventh ſtep, ) after due Reduction the 
ſides of two Cubes to ſolve £ #eft. 68. as it is before propos d in Example 2. will be round 
22 and g; therefore the Cubes themſelves are £4443 and £422 , whole difference +22 2+ 
added to the given number 1458 makes a Square, to wit, 424, whoſe fide is 2 
and ] the (ide of & greater Cube is leſs than the preſcribed number g. A 


GUEST. 69. 


To find two ſuch cube- numbers, that if each of them be ſubtracted from a given e 
cube number, the ſũmm of the remainders may be a Square. | 


RESOLUTION, 


1. Let the given ſquared cube-number be 
2. The Root or {ide whereof is 
3. For the ſide of the firſt Cube ſought put 


5. For the (ide of the other Cube ſought put — 4 
the cube · xoot of the given ſquared Cube, v1. | 
6. The Cube thereof iss ? 44 ＋ 3ddea — 3#a-j- df 

7. Then by ſubtracting the Cube in the fourth ſtep _ +4 | Ye? 
the given ſquared Cube in the firſt ; there will remain nds 

8. And by ſubtracting the Cube in the ſixth ſtep from la hy 
the given „ Cube in — el there will remain aaa — z ddaa -f 34 

The ſumm of thoſe remainders (in the ſeventh and 

4 eighth eps) @ -<;...-- - <p. ts 8 as ＋ gd Na- 

10. Which ſumm muſt be equal to a Square; the (ide whereof ( in regard & is a Square) 
we may feign to be either & ＋ add, or ea— dad, (where e repreſents a number 
yet unknown, and to be choſen according to the limit hereafter diſcovered : ) Firſt then 
let the ſaid (ide be feigned e, ddd, and then the Square of ea ddd being equated 
to the ſumm in the ninth ſtep, will give 


— 34d - 34% + & = teaa + 20d + & 
11. Which Equation after due Reduction gives . . 4s = aged, 
12. Therefore from the eleventh, firſt, ſecond; third r 
and fifth ſteps the ſides of the mo Cubes ſougheS 24 Ee and £4* 204 
will be found equal to. theſe quantities, v. 3 4 ec 34d E ce 
13. Again, foraſmuch as the ſide of the Square mentiened in the tenth ſtep may be feigned 
to be ca — ddd (as well as es · dad, ) let the ſaid ſide be ea — dad, and then its Square 
being equated to the ſumm in the ninth ſtep, this Equation ariſeth, vis. 
— zadaa + 3d'a + 4 g ceaa — 26634 + &. 
34 + 22% 
9 * 3d ¶ ce | 
I 5. Therefore from the fourteemh; firſt, ſecond, third 4 ; dis — ads 
and fifth ſteps the ſides of the two Cubes ſought will . 


14. Which Equation after due Reduction gives: 4 = 


be found equal to theſe quantities, vis >" 3009" * 34d fe 
The two quantities expreſt by letters in the twelfth ſtep will give 
| CANON 1. | _ 

16. Su d to be the ſide or Root of the pre cube · number given, take ſome 
known number, with this Caution, That its double . leſs than the triple of 4, and 
call the number taken 7, then the ſides of the two Cubes ſought ſhall be theſe, vie, 

34 — 2e43 add -= zh 
3dd + ee _ 3dd Eee 


An 


Diophantus's Algebra explain d. Book III. 


An Example in Numbers. 
Let there be given any ſquared cube-number, ass.. . +» +7 64 7 
E 


The Root or (ide whereof i „ 2 
Then take a number for e, according to the Caution in the Canon, as .F 2 
3a“ — 2043 _ 
34d +- ee © 
eedd os 
xr. : 
The Cubes of which ſides 1 and 3, viz. 1 and 27 will ſolve the Queſtion propoſed , 
for if each of thoſe Cubes be ſubtracted from the given ſquared Cube 64, the ſumm of 
the remainders 63 and 37 makes a Square, to wit, x00. | 
The two quantities expreſt by letters in the fifteenth ſtep will give 
| c ANON 2. | 
17. Suppoſing 4 to be the (ide or Root of a given ſquared cube number, take ſome known 
number with this Caution, That it be greater than the double of 4, and call the num- 
ber taken e, then the ſides of the two Cubes ſought ſhall be theſe , vi. 
24* -|- 2ed> - Ay ddee — 2 ed 
34d ee 34d = ee 
An Example of Canon 2. in Numbers. | 
Let there be given any ſquared Cube, as 3 I 
J 7 OF 
Then take a number for e, according to the Caution in Canon 2. 25 f 4 
34* - 200 11 
3da-l-ce ©? 
Jade zcd 1 
3dd Fee 
The Cubes of which ſides 25 and 23, viz. £355 and $555 will ſolve Jueſt. 69. for 
if each of thoſe Cubes be ſubtracted from 1 the given ſquared Cube, the ſumm of the 


remainders makes a Square, to wit, 231, whoſe {ide is 13. 


Then by the Canon you will find the ſides of the Cubes ſought. 


45 
a 
c 


Then by Canon 2. you will find 8 the ſides of the Cubes ſought; 


| — —— 


2 VL EST. g 70. 


To find three ſuch cube numbers, that if every one of them be ſubtracted from a given 
Cube, ſuppoſe 1, the ſumm of tlie three remaindets may be a Square. 
= RESOLUTION. 
1. Firſt , by the foregoing Queſt. 68. find two ſuch cube-numbers ; that their difference 
being added to 2, (the double of the Cube given in this Queſtion,) the ſumm may be 
4 Square, and that the greater of thoſe two Cubes may be lefs than the given Cube 1. 
But two ſuch Cubes are 229 and 229, whoſe ſides are $ and 3, (found out in the firſt 
Example of Queſt. 68.) for it the difference of the faid Cubes be added to 2, the ſamm 
is Ag, which is a ſquare number whoſe ſide is 43. rer 74: | 
2. Then, for the fide. of the firſt of the three Cubes ſought put 
a — #3 (+ being the ſide of the greater of the two Cu 42—9 
found ps her _——_ 3 5% 50S Ron” 
3. For the {ide of the ſecond Cube ſ ut — 2 1, (12 
being the ſide of the Cube given i We ut B * 0 Lo a1 
4. And let the fide of the third Cube be the ſide. of the leſſer 3 
of the two Cubes found out in the firſt ſtep, to wit. x 9 
5. Then from the ſecond ſtep the firſt Cube will be. . . 444-1443 
6, And from the third ſtep, the ſecond Cube will bee... . - - 344 34-1 
7. And from the fourth ſtep the third Cube will be r. 
8. Then, according to the Queſtion ſubtract thoſe three Cu 5 ſeverally from the given 
Cube 1, ſo the three remainders ſhall be theſe, to Wit. - ae 
1. | — aaa f E244 — Ha o 3325" 
2. + aaa — 3% | 34, 
3» 1 2 ** „ © % . 
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9. The ſumm of the ſaid three remainders is „% — 44-44-22 


10. Which ſumm muſt be equal to a Square, whoſe ſide, to the end the value of a ma 
be greater than 5, but leſs than 1, (as the Poſitions in the ſecond and third ſteps do 
require) may be feigned to be either £3 + any number of 4 between 23324 and 
7504, or elſe 43 — any number of 4 greater than 372354, (which limits may be 
found our by the method before delivered in Queſt. 13. of this Book; ) ſuppoſe there- 
fore the (aid (ide to be 44 g, then the Square of 44 -E being equated to the 
ſumm of the three remainders in the ninth ſtep, this Equation arileth » VIRe 


— Lag þ- $1454 392 = K- 154 þ- 242, 


11. Which Equation atter due Reduction will give .> 4 = 42 
1 2. Therefore from the eleventh, ſecond , third and fourth? _,, _. 1 
ſteps, the ſides of the three Cubes ſought will be theſe, & 14% 746, and 43 
13. The Cubes of which ſides are theſe 737812, 25173, 787728“ 


3 
Which three Cubes will ſolve the Queſtion, as will appear by 
The Proof. 


By ſubtracting ſeverally the ſaid three Cubes found out from 1, (the Cube given in 
the Queſtion , ) the three remainders will be theſe , 
28 37107 29663321 2281888 
2985984 IT 2985984 I 2505584 
The ſumm of thoſe remainders is 
Which ſumm reduced to its leaſt terms by the common 
8 _ WMP __ 
Which £3222 is a Square, whoſe ſide is 124; therefore the Queſtion is ſolved, and 
(as is evident by the tenth ſtep ) capable of innumerable Anſwers, the poſitions in the 
ſecond, third and fourth ſteps ſtanding unaltred, 


Obſervations upon the preceding Reſolution of Quelt. 70. 


1. The chief ſcope in the ſaid Reſolution is, to form the poſitions for the ſides of the 
three Cubes ſought in ſuch manner, that when the ſaid Cubes are ſeverally ſubtracted from 
the Cube given in the Queſtion, there may be a poſſibility of equating the ſumm of the 
three remainders to a Square, which ſumm ( as you ſee in the ninth ſtep) is — 144 4 
-|- $2 , which could not be equated to a Square if +$* were not an affirmative ſquare 
number; I ſhall therefore ſhew how the ſaid gr doth neceſſarily become an affirmative 
ſquare number by the preceding Operation. | 

2. If the ſubtraction of every one of the three feigned Cubes in the fifth, ſixth and 
ſeventh ſteps from the given Cube 1, as alſo the adding of the remainders together be well 
examined, it will appear, that by adding the Cube 23 to 1, and by ſubtracting the Cube 
279 from 1, and then by adding that ſumm and remainder together, their ſumm is *$2, 
which (in regard by Conſtruction the greater of the ſaid Cubes, to wit, 5$# is added to 1, 
and the leſſer 33 is ſubtracted from 1) is the ſame with the ſumm that will ariſe by adding 
the difference ot thoſe Cubes unto 2, (the double of 1.) For if the greater of two num- 
bers be added unto, and the leſſer be ſubtracted from a third number, the ſumm and remain- 
der added together will make the ſame ſumm that ariſeth by adding the difference of thoſe 
two numbers to the double of the ſaid third number: But by Conſtruction in the firſt 
ſtep of the Reſolution , the ſaid Cubes 375 and 32g are found ſuch that their difference 
added to 2 makes a Square, to wit, Aff. Whence it is manifeſt that the Algebraick quan- 
tity — 344-4 -f is capable of being equated to a Square, and that varioully, 
as you ſee in the tenth ſtep of the Reſolution, | 


Example 2. 


Let it be required to find three ſuch Cube · numbers, that if every one of them be ſub- 
trated from a given Cube, ſuppoſe 729 , the ſumm of the three remainders may be 
a ſquare number. 

| Reſolution. 


1. Firſt, by 2ueſt. 68. find two ſuch Cubes that if their difference be added to 1458, 
to wit, the double of the given Cube 729, the ſumm may be a Square, and that the ſide 
of the greater of thoſe two Cubes may be leſs than 9 the (ide of the given Cube 729: 
But two ſuch Cubes are 64 and 1, (found out inthe ſecond Example of Queſt. ＋ * 

O or 
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for if their difference 63 be added to the preſcribed number 1458, the ſumm 1521 
is a Square whoſe ſide is 39. | 
. Then for the lide of the firſt of the three Cubes ſought 
Jer there be put a — 4, (4 being the ſide of the Cube 8 4 — 4 
the greater of the two Cubes found out in the firſt ſtep,) 
For the fide of the ſecond Cube fought put — 4--g, Y 
( 9 being the lide of the given Cube 729,) . - 'F 9 
. Let the ſide of the third Cube be 1, to wit, the (ide of f 
che leſſer of the two Cubes fouhd out in the firſt ſtep, .F * * * " 


5- Then (according to the Queſtion) ſubtract ſeverally the Cubes of thoſe three ſides 
(aſſumed in the three laſt ſteps) from the given Cube 729 , and add the three remainders 
rogether , ſo the ſumm will be 

— 1544 — 1954 + 1521. 

Which fumm muſt be equal to a Square, whoſe (ide, to the end the value of a may be 
greater than 4, but leſs than 9, as the ſecond and third ſteps require, may be feigned 
to be either 39 + any number of @ between 72:22 and 173834, or elſe 39 — any 
number of 4 between 974224 and 2178324, (which limits may be found out by the 
method delivered in Queſt. 13. of this Book.) Suppoſe therefore the ſaid ſide be 
teigned 39 ＋ 4, then the Square thereof being equated to the ſumm in the fiſth ſtep, 
this Equation will ariſe, to wit, k 

aa + 78a C 1521 = — 1544 + 1954 + 1521. 

7. Which Equation after due Reduction gives . . . .> 2 = 1 

8. Therefore from the ſeventh, ſecond, third and fourth? 22 22 and 1 (or 24 
ſteps the ſides of the three Cubes ſought are theſe , ie n _ 


9. And conſequently the Cubes themſelves are . .> 32, 42627 £224 (or 1) 


Which three Cubes will ſolve the Queſtion , as will be evident by 


The Proof. 


By ſubtracting every one of the ſaid three Cubes in the ninth ſtep from the given Cube 

7295 the three remainders will be theſe, | 
2837107 2966301 2981888 
4096 9 4996 7 4096 

The ſumm of thoſe remainders inen 

Which ſumm being reduced to its leaſt terms by the 
% |" . ⸗‚ rr 

Which is a Square, whoſe ſide is 


Example 3. 


1. Again, the came things remaining as before in the ſecond Example from the firſt to 
the ſixth ſtep, we may teign the ſide of the Square mentioned in the ſaid ſixth ſtep to be 
39 —104, and then the Square of 39 — 104 being equated to — 1544 +1954 
- 1521 will give s = i, 

2. Therefore from the ſecond, third and fourth ſteps of Example 2. the ſides of three 


other Cubes to ſolve the Queſtion propounded in the ſaid ſecond Example will be found 


theſe, to wit, OL. ELEC EE? 


3- And conſequently the Cubes themſelves are 


22227242 —— 1223 4182 
14167 3 11167 3 1 (or 12275. 


4. Which three Cubes being ſeverally ſubtracted from the given Cube 729 , the ſumm 
of the three remainders in its leaſt terms will be 4243423, which is a Square , whoſe 
lide is 3, as was required in Example 2. 


LUEST. 71. 


L Another way of ſolving the preceding Queſt. 70. when the given Cube is a ſquared 
Cube, or the Cube of a —— 5 s * ee 


Let it be required to find three Cube - numbers, ſuch, that if every one of them be 


ſubtracted from a given ſquared Cube · number, ſuppoſe 64, the ſumm of the three remain- 
ders may be a Square. 


RES O- 


Quelt. 71. Diophancus's Algebra explain. 


RESOLUTION. 


1. Firſt, by the foregoing Queſt. 69.. find two ſuch cube-numbers , that if each of them 
be ſubtracted from the given ſquared Cube 64, the ſumm of the remainders may be 
a Square; ſuch are the Cubes 1 and 27, (found out in the Example of Cams 1. of the 
ſaid 2ueſt. 69.) for if each of them be ſubtracted from 64, the ſumm of the remain- 
ders makes the Square 100, 
2. Then for the ſide of the firſt of the three Cubes ſought 
put a- E either of the ſides of the two Cubes found out> 4-1 
in the my — 07 8 be * 3 * . 
For the ſide of the ſecond Cube put — 4 in | 
4 the (ide of the given ſquared Cube 64, "wo04 R Be — 4-4 
4. Let the (ide of the third Cube, be the (ide of the other of? ' 
font Coe found out in the _ „ 
Therefore from the ſecond ſtep the firſt Cube is — 1 
6. And from the third ſtep, the ſecond Cube is 4 . 
7. And from the fourth ſtep, the third Cube ii 427 


8. Then (according to the Queſtion ) ſubtract thoſe three Cubes ſeyerally from the given 
ſquared Cube 64, ſo the three remainders will be theſe, to wit, 


— 444 — 344 — 34 ＋ 63 
2. | ＋ aa4 — 1244+ 484, 8 
>» | „„ „ EA 
9. The ſumm of which remainders is > 1544 ＋- 454+ 100. 


10. Which ſumm is to be equated to a Square , but the ſide thereof muſt be fo feigned 
that the value of 4 may be leſs than 3, to the end the fide 4 -f in the ſecond ſtep 
may be leſs than 4, becauſe the Cube of 2 ＋ 1 muſt be ſubtracted from the Cube 
of 4. Now to cauſe that effect, the (ide of the ſaid Square may be feigned 10 + any 
number of 4 leſs than 244, or 10 — any number of & greater than 634; (which 
limits may be found out by the method before delivered in Queſt. 1 3. of this Book:) 
Let therefore the ſaid {ide be feigned a + 10 , then the Square thereof, to wit, 44 + 


204+ 10d being equated to the ſumm of the remainders in the ninth ſep, this Equation 
ariſeth, viz. 


44 E204 ＋＋ 100 = — 1544+ 4544+ 1003 
11. Which Equation, after due Reduction, gives «> &4 = 2£ 
12, Thererefore from the eleventh , ſecond, third and fourth 
ſteps, the ſides of the three Cubes ſought will boon «a, „ and 3 
. A „ + «vo ORs 
13. Therefore the Cubes themſelves are > tas 12242 and 27 


Which three Cubes will ſolve the Queſtion , as will be evident by 
| The Proof. | 


By ſubtracting the ſaid three Cubes ſeverally from 64, (the ſquared Cube given in the 
Quelſtion,) the three remainders will be theſe, 


193223 202825 . 
4296 3 4996 7 4096 *® 


The ſumm of thoſe remainders is „ £42522 

Which ſumm being reduced to its leaſt terms by the com- 14222 
mon Diviſor t6, will be . woSPMis-- a. FRE >. 246 * 

Which f is a Square whoſe (ide is f, therefore the Queſtion is ſolved. 

Example. 2. 

Let it be required to find three ſuch Cube-numbers, that if every one of thera be ſubtra- 

Red from 1, the ſumm of the three remainders may be a Square. 
6 Feſolution, | 

1. Firſt, by the preceding Queſt. 69. find two ſuch Cube-numbers that if each of them 

be ſubtracted from 1, to wit, the given ſquared Cube, the ſumm of the three remainders 

may be a Square; ſuch are the Cubes 32 and £2, for if each of them be ſubtracted 

trom 1, the ſumm of the remainders will be „% is a Square. = 

2 2. en 
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2. Then for the ſide of the firſt of the three Cubes ſought put a + the 


fide of one of the two Cubes found out in the firſt ſtep, to wit, a+; 
3. And for the (ide of the ſecond Cube put — 4 E 1, ( 1 being the ſide of? +1 
the given ſquared Cube. )))): 
4. And let the ſide of the third Cube be the {ide of the other of the two? 4 


Cubes found out in the firſt ſtep, to wit . 
5. Then ( according to the Queſtion ) ſubtract ſeverally the Cubes of thoſe three ſides 
aſſumed in the three laſt toregoing ſteps from 1, (the given ſquared Cube,) and add 
the three remainders together, ſo the ſumm will be 
— #46 þ 3a -þ+ 235 Con 24.) 

6. Which ſumm muſt be equal to a Square, whoſe ſide muſt be ſo _ that the value 
of 4 may be leſs than 2, to the end the fide a4-£ in the ſecond ſtep of this ſecond 
Example may be leſs than , tor then every one of the three remainders of the ſub- 
traction mentioned in the fifth ſtep will be greater than nothing. Now to cauſe that 
effect, the {ide of the ſaid Square may be feigned 4 + any number of 4 leſs than Za, 
or elſe 4 — any number of 4 greater than 34; therefore let the ſaid fide be feigned 
24 +, then the Square thereof being equated to the ſumm of the three remainders 
in the fifth ſtep, from that Equation you will find 

8s = 3 

7. Therefore from the fixth,ſecond,third and fourth ſteps, the ſides of the three Cubes ſought 
will be 25 , 232 and 2. 

8. And conſequently the Cubes themſelves are 


S221 148111 4122924 
262144 , 16214 3 262144 


Which three Cubes will ſolve the Queſtion before propounded in Example 2. as 
will be manifeſt by 


The Proof. 


By ſubtracting every one of the ſaid three Cubes in the eighth ſtep from 1, (the 
given ſquared Cube, the three remainders will be theſe, to wit, 


193223 202825 _I51552 
262144 - 262144 9 162144 
The ſumm of thoſe remainders is £42620 


Which ſumm being reduced to its leaſt terms by the common Di- 3 
„fee „„ © © t TELE 
Which is a Square, whoſe fide is 125; therefore the Queſtion is ſolved. 


Example 3. 


| 4 ＋ 4. 
2. Inſtead of , 5 Þ + — we muy aſſume g Ei. 


4 » 

3. Then by ſubtracting ſeverally the Cubes of the three ſides above-expreſt on the right 
hand from 1, and adding the three remainders together, the ſumm will be 

— 3444 ＋ $4 ＋ 22. 

4. Which ſumm muſt be equal to a Square, whoſe fide muſt be ſo feigned that the value 
of 4 may be leſs than +, to the end the ſide 44-+ may be leſs than 1. Now to 
cauſe that effect we may teign the ſaid ſide to be £ ＋ any number of 4 leſs than 234, 
or + — any number of 4 greater than 104; ſuppoſe therefore the ſaid ſide be feigned 
144 4, then the Square thereof being equated to the ſumm of the three remainders 
before mentioned in the third ſtep, from that Equation you will find 

918 

5. Therefore from thoſe three aſſumed ſides which are placed on the right hand in the 

ſecond ſtep of this third 1 ſides of the three Eabes ſought will be theſe, to wit, 
5 „ FF and 8. 
6. And conſequently the Cubes themſelves are " 


422244 441124 —12648 
3» 6824472 3 671472 


681472 
Which three Cubes will ſolve the Queſtion before · propos d in Example 2. for if every 
one of them be ſubtracted from the given ſquared Cube 1, the ſumm of the three remainders 
in its leaſt terms will be 787g, which is a Square whoſe ſide is 2+ 
EST. 72. 


176 


* 
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2 UEST. 72. 


To find four cube-numbers , fuch , that if they be ſeverally ſubtracted from a given 
ſquared cube · number, ſuppoſe 64, the ſumm of the four remainders may be a ſquare number. 


RESOLUTION. 


1. By the foregoing Queſt. 71. find three ſuch Cubes, that if they be ſeverally ſubtracted 
from the given ſquared Cube 64, the ſumm of the three remainders may be a Square; 
ſuch are the Cubes £423 , £2255 and 27, whoſe ſides are 22, +2 and 3, (found 
out in Example 1. of weſt 71.) tor if the ſaid Cubes be ſeverally ſubtrated from 64, 
the ſumm ot the three remainders in its leaſt terms will be 33, which is a Square, 
whoſe (ide is z. 

2. Then for the (ide of the firſt of the four Cubes ſought put 
a-|- 3, ( which 3 is the ſide of one of the three Cubes * 4 + 3 
nd anne? fe,) cc eo oo > 32S 

3. For the (ide of the ſecond Cube put — 4 -- 4 , (4 being 
the Cube-root of the given ſquared Cube 64,) . .CF © © T- 4 

4. Let the (ide of the third Cube be another of the ſides of? 41 
the ſaid three Cubes found out in the firſt ſtep, vx. * * *5 

5. And let the ſide of the fourth Cube be the (ide of the 12 
remaining Cube in the firſt ſtep,'rowit, . . 8 * ** 

6. Therefore (from the ſecond ſtep) the firſt Cube ſought is > 4a g n- 

7. The ſecond Cubeis , . . © © © „ —444 +12 44—464+-64 

3. The Gd Cade.  - «+ © + . & « Roms 

9. lad. Renb Cabes. . .  o od» RRC 

10. Then thoſe four Cubes being ſeverally ſubtracted from the given ſquared Cube 64, 
the four remainders will be theſe , to wit, 


I 
15 — 444 — 944 — 274-1183353 
2. ＋ 444 — 1244 —＋E 48a, 
= 223224. * 
EL | * ” & © . . . . 1 
3 242 
4 - o * 2 8-5 


11. The ſumm of thoſe remainders is > — 21 44-þ-214-þ 13. 

12. Which ſumm muſt be equated to a Square, the fide whereof muſt be ſo feigned that 
the value of a may be leſs than 1, to the end the ſide a+ 3 in the firſt ſtep may be 
leſs than 4, ( becauſe the Cube of the ſaid 4-|- 3 muſt be ſubtrated from the Cube 
of 4,) and if the value of à be leſs than 1, it will be much leſs than 4, as the third 
ſtep requires, Now to cauſe 4 to be leſsthan 1, the fide of the feigned Square may be 
13 -|- any number of a leſs than 264, or elſe 1; — any number of 4 greater 
than 2384, (which limits may be diſcovered by the method in Queſt. 1 3. of this 
Book; ) therefore we may feign the ſaid fide to be 34 -|-**Z, whoſe Square being equated 
to the ſumm of the four remainders in the eleventh ſtep , this Equation ariſeth , viz. 

Lan | Az |- 22335 = 2144 + 212-243. 
13. Which Equation duly reduced will give , . . “ 4 = 33 
14. Therefore from the thirteenth, ſecond , third, fourth and fifth eps, the ſides of the 
four Cubes ſought are diſcovered to he theſe, to wit, 
68 3 L . 
1360 7 1360 7 1360 ” BOD” 
15. And conſequently the fopr Cubes are theſe „to wi, ; * 
10276628450 1130990290 232610212 
EE » ee, "iris » "Ha 
Which four Cubes will ſolve the Queſtion propos'd , as will be manifeſt by 
The Proof. 4 


By ſubtracting thoſe four Cubes 11 from the given ſquared Cube 64 ( or 


262242184229 ) the four remainders will 


8222898495 2820154944 118663074875 12411922312 
25154560600 I 2514456000 YI 2515456000 YI 2515456000 ® 
The ſumm of choſe four remainders is . ? 41443888 
Which ſume being reduced to its leaſt terms by the? 216364142 
commen Divilor 1360, will be 9 


Which is a Square, whoſe ſide is 428 


Therefore 


— — 


110 Diophantus's Algebra explain d. Book III. 


Therefore the Queſtion is ſolved; and if the method of reſolving this and the prece- 
Eng Queſt. 71. be well examined, it will not be difficult to apprehend how to find out as 
many Cubes as ſhall be deſired, which being ſeverally ſubtracted from a given ſquared cube- 
nuuber, or from the Cube of a given Square, the ſumm of the remainders may be a Square. 


LD UVEST. 23. 
To find two numbers, that if each of them be ſubtracted from the Cube of their ſumm, 
the remamders may be Cubes. | 
RESOLUTION. 


Firſt , making choice of ſome ſquare number as 4, I put 44 for the ſumm of the two 
numbers ſought, the Cube whereof will be 64444, then for the firſt number 1 put 5644s, 
and for the other number 3744a, for theſe two being ſeverally ſubtracted from 64444, 
the remainders will be £444 and 27444, Which are manifeſtly Cubes, whereby one part 
of the Queſtion is ſatisfied : It remains that the ſumm of the ſaid aſſumed numbers 56444 
and 37444 be equal to 44, viz. 93444= 44 y whence by dividing each part by a, there 
ariſeth 9344 4. Now if the ſaid 93 were a ſquare number, then the value of 4 
would be a rational number, and conſequently rhe Queſtion ſolved. |. 

But 93 not being a Square, we muſt enquire whence it ariſeth, and by examining the 
Operation it will appear, that the two Cubes 8 and 27 having been ſubtracted ſeverally 
from 64, the remainders are 56 and 37, the ſumm whereof makes 93 before mentioned. 
So that our firſt ſcope muſt be to find two ſuch Cubes that if each of them be fabtraced 
from the ſquared Cube 64, the ſumm of the remainders may be a Square: But ſuch are the 
Cubes 1 and 27, (found out by Canon 1. of the foregoing 2ueſt. 69.) tor if each of 
them be ſubtracted from 64, the ſumm of the remainders 63 and 37 makes the Square 100: 
therefore I begin the Reſolution a- new thus; vic. 


1. For the ſumm of the two numbers ſought I put . *P « + 44 
TS .,....- » - - © «<P . . 64aad 
3. Then tor one of the two numbers ſought I put . . 6344 
4. And for the other number ſought I put «> . + 37444 
5. Which two numbers being ſeverally ſubtract a the 
remainders will be Cubes, to wit , „ „% % + 2 9 
6. But the ſumm of the numbers aſſumed in the third and fourth ſteps 
muſt be equal to 44 in the firſt ſtep, therefore . . . 
5, Which Equation duly reduced, gives 
8. Therefore from the ſeventh , third and fourth ſteps the two num- 2 1 rey 
r + <0 oe 4 EE SSS 9 
Which numbers will ſolve the Queftion propos d, as will be manifeſt by 
The Proof. 
9. The ſumm of the two numbers found out, to wit, . and 222, is > . + 
10. Therefore the Cube of their ſumm is 
11. From which f ſubtract each of the numbers 22 and 732, at 


aaa and 27444 


I00444 = 44 


SS o & = 


- —12 
the remainders are Cubes, to wit, and 733 


Another Example. 


1. Firſt, I take ſome ſquare number, as 1, then I ſearch out two ſuch Cubes that each 
of them being ſubtraCted from 1, (the Cube of the Square firſt taken,) the ſumm of 
the remainders may be a Square; ſuch are the Cubes 33343 and 3825, whoſe ſides 
are 25 and 23, found out in the Example of Cann 2. Queſt. 69.) for if each of 
thoſe Cubes be ſubtracted from 1, the ſumm of the remainders 3343 and 2375 will be 
+375, or in its leaſt terms gf, which is a Square whoſe (ide is 2+ , then by the help 
of thoſe Cubes and remainders I form the Reſolution as before in the firſt Example , viz. 

2. For the ſumm of the two numbers ſought I put 4 or 14, 

( 1 being the ſquare number firſt taken) 8 
/ ˙7 WW 
4. Then for one of the two numbers ſought I put. 
5. And for the other number fought, . . . . . . . + 
6. Which two numbers being ſeverally ſubtracted from 1 aa, the 

remainders will be Cubes, to wit. 0 


P 
P 
P 
$ 


7, But 


a puts 45 * n WEE 
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7. But the ſumm of the two numbers in the fourth and fifth ſteps 2 ; ., 
muſt be equal to 1 4 in the ſecond ſtep, therefore _—_ 8 364 08 = 18 
$. Which Equation duly reduced gives © © + „„ „ 
9. Therefore from the eighth, fourth and fifth ſteps, the two numbers 4 * "= 
ſought, in their leaſt terms, will be found >. 2 
Which numbers will ſolve the Queſtion propos'd, as will be evident by 
T he Proof. 
The ſumm of the two numbers found out in the ninth ſtep, to wit, 
of 71437 and 35433} wo in the leaſt terms: Þ « 0  « 8 * 
The Cube of that ſumm is 8 14422 
From which Cube if you ſubtract ſeverally the ſaid numbers found E as ; p 
out, the remainders will be the Cubes of theſe ſides, to wit, 8 and 23 


— — — —— — — - 
— — — — 


LUEST. 74. ( Quaſt. 19. Lib. 5. Diopham.) 


To find three ſuch numbers, that if every one of them be ſubtracted from the Cube 
of their ſumm the three remainders may be Cubes. | 


[ The text of Diophantus in the Reſolution of this Queſtion is ſo obſcure, that it affords 
not any ſatisfattory Anſwer , I ſhall therefore ſhew how to ſolve it by tu different 
wa)s of my own , by the latter of which this Queſtion may be extenaed to fonr , five , or 
as many numbers a4 ſhall be deſired. | | | 


RESOLUTION, 


I. Firſt, take any ſquare number, as 1, then ſearch out three ſuch Cubes that if they 
be ſeverally ſubtracted from the Cube of the ſaid ſquare number 1, the ſumin of the 
three remainders may be a Square: But three ſuch Cubes are 357532, 158144 and 
rege, whoſe ſides are 734, +2 and 344 ( found out in Example 1. ot the pre- 
ceding 2xeft. 70. ) for if thoſe Cubes be ſeverally ſubtracted trom 1 (or unity , ) the 
ſumm of the three remainders 2394173 52, 134371 and 32485332 will be £3222, which 
is a Square, whoſe fide is 112. Now by the help of thoſe three preparatory Cubes and 
remainders, I praceed thus , 

2. For the ſumm of the three numbers ſought I put 4, or 14, ( 1 being the? |, 
ſquare number firſt taken) 8 

3. Therefore the Cube of the ſaid ſumm is . . » «> 

4. Then for the firſt of the three numbers ſought I put 4342332 aaa, (the 0 


aaa 


ſaid 2242322 being one of the three remainders before mentioned in > 2387158244 
the firſt ſtep, ) = . — * * . * * . o * o * = ” * 
5. In like manner having multiplied the ſecond remainder into 44a, I put ? 2966321 
298 5 984444 


the Product for the ſecond number ſought, to wit... 
6. Likewiſe multiplying the third remainder into 444, I put the Product F 224112 
for the third number ſought, to wit, * 


148872 19673 4096 
2985984 £44 » 985904 4 » 98594 48: 


8. But the ſumm of the three numbers in the fourth, fifth and ſixth ſteps muſt be equal 
to 14 in the ſecond ſtep , whence this Equation ariſeth, 


61009 _ 
25776 44 = 14, 
9. Which Equation duly reduced gives „ 3 = 457 


10. Therefore from the ninth , ſecond, fourth, fifth and ſixth ſteps , the three numbers 


ſought will be made known, to wit, theſe, 
2837107 2966 301 2981888. 
I5069223 3 15269223 3 15069223 


Which three numbers will ſolve the Queſtion, as will be evident by 
The Proof. 
- The ſumm of the ſaid three numbers is 1132412, which reduced we 


it ſmalleſt terms by the common Diviſor 61009, makes . 
The Cube of the faid farm i + ©: + © & +: 0: © 300087 
'0 
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From which Cube ſubtracting ſeverally the three numbers found out in the tenth ſtep, | 
the remainders will be theſe three Cubes, to wit, 


148872 19683 — 
15069223 3 15069223 3 15069223 ® 


The lides of which Cubes are theſe , vis. 


„ A = eſtion is ſo 
ko” 2 0 + = reſore the Queſtion is ſolved, 


But becauſe the operation in finding out the three numbers, as alſo the three Cubes 
with their ſides as aforeſaid will be exceeding laborious by reaſon of long fractions, unleſs 
ſome Compendiums be uſed , I ſhall give a Canon deducible from the premiſſes to leſſen the 
work, reſpect being firſt had to theſe following 


Preparatory Directions. 


1. Firſt, the Rules for multiplying and dividing Fractions in Sec. 22,26. of Chap. 6. 
Brok 1. muſt be diligently obſerved, that the Products and Quotients may come out in 
the imalleſt terms. 

2. Secondly, when one, two or more numbers are to be ſeverally multiplied by ſome num- 
ber, and the Products are to be ſeverally divided by the ſame number, that multiplication 
and diviſion may be quite omitted, for the numbers firſt propos d to be multiplied will be 
the ſame with the Quotients that ariſe by the ſaid multiplication and diviſion; Moreover, when 
one , two or more numbers are to be ſeverally multiplied by ſome number, and the Products 
are to be divided by ſome number greater or leſs than that multiplying number, reduce 
the ſaid Multiplicator and Diviſor into the leaſt terms (when they are not ſuch already) 
by their greateſt common Diviſor , and take the Quotients for a new Multiplicator and 
Diviſor inſtead of thoſe firſt preſcribed: As, if 41, 39 and 48 be to be ſeverally multi- 
plied by 32, and the Products be to be ſeverally divided by 16, I firſt reduce the ſaid 32 
and 16 to the ſmalleſt terms in the ſame Reaſon by the common Diviſor 16, ſo the Quo- 
tients or new terms will be 2 and 1; then multiplying 41, 39 and 48 ſeverally by 2, 
(inſtead of 32,) and dividing the Products ſeverally by 1, (inſtead of 16,) the Quotients 
will be 82, 78 and 96, which are found out much ſpeedier and in ſmaller terms than thoſe 
that would be found out by multiplying the ſaid 41 , 39 and 48 by 32, and dividing the 
Products by 16 as was firſt preſcribed. This Rule will oftentimes be very uſeful in the 
fourth branch of the following Canon. 

3+ Thirdly , let the ſquare number firſt taken in the firſt ſtep of the foregoing Reſo- 
lution of this Queſt. 74. be called bb, and its ſide 6, 

4. Fourthly , let the other ſquare number which is equal to the ſumm of the three 
temainders found out in the ſaid brit ſtep of the Reſolution be called cc, and its fide c. 

Theſe things premiſed , I proceed to the 


CANON. 


1. Divide the 'known number & by the known number c, and call the Quotient 4, 
which is now a known number. 

2. Divide the Cube of & by e, and let the Quotient be called 4, which known number 
is the ſumm of the numbers ſought by the Queſtion, 

3. Reduce the numbers 4 and 4 to their ſmalleſt common Denominator. 

4+ Reduce likewiſe the ſides of the preparatory Cubes ( found out in the firſt ſtep of 
the Reſolution ) to their ſmalleſt common Denominator, then multiply ſeverally the Nu- 
merators of thoſe ſides by the Numerator of the number 4, and divide the Products 
teverally by the ſaid common Denominator of the ſides of the ſaid preparatory Cubes, 
and reſerve the Quotients for Dividends. 

5. Divide ſeverally thoſe Dividends reſerved, by the Denominator of 4 or 4, (for theſe 
were above reduced to a common Denominator , ) ſo mall the Quotients be the ſides of 
the Cubes ſought. 

6. Laſtly, by ſubtracting ſeverally the Cubes of the ſides laſt found out, from the Cube 
of the ſumm of the numbers ſought, (which ſumm was above found by the ſecond ſtep 
of the Canon, ) the remainders ſhall be the numbers ſought , and the ſmalleſt that have 
a common Denominator with the Cubes found out in the fifth ſtep of the Canon. 

This Canon with the preceding preparatory Directions may be practically illuſtrated 
by _—_— of the preceding weſt. 73. and of this and the following 75 and 76 
Queſtions. 


Example 2. 


n 


Sn wr; LATE) 
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E xample 3. 


Let it be required to find three ſuch numbers, that if every one of them be ſubtracted 
from the Cube of their ſumm, the three remainders may be — n 


1. Firſt take ſome ſquare number, as 9, then find three ſuch Cubes, that if they be 
ſeverally ſubiracted from 729 (the Cube of the ſaid Square 9) the ſumm of the three 
remainders may be a Square: But three ſuch Cubes are +*£332, +2444 and $224 (or 1,): 
whoſe lides are 16, #7 ande i, (found out in the ſecond Example of weſt. 70.) for 
if thoſe Cubes be ſeverally ſubtracted from 729, (or #24432 . ) the ſumm of the three 
remainders £27257 , 2535 and 22433335 being reduced to its leaſt terms will be 
2221 which is a ſquare number whoſe ſide is 273. | 7 

2. Then by 2 according to the fotegoing preparatory Directions and Canon, 
the numbers and Cubes ſought will be found ro be the ſame as were before found out 
in the firſt Example of this 74 Queſtion. 

| Example 3. — 

1. Taking again the ſame ſquare number 9 as in the ſecond Example, I ſeek three other 
Cubes, that every one of them being ſubtracted from 72 9 (the Cube of the faid Square 9) che 
ſumm of the three remainders may be a Square: But three ſuch Cubes are 244724, 1412 
and 1, whoſe ſides are £2+, 21 and 1, (or 23, ) found out in the third Example of 
Aueſt. 70. for it thoſe three Cubes be ſeverally ſubtracted from the ſaid 729 , the ſumm 
of the three remainders in its leaſt terms will be 14443, which is a Square, Whoſe tide 
is 4242. L : 

2. Then by n according to the preparatory Directions and the Canon, (which 
follow the firſt Example ot this 24 Queſtion, ) the lides of the three Cubes fought will 
be found 42+, 347 and 3217, and the three numbers ſought are theſe, ro wit, 5322227, 
—E2&3245 and Ir, whoſe ſumm in its leaſt terms is £22 , from the Cube whereof 
if the ſaid three numbers be ſeverally ſubtracted, the three remainders will be Cubes, 
whoſe ſides are thoſe above found out. Therefore the Queſtion is ſolved. | 


— — 


2UEST. 75. ( Another way of ſolving the preceding Quelt. 24.) 


To find three ſuch cube-numbers, that if every one of them be ſubtracted from the C ube 
of their ſumm, the remainders may be Cubes. | | 


RESOLUTION. 

1. Firſt rake ſome ſquare number, as 4, then find three ſuch Cubes that if they be ſeverally 
ſubtracted from 64, (the Cube of the ſaid Square 4 , ) the ſumm of the three remain+- 
ders may be a Square : But three ſuch Cubes are $£33% , $2232 and 27, whoſe lides 
are +, 22 and 3, (found out in the firſt Example ot Left. 71.) for if thoſe Cubes be 
ſeverally ſubtracted from the ſaid 54, the three remainders will be theſe, to wit, #22332, 
FED and £42542 whoſe ſumm in its leaſt terms is 53, which is a Square whoſe 

ide is 425; | f 

2. Then by proceeding according to the preparatory Directions and Canon which follow 
the firſt Example of the preceding Queſt. 74. the ſides of the three Cubes ſought will 
be found theſe, to wit, a | | 

| 78 


82 
e 185 2 185 * 
3. And conſequently the Cubes themſelves are 1 
68 474552 473 
47427 75 331 2 5 53316277 
4. And the three numbers ſought are theſe, 


154574 . 1622600 1212416 
6331625 W 6331625 3 6331625 * _ 


Which will ſolve the Queſtion , as will be manifeſt by 
| The Proof. ova 
5. The ſumm of the ſaid three numbers is 4443432 , which reduced to = ;. 344 
ſmalleſt terms by the common Diviſor 34225 , gives 7 
6. The Cube of the ſail ſumm is: „ 44761, 
From which Cube if you ſubtrac̃t ſeverally the three numbers before found out in the 
fourth ſtep, the remainders will be the three Cubes w_ expreſt in the third ſteß. 


« 
a 1 N — 2 — — 
__ * — 


114 Diophantus's Algebra explain'd. 


Book III. 


Another Example. 


1. Firſt rake ſome ſquare number, as 1, then find three ſuch Cubes that if they be 
ſeverally ſubtracted from 1 (the Cube of the Square firſt taken) the ſumm of the three 
remainders may be a Square: But three ſuch Cubes are 4372344, £43257 and 702 $+2, 
whoſe ſides are 953, ff and 838, (found out in the third Example of AQueſt. 71.) tor if 
thoſe Cubes be ſeverally ſubtracted from 1, (the Cube of the Square firſt raken , ) the 
ſumm of the three remainders 367472, -42252 and 23117? being reduced to its leaſt 
terms will be 42252 which is a Square whoſe {ide is 17. | 

2. Then by -proceeding according to the preparatory Directions and Canon (which 
follow the firſt Example ot the preceding Queſt. 74.) the lides of the three Cubes ſought 
will be found theſe, 10 wit, 12 f, 227 and 225; and the three numbers ſought will be theſe, 
to vn, 78744837, 2.443352 and 35256524 which will ſolve the ſaid 75% Queſtion, 
as will appear by the Proot. 


- To find four fuch numbers, that if every one of them be ſubtracted from the Cube 
of their ſumm, the four remainders may be Cubes. | 


RESOLUTION. 


i. Firſt take ſome ſquare number, as 4, then find four ſuch Cubes that if they be ſeverally 
ſubtracted from 64 (the Cube of the ſaid Square 4) the ſumm of the four remainders ma 
be a Square : Bur four ſuch Cubes are theſe 2433888, 444134423838, 2314738 88 

and 2$342282424. whoſe ſides are 25,438 344% and 3365, (found ou in the Example 

of the ſaid fiith Queſtion, } for if thoſe Cubes be ſeverally ſubtracted from the ſaid 64, 
the four remainders wiil be theſe , to wit, 4224353426 42452142204 12364122522 5 

and 42583; which remainders being added together, the ſneam in its 
terms is 288, which is a Square whole (ide is 43 43. 

2. Then by proceeding according to the preparatory Directions and Canon, ( which 
follow the firſt Example of the foregoing Queſt. 74.) the ſides of the four Cubes 


ſought will be found theſe, to wit, 


_ 9368 9672 6972 — 6630 
160279 9 16027 TI 16027 and I6027 * 
3. Therefore the four Cubes ſought are theſe , 
822130284032 904792232448 _ 3336088730900 _ 291434247000 


. "ali677l011683 ) A4Il6771011683 3 4ll677lo01i663 “ 4Lll67710Ii6t3 * 

4. Which Cubes being ſeverally ſubtracted from the Cube of $$**2, (which by the 
ſecond branch of the Canon will be found out for the ſumm of the four numbers ſought,) 
the remainders will be the numbers ſought, to wit, theſe , 

465783187968 9493245 99999 383121239552 _ 296279225000 
4116771011683 ) 4116771011683 93 4116771011603 3 4116771911 3 
Which four numbers ſolve the Queſtion, as will appear by the Proof. 

From the manner. of ſolving this and, the preceding 75” Queſtion , it is eaſie to ap- 

rehend , how five, ſix or as many numbers as ſhall be deſired, may be found out, which 

— ſeverally ſubtracted from the Cube of their ſumm, may leave as many Cubes: But 

ſo many numbers as are deſired, ſo many preparatory Cubes muſt be firſt found out, ſuch, 

that if they be ſeverally ſubtracted from the Cube of ſome ſquare number choſen at pleaſure, 
the ſumm of the remainders may be a Square; which preparatory Cubes may be found 

out by the method before delivered in Queſt. 71, and 72. 


DUEST. 77. (Quæſt. 20. Lib. 5. Diophant.) 

To find three ſuch numbers that if the Cube of their ſumm be ſubttacted from every 

one of them, the remainders may be Cubes. Li 
| RESOLUTION. 

1. For the ſumm of the three numbers ſought put . Þ5 4 
2. And let the three numbers be.. „ 2444, gad, 23444 
3. It remains chat their ſumm 39444 be equated to 4, whence 3 94 2 1; where if 

39 were a Square the Queſtion would be ſolved by Rational numbers. But 39 is 
- 4 not 


* 
* 
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A 


not a Square, whence therefore is it produced? Examine the Poſitions , and you will 


find that 1 being added ſeverally to the three Cubes 1, 8 and 27, the ſumm of thoſe- 


three additions makes 39. We muſt therefore ſearch out three Cubes whoſe ſumm 
increaſed with 3 may make a Square, to which end | 
4. For the ſides of the three Cubes put .. 2e; -e z; and 1 
5. Then the ſumm of the Cubes of thoſe three ſides increaſed 
with 3, makes c dee — 2765-31 
6, Which ſumm is to be equated to a Square, but the (ide thereof muſt be ſo feigned that the 
value of e may be leſs than 3; now to cauſe that effect the ſide may be variouſly 
teigned within limits eaſie to be diſcovered from the method in divers preceding Que- 
ſtions of this Book, let it be 2e — 7, then the Square of 3e — 7 being equated to gee 
—27e-|-31 will give eg ; theretore the ſides of the three Cubes are and 1, 
and the Cubes themſelves are 1359, f; and x , by the help whereof the work is to be 
renewed thus, viz, 


7. Add 1 to every one of the three Cubes before found, and the ſumms will be 2, £ 5+ 


22S WMeS 


and 437 then inſtead of 2 44a, 9aaa and 2 aaa ( in the ſecond ſtep ) put for the three 
numbers {ought , 


Laas „ a, T3444. 

3. Then the ſumm of thoſe three numbers being equated to 4,9 
( which in the firſt ſtep was put for the ſumm of the three > * = a 
numbers ſought,) gives chis I quation, to wit... * 

9. Whence, aicer due Reduction „ ··¶·ů· 4 375 
Theretore from the ninth and ſeventh ſteps the three numbers ſought are 23 

and 2915; for if from every one of them, the Cube of their ſumm, to wit, 431 

tracted, there will remain the Cubes 2315, 7323, 415, whoſe ſides are 5 72, 7+. 
From the premiſſes it is evident that the Queſtion is capable of innumerable Anſwers, 

and may eaſily be extended to four, five, or as many numbers as you pleaſe. 


4 

I * 

be lub- 
x" 

I 17 


LUEST. 78, (Quaſt. 21. Lib. 5. Diophant.) 
To find three ſuch numbers that their ſumm may be a Square, and that if to the Cube 
of the ſaid ſumm the three numbers be ſeverally added, the three ſumms may be ſquare 
numbers. 
: RESOLUTION. 
1. For the ſumm of the three numbers ſought, that ic may be? 
a Square, pit '- | © +» a _ 
2. Then for the fit number pt 
3. For the ſecond, ] © + 6 oomT 
4. And for the tid, , . . . . © © » © © © „ 1 $4000 
5. Whence it is evident that every one of them added to the Cube of their ſumm makes 
a Square; But the ſumm of the three numbers ( in the ſecond, third and fourth ſteps) 
mult be equal to aa which was firſt put for their ſumm; therefore 2 6a4aaaaa = aa, and 
conſequently, (by dividing each part by a, ) -264aaa=1., In which laſt Equation 
if 26 were a ſquared ſquare number, the value of 4 would be a rational number: 
Whence therefore comes 26? Examine the Poſitions, and you will find that tis 
the ſumm ot the three numbers 2, 8 and 15, every one of which increaſed with 1 makes 
a Square; therefore the ſcope of our ſearch muſt be to find three numbers, every one 
of which increaſed with 1 may make a Square, and that the ſumm of the ſaid three 
numbers may be a Biquadrate: To which end let the three numbers be aaaa — 244; 
aa-|-:a and 44 — 24; for every one of theſe increaſed with 1 makes a Square, and 
their ſumm makes a Biquadrate, to wit, 4444; and tis evident the value of 4 may be 
any number greater than 2, (tor the third number 44 — 24 ſhews that 44 mult be greater 
than 24, and conſequently à greater than 2.) Suppoſe, therefore 4 = 3, whence the 
three numbers a4 — 244; 44 F 24; 44 — 24, Will be 63, 15 and 3; now with 
the help of theſe three numbers the work may be renewed thus, viz, 
Let the ſumm of the three numbers ſought be (as before) ,> 44 
. And the feſt naatber' . . + + + - » ©» & SS 
WT! ũůeͥ T_T RÞR—=®=® 
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10. Therefore the ſumm of the three numbers is «. . 814444 
11. Which ſumm muſt be equal to 44, vis. « . +» +» „ 81 aaaaaa = 44 
12. Which Equation after due Reduction gives „ . 4 = F 
Therefore from the twelfth, ſeventh , eighth and ninth ſteps the three numbers ſought 
are 523 51 and 535, which will ſolve the Queſtion , for their ſumm is a Square, to 
wit, 3. Alſo the Cube of the ſaid ſumm is 775 , to which if the three numbers be ſeve- 
rally added there will come ferth three ſquare numbers, 529, 35 and 775 , for their 
ſides are 37, f and 25. 


QUEST. 79. ( Quzſt. 22. Lib. 5. Diophant. ) 


To divide a given number, ſuppoſe 2, into three ſuch numbers, that every one of them 
ſubtracted from the Cube ot their ſumm, viz. from 8, may leave a Square. 


RESOLUTION. 


Foraſmuch as every one of the three numbers ſought being leſs than 2 is to be ſubtracted 
from 8, each remainder ſhall be greater than 6, but leſs than 8; and the ſumm of the 
three remainders, to wit, the three Squares ſought makes 22 : for the ſumm of the three 
deſired numbers, to wit, 2 , ſubtracted from three times 8 leaves 22; we muſt therefore 
divide 22 into three ſuch Squares that every one of them may be greater than 6, but leſs 
than 8. But 22 is compoſed of three Squares 9, 9 and 4; therefore, firſt, (by Lueſt 4. 
of this Book) let 13 (the ſumm of 9 and 4) be divided into two Squares, that one 
may be between 6 and 8, ſuch are the Squares * ftr and 42£+ „ whoſe ſides are £3 and £4 
then the leſſer of thoſe Squares, to wit, #3£+ added to 9 makes £3*3 , which muſt alſo be 
divided into two Squares that each may be between 6 and 8; but by the ſaid Queſt. 4. 
the ſides of two ſuch Squares will be found 442, and ff, which with 25, (that is, 
225 % before found are the ſides of the three Squares ſought; therefore the three Squares 
themiclves are 4337327 2823132 and 482325, whoſe ſumm makes 22, and 
every one of them is greater than 6, but leſs than 8; therefore thoſe three Squares ſeve- 


an ſubtrated from 8 , leave the three deſired parts of 2, to wit, 2$$2242%, 22226225 
and 28277427 


20475625 * 


DUEST. 8o. [Thi i the 12" of the 4 Book of Vieta' Z etetichs. |] 

To find three right-angled Triangles in rational numbers, that the Solid of the Perpen- 
diculars may be to the Solid of the Baſes as a ſquare number to a ſquare number. 

Nite. By the Solid of three numbers is meant the Product made by their multiplication 
one into another, as, the Solid of 2, 3 and 4 is 24, that is, 2x 3 * 4. 


RESOLUTION. 


1. Let h, b, p repreſent the Hypothenuſal, Baſe and Perpendicular of any right-angled 
Triangle in numbers given er found out by the Canon in Obſervar. 8. Reſolut, 2. Queſt. 2. 


of this Book 
, 1 5 — _ , _ 
2. Then from h and b (by the Canon above-mentioned ) form a ſecond right-angled 
Triangle, and let 2h00 be called the Baſe, fo the three ſides will be theſe, 
: Hypoth. Baſe, Perp. 
copay 3 bh -|- bb. . 2bb . bh — bb 
3. Again, from h and p form a third right-angled Triangle, and let 2hp be called the 
Baſe, fo the three ſides will be theſe, PEW wm * 
Hypoth. Baſe, Perp. 
hb j-pp - 2bp . 5% — pp 
4. I fay the Solid of the Perpendiculars of thoſe three right-angled Triangles is to the 
Solid of their Baſes as a Square to a Square, to wit, as pp to 4%; which I prove thus, 
The Perpendicular of the firſt right-angled Triangle is p; the ſecond Perpendicular 
is bh— bb, that is, pp, ( for by Conſtruction in the firſt ſtep , hh = bb + pp, whence 
bh —bb pp; ) and the third Perpendicular is hh — pp, that is, bb, So that the three 
Perpendiculars are p, pp and b, which multiplied one into another will produce 


pppbb S the Solid of the three Perpendiculars. 


ix. 


Again, 
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K - *, 2 


Queſt. 8 t, 8 2. Diophantus's Algebra explain d. 72 17 


Again , the Baſes of the ſame three right - angled Triangles are b, 2hb, 2hp, which mul- 
tiplied one into another will produce 


4hhbbp = the Solid of the three Baſes. 


Now becauſe bby is a common Factor in thoſe two Solids, they ſhall be in ſuch pro- 
portion one to another as the Quotients that ariſe by dividing the ſaid Solids by bp, viz. 


pppbb . ahbhbblp :: pp . 4bb 
Which was to be 154 8 
An Example in Numbers. 
Let the ficſt right-angled Triangle be b,b,p 


Then by Conſtruction in the ſecond ſtep, the ſecond right-angled _— 4 
'_ 1 3 RR „„ „ „ YT 345 30 , 16 

And by Conſtruction in the third ſtep the third right-angledTriangleis> 41, 40, 9 

Which three Triangles will ſolve the Queſtion ; for the Solid of the Perpendiculars 
4, 16, 9 hath ſuch proportion to the Solid of the Baſes 3, 30, 40 as the Square of 4 
to the Square of 10. 

Note. Inſtead of any one of the Triangles thus found out, you may take another like 
Triangle, as inſtead of 34, 30, 16, you may take 17, 15, 8, which with the other 
two Triangles will ſolve the Queſtion. 


2D EST. 81. ( Quazſt. 13. Lib. 4. Zetet. Viet.) i 


To find two right-angled Triangles in rational numbers, that the Product made by the 
mutual multiplication of the Perpendiculars, leſs by the Product of the Baſes, may be 
a Square. 


RESOLUTION. 
1. Let h, ö, p repreſent the Hypothenuſal , Baſe and Perpendicular of a right-angled 
Triangle, in numbers fo given or found out that 2p may be greater than b, 
8 W ay 9 9 
2. Then from 2p and 6 let a ſecond right-angled Triangle be formed, and let 4pb be called 
the Perpendicular , fo the three ſides will be theſe , 
FEY 3 Hypoth. Baſe, Perp. 
' C4pp-+6b . app—bb ., ab 
3. Then divide the ſides of the ſaid ſecond right-angled Triangle ſeverally by 6 the 
Baſe of the firſt, ſo there will ariſe theſe following ſides of a third right-angled Triangle, 
Hypoth. Baſe , Perp. 


vid. WED i 2 = 


I Gay the firſt and third right-angled Triangles will ſolve the Queſtion , for if the 
Product of their Perpendiculars p and 4p, to wit, 4pp be leſſened by the Product of their 
Baſes 6 and 4?P 7 , that is, by 4pp — bb, the remainder will be a Square, to wit, bb , 


which was required. 


An Example in Nimbers. - 
Let the firſt right-angled Triangle be . . . + + « + 3 > 8 : a 

9 I 
Then the other ſhall be . „ e oPW‚ P 13 1 12 
Which Triangles will ſolve the Queſtion ; for the ProduR of the Perpendiculars 

3 and 12, to wit, 36, exceeds 20 the Product of the Baſes, by the Square 16. 

Note. If the two Triangles found out by this Queſtion be ſeverally multiplied or di- 
vided by the ſame number, they will produce two other Triangles to perform the ſame effect. 


DUEST. $2, ( Quaſt, 14. Lib. 4. Zetet. Viet.) 


To find two right-angled Triangles in rationak=nambers , that the Product made by 
the mutual multiplication of the Perpendiculars , together with the Produ of the 
Baſes, may make à Square. 


RESO. 
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RESOLUTION. 
1. Let h, ö, p repreſent the Hypothenuſal, Baſe and Perpendicular of a right-angled 
Triangle, in numbers ſo given or found out that p may exceed 26, 
Hypoth. =_ . Perp. 
h 


dix. 


. 32 
2. Then from p and 2b form a ſecond right-angled Triangle, and let 4bp be called the 
Baſe; ſo the three ſides will be theſe, 
Hypoth. Baſe, Perp. 
pp -|-4bb 4b + pp—4bb 
3-- Then divide the ſides of the ſaid ſecond right-angled Triangle ſeverally by p the 
Perpendicular of the firſt , ſo there will ariſe theſe following ſides of a third right- angled 


Tunis. Hpyoth. Baſe, Perp. 
viz. 3 REA „ 4 


i ⁊. 


4 p Js P : 
4. I fay the firſt and third right-angled Triangles will ſolve the Queſtion ; for if to 


pp — 4bb the Product of the Perpendiculars p and EE 2. you add 40, to wit, the 


Product of the Baſes b and 46, the ſumm will be the Square pp. Which was required. 


An Example in Numbers. 


The firſt right-angled Triangle may be . . . . « « 2 13, 5 12 
Then the other Triangle ſought ſhall be es, 24 


Which Triangles will ſolve the Queſtion ; for the Product of the Perpendiculars 12 
and 43, to wit, 44 increaſed with 100 the Product of the Baſes 5 and 20, makes the 
Square 144. 

Note. If the two Triangles found out by this Queſtion be multiplied or divided by 
the ſame number, they will produce two other Triangles performing the ſame effect. So, 
it 13,5, 12 and £3, 20, ++ be multiplied ſeverally by 3, there will be produced 39,15, 36 
and 61,60,11 ; where 396 the Product of the Perpendiculars , with goo the Product 
ol the Baſes makes the Square 1296, whole Root is 36. 


LUEST, 83. (Qualt. 15. Lib. 4. Ziter. Viet.) 


To find three right-angled Triangles in rational numbers, that the Solid of the Hypothe- 
nuſals may be to the Solid of the Baſes, as a ſquare number to a ſquare number. 


RESOLUTION. 


1. Let h, &, p repreſent the Hypothenuſal , Baſe and Perpendicular of a right-angled 
Triangle, in numbers ſo given or found out that 26 may exceed p, 


1 Hypoth. Baſe, Perp. 
1-4 2 5 3 ESR + 
2. Then from 26 and p form a ſecond right-angled Triangle, and let 46p be called the 
Bafe , fo the three ſides will be theſe , 4 
* Hypoth. Baſe, Perp. 
2 4bb-j-pp 4% 40 — pp 
3. Then by the help of thoſe two right-angled Triangles, find out a third, by the Canon 
in Obſervat. 4. upon Reſolut. 2, and 3. of Queſt. 2. viz. for the Hypothenufal of the 
third right-angled Triangle take the Product ot the Hypothenuſals of the firſt and ſecond ; 
the Baie ſhall be the Product of the Baſes of the firſt and ſecond , leſs by the Product ot 
the Perpendiculars; and the Perpendicular ſhall be equal to the ſumm of the Product of the 
Baſe of the firſt into the Perpendicular of the ſecond, and the Product of the Perpendi- 
cular of the brit imo the Baſe of the ſecond ; ſo the three ſides of the third right-angled 
Triangle will be theſe , 
: Hypoth. Baſe, Perp. 
. 2 46bh-4-pph © ppp . 46bb4-3bpp | 
I fay thoſe three rigin-angled Triangles will ſolve the Queſtion , for the Solid of the 
** is to the Solid of the Baſes as the Square of 46bbb = ppb is to the Square 
of 20pp. 


An 


_ m — nn 4.4 


Queſt. 84. 
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An Example in Numbers. 

The firſt rigiu - angled Triangle may be , . 

Then the ſetond in its leaft terms will be found l 7 * 5 , : 

And the third in its leaſt terms is e's + "SC dS" 6 W659 16 3 63 

Which three Triangles will folve the Qgeſtion; for the Solid of the Hypothenuſals 
is to the Solid of the Baſes, as the Square of 65 to the Square of 24. 

Otherwiſe thus, * 

1. Let h, 6, p repreſent the Hypothenuſal, Baſe and Perpendicular of ht-angled 

Triangle, ſo given or found out that p may exceed 26, n 
* Hype. * : +. 

2. Then from p and : b form a ſecond. right-angled Triangle, and let 45p be called 

the Baſe , ſo the 65 lides will be theſe, * * hec 


Hypoth. Baſe - Perp. 
VIE. I 
EES 
3. Then by the help of thoſe two right - angled Triangles find out a third by the latter 
Canon in Obſervat. 4. before mentioned, viz. for the Hypothennſal of the third-right- 
angled Triangle take the Product of the multiplication of the Hypothenuſals of the firſt 
and ſecond; for the Baſe, take the ſumm of the Product of the Baſes and the Product of 
the Perpendiculars ; and for the Perpendicular take the difference of theſe two Products, 
to wit, the Product of the Baſe of the firſt into the Perpendicular of the ſecond , and the 
Product of the Perpendicular of the firſt into the Baſe of the ſecond. So the three ſides 
of the third right-angled Triangle will be found theſe, 
Hypoth, Baſe, Perp. 
pig L „ö 3% 4 
An Example in Numbers. 
Let the ſides of the firſt right-angled Triangle be. . .> 13, F, 12 
Then the ſecond in its leaſt terms will be found gd „ 61, 60, 11 
And the third in its leaſt terms ſhallble , . . . . . .> 293, 432, 665 
Which three Triangles will ſolve the Queſtion ; for the Solid of the Hypothenuſals 
is to the Solid of the Baſes, as the Square of 793 to the Square of 360. — 


a F 


VEST. 84. ( Quzſt. 24. Lib. 3. Diophane. ) 
To find three ſquare numbers, that if they be ſeverally added to the ſolid Product 
made by their continual multiplication , the three ſumms may be Squares. 


RESOLUTION. 


1+ For the Solid of the three Squares fought put . . > 4 
3. Then find three Squares, . one of which increaſed with unity may make a Square; 
which Squares may eaſiſy be found out by the help of three unlike right-angled Tri- 
angles; tor if the Square of one of the ſides about the right-angle be divided by the 
Square of the other (ide, the Quotient will be a Square, which increaſed with 1 will 
make a Square; AS, if there be expoſed theſe three unlike right- Triangles, to wit, 
3754, J. 5.12, 13. 8, 15,17 z then in the firſt Triangle the Square of the Baſe 3 
divided by the Square of the Perpendicular 4 gives the Square 72, which increaſed with 1, 
that is, 12, makes the Square 2+ , the reaſon whereof is eſt, for by Conſtruction 
the Numerators 9 and 16 added together make a Square, wherefòre the whale Fraction 
22 ſhall be a Square, In like manner in the ſecond Triangle the Square of the Bale 5 
divided by the Square of the Perpendicular 12 gion the Spare 74+, which increaſed 
with 1 , that is, 14, makes the Square 142. in the third Triangle the Square 
of the Baſe 8 divided by the Square of the Baſe 1 5, gives the Square 287, which increaſed 
with 1, makes the Square $#3. Thus three Squares are found out, to wit, 74, 743 and 
$+ , every one of which increaſed with 1 makes a Square. Now multiply thoſe Squares 
3 by 44, and take the Products 7444,7 4444 and z$F4e for the three Squares ſqught; 
for every one of them added to 44, (which was firſt put for the Solid made by their con- 
tinual multiplication, ) makes a Square: It remains that the Solid of the ſaid p44, 
T4444 and 225% be equal to 44; Bur their Solid by contigual multiplication is 


Y 
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$222 244444 , this . to 44 gives 574333444448 = aa; Whence by dividing 
each part by 4a there ariſeth 7735534444. 1, and by extracting the ſquare Root our 
of each part it gives 328 =.1 ;.in which laſt Equation it 33% were a Square, then 
the value of 4 would be expreſſible by a rational number, and conſequently the Queſtion 
were ſolved. Whence therefore comes £33 ? Examine the work, and you will find that the 
Numerator 120 is the Solid of the Baſes 3, 5 and 8 of the three Triangles firſt expoſed , 
(for 14400 is the Solid of the chree Squares 9, 25 and 64, and therefore the ſquare 
Root of 14400, to wit, 120 is the Solid of the ſides of thoſe three Squares, ) and 
the Denominator 720 is the Solid of the three Perpendiculars 4, 12 and 15 ; ( for 
518400 is the Solid of the three Squares 16, 144 and 125, and therefore the ſquare 
Root of 5 18400, to wit, 720 is the Solid of the three Roots of thole Squares.) We 
muſt therefore find three ſuch right-angied Triangles, that the Solid of their Perpendicu- 
lars may be to the Solid of their Baſes as a Square to a Square. But by the precedent 
Queſt. 80. three ſuch Triangles may be found out, as theſe, 4, 3,5. | 5, 15,17. 
9, 40, 41; the Solid of whole Baſes 4, 8, 9, to wit, 2888, is to the Solid of their Per- 
pendiculars 3, 1 5, 40, to wit, 1800, as 144 to 900; that is, as a Square to a Square ; 
then with theſe Triangles let the work be renewed as before, viz. 

3. For the Solid of the three Squares ſought pur . . 5 

4. Then divide the Squares of the Baſes of the three right-angled 
Triangles laſt found out, by the Squares of the Perpendiculars 
and multiplying the Quotients ſeveraliy by aa, put the Pro- 
ducts for the three Squares ſought, to wirt. 

5. The Solid of thoſe three Squares equated to 44, gives «> T7335 aaaaan = 44 

6. Which Equation, after due Reduction, gives +» . «© . a=} 

7. Wherefore from the ſixth and fourth ſteps the three Squares ſought are , f and 
>£2 , which mutually multiplied one into another make he Solid 4, to which if the 
three Squares themſelves be ſeverally added, the ſumms will alſo be Squares, to wit, 443. 
222 and 44; for their ſides are 3, 1 and gg. Therefore the Queſtion is ſolved, 
and manifeſtly capable of innumerable Anſwers. 


— —P 


— 4+ — 11 
Ag, 72744, 775 


AES T. 85. ( Quaſt. 25, Lib. 5. Diophant. ) 
To find three ſuch Squares, chat if they be ſeverally ſubtracted from the ſolid Product 
made by their continual multiplication , the three remainders may be Squares, | 
RESOLUTION. 

1. For the ſolid Product of the three Squares ſought put .> aa 

2, . Then ſearch out three Squares, every one of which ſubtracted trom unity may leave 
1 but three ſuch Squares may be found out by the help ot three unlike right- 
angled Triangles , for if the Square of one of the ſides about the right · angle be divided 
by the Square of the Hypothenuſal, the Quotient ſhall be a Square, which ſubtracted 
from 1 will leave a Square: Let therefore three unlike right-angled Triangles be ex- 
poſed, as 3,4,5. | 12,5,13. | 15, 8, 17; then by dividing the Squares of 4, 5 
and 8, which I ſhall here call Paſes, (for it matters not which of the ſides about the 
right-angle be called the Baſe, ) by the Squares of the Hypothenuſals 5, 13 and 17, 
the Quotients will be the Squares 35, 123 and ;*+, every one of which ſubtracted 
from 1 leaves a Square. Then multiply every. one of thele Squares by 44 and aſſume 
the Products to be the three Squares ſought , to wit, 24, 73524 and 38344; for every 
one of theſe ſubtracted from 44 (which was firſt put for the Solid of the three deſired 
Squares)leaves a Square. It remains that the ſolid Product of the ſaid 3544, £2 a4 and 2644 
be equal to 4a but the ſaid Solid by continual multiplication will be found 553 $22 aaazaa, 
therefore 5537533444444 = aa, Whence after due Reduction there will ariſe 248444 
=I; in which laſt Equation if 21 85 were a Square, then the value of 4 would be ex- 
preſſible by a rational number. Whence therefore comes 2183? Examine the work, 
and you will find that the Numerator 160 is the ſolid Product of the Perpendiculars 
4, 5 and 8 of the three Triangles firſt expoſed; and the Denominator 1 105 is the 
Solid of the Hypothenuſals 5, 13 and 17. We muſt therefore find three ſuch right-angled 
Triangles that the Solid of the Hypothenuſals may be to the Solid of their Baſes as a Square 
to a Square : But three ſuch right-angled Triangles may be found out by the prece- 
ding Leſt. 83. ſuppoſe theſe, 5, 3, 4. | 13, 12, FJ. | 65, 16, 63; here I ſhall 
call 3, 12 and 16 the Baſes, by the help whereof the work may be renewed thus, viz. 
— 1 3. For 


| 
N 
f 
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3. For the Solid of the three Squares ſought put „ as 

4+ Then divide the Squares of the Baſes of the three Triangles 
laſt found out, by the Squares of the Hypothenuſals, and 2 4, as 
multiply the Quotients ſeverally by 44, and put the Pro-0 2344, 16944, 2225 94 
ducts for the three Squares ſought, to wit, — to = | 

5. The Solid of thoſe three Squares being equated to 4a, gives > 73352: 4A = 44 
Which Equation, after due Reduction, will give ., . ...> a 2 e _ 

6. According to which value of 4, the Poſitions in the fourth ſtep being reſolved , the three 
Squares ſought will be found *$3, , 3 for theſe mutually multiplied make the Solid 
<+22  trom which it every one of the ſaid three Squares be ſubtracted, the remainders 
wall be Squares, to wit, 43, 173, 4, whoſe ſides are 1, 44, . 


LUEST. 86. ( Quzfſt. 26. Lib. 5. Diopham.) | 
To find three Squares, that the Solid or Product made by their continual multiplication 
being ſubtracted from every one of them, the three remainders may be Squares. 
RESOLUTION. 6 _ 
The Reſolution of this Queſtion depends upon the Lemma uſed. in the laſt preceding 
Queſtion, for as there, ſo here, three right-angled Triangles are firſt to be found out, that 
the Solid of their Hypothenuſals may be to the Solid of their Baſes as a Square to a Square. 
: Then, inſtead ot 2344, $3544 and 224, aſſumed in the fourth ſtep of the preceding 
L ueſt 85. to be the three >quares ſought , let 344, 25244 and j 244 be put for the three 
Squar<s,ſought in this 86” Queſtion, where obſcrve, that the Namerators of the three lagrer 
Squares which are multiplied into 4, are the ſame with the Denominators of the former, 
and the Denominators of the latter the fame with the Numerators ot the former; by 
which converſion it will follow, that if from every one of the latter Squares, viz. from 
234, 23244 and f +4, you ſubtract 44, which (as before in Queſt. 85. ) is to be taken 
for the Solid of the three Squares ſought , the three remainders will be Squares: Then 
the Solid of the three aſſumed Squares, that is, of 344, f and £33 aa, being-equated 
to 44, gives #243242 *g,a4a4 — 44; Whence, after due Reduction, 4 = 2+, according 
to which value ot 4, the Poſitions being reſolved will give 755, 77, 2 for the three 
Squares ſought , for the Solid made by their continual multiplication is 3227, which ſub- 
tracted from every one of the three Squares, leaves the Squares 1235, 1 and 25244 
whoſe ſides are 33, 54, 22, 


2UEST. 87. ( Quaſt. 30. Lib. 5. Diophant- ) 


To 6nd three Squares, that if to the ſumm of every two of them, a given number, ſup- 
poſe 15, be added, the three ſumms may be Squares. 


RESOLUTION. 

1. For one of the Squares ſought take any ſquare _— | 
ü ͤ „„ „„ £m LEY _ - 

2. Then we muſt find two other Squares, ſuch, that each ot them added to 24 may make 
a Square; for ſince g one of the three Squares added to the given number 15 makes 24, 
it will not be difficult to conceive from the tenor of the Queſtion, that each of the other 
two Squares taking to it 24 muſt make a Square. Now to find out thoſe two Squares, 
divide 24 by each of two ſides about the right-angle of fome right-angled Triangle, 
as 3 and 4; ſo the Quotients 8 and 6 (hall alſo be the fides abour the — of 
a right-angled Triangle, becauſe they are in the fame proportion with the former; for 
by Conſtruction 8x 3 = 4x 6 = 24, therefore 3.4:: 6. 8; and conſequently 
the halves of 3 and 4, to wit, + and 2 , andthe Halves of 8 and 6, to wit, 4 and 3 
ſhall be alſo the ſides about the right-angle of a right-ahgled Triangle. Theſe things 
premiſed | 

3. Let thelide of one of the two Squares be the differente -e 

2 . | 5 as Sohn 

between 34 and — , to wit, 5”. * „ 6 a 4 4 

4. And the fide of the other Square the difference between __ 4 | 

4 a 8 44 — —, or — 44 

44 and — to wit; * © GY @.. & 0-58 , A „ 


* — Fo There- 
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5. Therefore the Square of the ſide in the third ſtep is .Þ 94 — 12 + + 


6. And the Squaze of the fide in the fourth ſtep is . > 1644 — 12 + 2 


7. The former of thoſe two Squares increaſed with 24 4_ 
makes a Square, to wit... _ as 
8. And the latter Square in the ſixth ſtep increaſed with 2 4 _ 
—— cpa « © *.+. an My 26.7 
9. The ſides of which two Squares in the two laſt Reps are > 34 + LA and 46 += 
10. It remains that the ſumm of the Squares in the fiſth and —_— © 
ſixth Keps, together with the given number 1 5 may make > 25aa— g + — 
a Square, but it aasee _ 
11, Which ſumm mult be equated to à Square, vi. either 8 
fo | 


1 
to 25 4a, ox to 2 „let it firſt be equated to 2544, 2508 — 94> + = 2544 


ST -- - fo 2's oy 
12. Which Equation, after due Reduction, gives . .> 4 = + 
13. Therefore from the twelfth , third and fourth ſteps the fides of rhe ſecond and third 
Squares ſought are 74 and 2+, and conſequently 9, res and £22 are the three Squares 
—_ 5 25 two with 1'5 make Squares, to wit, #224 , 44, 444 whole ſides 
3 153 . 


But if 2548 9 be equated to 2 then the value of 4 will be +, yet the 
ſame Solution will be found as before, becauſe here we muſt conceive _ — 34 and z — 44 


to be the ſides of the two Squares; which ſides being reſolved according to the latter value 
of 4, to wit, = , there will come forth (as before) 24 and x4. 

This Queſtion is capable of innumerable Anſwers upon a double ground; for firſt , the 
firſt uare may be any known ſquare number at pleaſure , then the lides of rhe ſecond and 
third Squares may be variouſly feigned from divers numbers, which may be the ſides about 
the right-angle of unlike right-angled Triangles , as inſtead of 3 and 4 we may take 
8 and 15, 5 and 12, and innumerable others. 


EST. 88. ( Quaſt. 32. Lib. 5. Diophant. ) 
To find three Squares that the ſumm of their Squares may make a Square; or, (which 


is the ſame thing) to find three numbers that the ſumm of their ſquared Squares may be 


a Square. 
RESOLUTION, 


1. For one of the ſquare numbers ſought put . .> aa 
2. And for the two others put „ bb and cc 
3. Then the ſumm of the Squares of thoſe three Squares is > 444 + bbbb -|- ccec 


4+ Which ſumm muſt be equated to a Square, let its fide be aa — dd, the Square whereof 

equated to the ſaid ſumm gives 
aaa -|- bhbb -g ccec = agag — 2ddas + dada. 
5» Which Equation , after due Reduction, gives . . .> aa= _ _ == 
I . 2 

6. In which laſt Equation, becauſe the Numerator and Denominator are not perfect Squares, 
the value of à is not expreſſible by à rational number; but to cauſe it to be rational, 
we may diſcover by the ſaid Fraction that a certain number and two Squares muſi be 
found out, ſuch, that if from the Square of the number the ſumm of the two Squares 
be ſubtracted , the remainder may be to the double. of the aid number as a ſquare num- 
her to a ſquare number: Now to find out ſuch a number and two Squares, let ry-|- 5: 
be put for the number, and yy for one Square; and 55 for the other; then from the Square 
of 77 +58, that is, from z7rrr ++ 27755 un lubtract the: ſumm of the Squares of 
T7 and 4, that is, rrrr -{- 5555, and the remainder 2775s muſt be to the double of the 

number r- -i, that is, 10 ar 255, 3b 4 Squart 10. a Square; therefore-alſo 

D #1 4 9 = 
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the halves of 2 rut and arr g 255, that is, res and rr - £5 ſhall be as a Square to 
a Square, for the Proportion is not changed: And ſince yrss is a Square, whoſe fide 
is rs, it remains only to make ry -|- 35 a Square; but ſuch it will be if r and 3 repreſent 
the lides about the right- angle of a right-angled Triangle whoſe three ſides are expreſſible 
by rational numbers, tor then rs will be the Square of the Hypothenuſal. There- 
fore from the premiſſes the tollowing Canon is deducible to ſolve the Queſtion propoſed. 


CANON. 


Take for two of the three Squares ſought the Squares of the ſides about the right-angle 
of ſome right-angled Triangle in rational numbers; then divide the Product made by the 
mutual multiplication of thoſe two Squares, by the Square of the Hypothenuſal, and 
there will come forth the third Square ſought. 

As, for example, let there be expoſed the right-angled Triangle 3, 4, 5, then two 
of the Squares ſought ſhall be g and 16, (to wit, the Squares of 3 and 4 the ſides about 
the right-angle ; ) and it the Product of 9 into 16, that is, 144, be divided by 25 (the 
Square of the Hypothenuſal, ) the Quotient 12 ſhall be the third o_ ſought. I fay 9, 
16 and lf are three Squares, which will ſolve the Queſtion , for the ſumm of their Squares 
makes 4, which is a Square; whoſe (ide is f. 


DES T. 39. ( Quafſt. 33. Lib. 5. Diophant. ) 


A certain Vintner made a mixture of two ſorts of Wines, whereof one coſt eight pence 
the quart , and the other five pence , at which prices the whole mixture was worth a ſquare 
number ot pence, unto which 60 being added the ſumm would alſo make a ſquare number, 
whoſe {ide was the number of quarts contained in the mixture, The Queſtion is, to find 
the number of quarts of each ſort of Wine in the mixture. 

RESOLUTION. 

x. For the price of the whole mixture put ,, . . „ 44—60 

2. Then if 60 be added to that total price the (umm will be 
the Square 44 , whoſe Root (as the Queſtion requires) muſt 

be equal to the number of quarts of both ſorts ot Wine in the 

O71 NT AA. _ 
3. From the premiſſes we —_— inferr, that 44 — 60 (the total coſt of the mix- 
ture) is greater than 54, bur leſs than 4; (that is, greater than the Product of the 

multiplication of the total number of mixed quarts by the price of the worſer fort of 

Vine in the mixture, but leſs than the Product of the ſame number of quarts multiplied 
into the dearer fort of Wine: ) But if 44 — 60 be greater than 54, and leſs than 8a, 
then the value of a (dy neſt 10. of this Book) is greater than 108388888, Cc. 
but leſs than 1272422224, Cc. Therefore a4 — 60 (which the Queſtion requires 
to be a Square) mult be equated to ſome Square whoſe fide muſt be ſo feigned that 
the value of 4 may be within thoſe limits: Now to cauſe that effect, the lide of the 
ſaid Squate may be feigned — 4+ any abſolute number between 177833, Cc. and 
22732+ , Ce. or 4 — any abſolute number between 27838, Cc. and 37833, &c. (as 
hath been thewn in Queſt. 1 1. of this Book.) Let then the laid lide be feigned — a+: 2, 
whole Square 44 — 4-4 -|- 434 equated 10 aa — 60 will give 4=127F for the deſired 
number ot quarts in the whole m xture. 

4. Then from ff, the Square of the ſaid 1277, ſubtra& 60, and the remainder **Z24 
is the price ot the whole mixture, which is a Square whoſe [ide is 47; and becauſe 
34244. js the number ot pence expreſſing the value of the mixture, it muſt be equal 
to the Product of 8 multiplied by a certain part of 1 2 7, (the number ot quarts in the 
mixture , ) together with the Product of 5 multiplied by the remaining part of 12773 
we muſt theretore divide 127+ into two ſuch parts, that if the one be multiplied by 5, 
and the other by 8, the ſumm of the two Products may make 147 ff; but that may be 

thus, | WW, 

5. For one of the deſired parts of 122#put : . « . « «F +» » « EC 

6. Then the other ſhallbe . . ee . 1275 & 

7. And if the former part be multiplied by 5, and the latter by 7 9822 — 36 
the ſumm of the Products will be... c 7 P7 3 

8. Which ſumm muſt be equated to 141 , vi . 7 98 — 36 41 
31.4 : Q. 2 9. Which 
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9. Which Equation , after due Reduction, makes known one of 
the deſired parts, to wit I 

10. Which ſubtracted from 127+, leaves the other part, to wit, > . , £255 

11. I fay the coral mixture of Wine might be compoſed of 22+ quarts of five pence the 
quart, and Af f quarts of eight pence the quart , whence the value of the whole mixt 

nantiry, to Wit, of 127+ quarts is Aff pence , which is a ſquare number whoſe {ide 
is 424. . and if to the ſaid Square 424 you add 60, the ſumm is alſo a Square, to wit, 
4124, hoſe (ide 1277 is the number of quarts in the mixture. 

12. But becauſe the (ide of the Square to be equated to ax — 60 may be feigned a— any 
abſolute number between 21858, Cc. and 37683, Cc. let the ſaid fide be a — 3 , the 
Square whereof equated to 44 — 60 will give 4 = 11+ for the number of quarts in 
the mixture; then the Square of 11% is , from which ſubtracting 60, the remain- 

der =£2 is the ſquare number of pence expreſſing the value of the mixture. Now the 
ſaid 114 is to be divided into two ſuch numbers that if one of them be multiplied by 1. 
and the other by 8, the ſumm of the Products may make the Square £32 , but two ſuch 
numbers (by working as before) will be found 22 and 12 
I fay again, the mixture may be compos d of 32 quarts of five pence the quart, and 

£2 quarts of eight pence the quart ; whence the value of the whole mixt quantity, to wit, 
of 11+ quarts, is 1 pence, which is a Square, to which if you add 60 the ſumm is alſo 

a Square, to wit, 224, whoſe ſide 114 is the number of quarts in the whole mixture. 

From the premiſſes tis evident that the Queſtion is capable of innumerable Anſwers in 

rational numbers. 


— 444 
e = I A 
44 


r — 8 


LUEST. 90. | 


To find a right-angled Triangle in rational numbers, that one of the ſides about the 
right-angle may be to the Area in a given Reaſon, ſuppoſe as r to 5. 


RESOLUTION. 


1. For the Triangle ſought let a right-angled Triangle be formed : 
from two numbers, viz. « the greater and e the leſſer, ſo> 44. ec; a4—re; 249 
the three ſides will be theſe, towu,  , « « «© « » 

2. The Area of that Triangle is „ 44 mn ACCC 

3. Then (according to the Queſtion) let theſe four quantities be ſuppoſed to be Proportionals, 
vis. 7 . :: -e « Galt — Q0te. 

4. And becauſe if the two latter terms of that Analogy be ſeverally divided by 44 — ce, 
the Quotients are 1 and ae, therefore that Analogy may be reduced to this, vix. 


1 „ At. 
5. And by comparing the Prod uct of the extremes to the Product 
of the means, this Equation ariſeth, viz. © . ; « + 
6. And by dividing each part of the laſt Equation by ra, this ariſeth > - e = — 
Hence this * 


Fa = F&F 


CANON. 


7. Take any number at pleaſure, which may be called 4, then divide s the latter term of 
the given Reaſon, by the Product of the firſt term » multiplied into the number 4, and 
call the Quotient the number e; laſtly , from the ſaid numbers & and e form a right- 
angled Triangle, and it ſhall be that which is ſought. 


An Example in Numbers. 


Lex it be required to find a right-angled Triangle , ſuch , that one of the ſides about the 
right-angle may be to the Area as 1 to 10. 


Suppoſe, . « » 3 f . x 0 the terms of the given Reaſon ; 


2 > takenat pleaſure, 
; i 
Laſtly, from 5 and 2 form a right-angled Triangle, and the three ſides will be 29; 21 
and 20, which Triangle will folve the Queſtion, for 21, one of the ſides abom the right- 
angle, is to the Area 210, a$1 to 10, Which was required. | 
| "IM Likewiſe 


WW 


Then by the Canon, 


IS CS A * * 0 — „ W**TT—GG Cores to IS RAY * 
1 CUE , , r / . SS of 34, 3.0%, 93 * l 


— 


125 
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Likewiſe by the Canon, this right-angled Triangle, to wit, 101 and in 
found to ſolve the Queſtion, for 99 is to the Area 990 , AS I 60 _— — 
tight - angled Triangles in Fractions may be found to perform the ſame effect. 


DUEST. gt; 


To. find a right-angled Triangle in rational numbers, that the Hypotk — 
to the Area in a given Reaſon, ſuppoſe ae 7 to 5. O enuſal may be 


; RESOLUTION. 
1. For one of the ſides about the right- angle put 8 & 
2. And for the other fide about the right-angle put | 
3. Then the ſquare Root of the ſumm of the Squares o 

{2des (halt be the Hypothenafal, to wit, 
4. And the Atea of the ſaid Triangle is g „„ iis. +. 28 
5. Now according to the Queſtion, the Hypothentiſal muſt be to the Area as 7 to 7, there? 

fore irom the third and tourth ſteps this analogy ariſeth , viz. F : 

| „ 4 « 8 22: 4/144 8: . fa. 
6. But the Squares of thoſe Proportionals are alſo Proportionals , therefore 
Wo. 5 :: Ante , Facet. 

7+ And from the laſt Analogy , by comparing the Product of the multiplication of rhe 

extremes io the Product of the means, this Equation ariſeth , vis. 

trraace - aa + tee. 

8. From which Equation ; by tranſpoſition of tee, this ariſeth, 
- Arras — ieee = 4. 
9. And by dividing each part of the laſt Equation by gra 55 — $544 

we will ag „b 0 oo LS zrraa — 1 
ro. in which laſt Equation the Numerator 44 is a Square whoſe (ide is 30, and if the 

Denominator were a Square, then the whole Fraction would be alſo a Square, and con- 

ſequently the lide thereof, to wit, the number & would be rational; it remains therefore 

to equate the Denominator #744 — 8 to a Square, to whic end, let the fide thereof 

be feigned 574 — b ; then the Square of irs — b being equated to rraa 46; this 

Equation ariſeth, viz. | 

| Lyrag — 58 = *Erraa — rba ＋ bb. 
11. Whence, aſter due Reduction, you will find. “ 2 = gr 


J 12. Now if we ſuppoſe r, s and ö to repreſent known rational numbers, then 4, e and 
4/: aa -|-ee : which in the three firſt ſteps were put for the three ſides of the right-angled 
Triangle ſought, will alſo (from the eleventh, ninth and tenth ſteps, ) be expreſſible 
by rational numbers , to wit, theſe , 


1s + bb 2 458 «þ- 25bb $858 | 2 55bb - G 

| „ " rb — rbbb 7 

2 13. Or the two firſt of the three ſides laſt expreſt may be reduced to the ſame Denomina- 
tor with the third, and then the three lides of the right-angled Triangle ſought will be 


N thele, to wit , 


N Ar, 


yy 

: 

= 
* 


5 
W 
mY 
52 
Y 
«6 
VI 
Be 
2 
+ 


PF. oo 2 
2 Vida ＋ ee: 


ar ARS es + op Cds 


$858 — bbbb 2 381b -b $595 | u 
rb — rbbb ri —rbbb : riuub — rbbb . 
; Which three ſides, if they be expreſt by words, will give this 
N CANO N. 
; 14. Take for b any number leſs than 3 the latter term of the given Reaſon , then from 


the numbers s and þ form a right-angled Triangle, and multiply the three tides ſeverally 
by the Hyporhenuſal ; laſtly, divide thoſe three Products feverally by the Product made 
by the multiplication of the difference of the Squares of the two numbers s and b, 
(Which formed the ſaid Triangle,) imo the ProduR of ö the leſſer of the fame two 
numbers and the firſt term of the given Reaſon , ſo thal} the Quotients be the three 
ſides of a right-angled Triangle, which will ſolve the Queſtion propoſed. A 
1 
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An Example in Numbers. 
Let it be required to find out a right-angled Triangle whoſe Hypothenuſal may be to 


the Area as 2 to 3. 
P =D 
Su le „3 14123 
10 ; b = 1 leſs than 3, (or s.) | 

Then form a right-angled Triangle from 3 and 1, (to wit, s and b,) and the three 
ſides will be 10, S and 6; theſe multiplied ſeverally by the Hypothenuſal 10 wilt produce 
100, 80 and 60, which divided ſeverally by the Product which anſwers to 2. — 6b into 
rb, that is, by 16, will give 45, and *Z for the Triangle ſought , for the Hypothenuſal 
2+  or*22, is to the Area +52, as 2 to 3. Which was required. | 

In like manner, if it were deſired to find a right-angled Triangle whoſe Hypothenuſal 
might be to the Area as 3 to 2 ; then by the Canon, the three ſides will be found 25 , 43 
and 4g. 


_—Y 


the Terms of the given Reaſon , 


QUEST. 92. 
To find a right-angled Triangle in rational numbers, that the ſumm of all the three ſides 
may be to the Area in a given Reaſon , ſuppoſe as v to s. "ig 
RESOLUTION. 
1. For the right-angled Triangle ſought let a Triangle be 
formed from any two numbers, ſuppoſe from à the 
greater and e the leſſer, ſo the three ſides will be theſe, 8 
2. Then the Arca will be 5 „„ ae — cee 
3. And the ſumm of the three ſides s b 244 L- 2 
4+ Now ( according to the Queſtion ) the ſumm of the three ſides muſt be to the Area, 
as 1 to 2, thereiore, | 


44 ＋ ee, 44 — , 241 


| As r . „ :: 2444-244 ade — Aer. rally 
5. Or, by,dividing each of the two latter terms of that Analogy by 4, this ariſeth, viz! 
As r . 5 :: 24+: 4e — ece. 
6. Whence, by comparing the Product of the extremes to 
the Product of the means, this Equation ariſeth, vis. 

7. Therefore by due tranſpoſitio n. . .> rea- 254 = reee 240 
8. And by dividing all in the laſt Equation by re, this —_ ree--28 
EP... oo ee CES = r 
9, Which laſt Equation being reſolved by the Canon ce 


rean — reee = 24 ＋ 24 


Seft. 8, Chap. 1 5. Book 1. the value of & will be diſ- 
covered 5 i. Co * — . * * . * * « . 
Hence this 


— 
— 
— 
- * A — 


CANON. - 

10. Take any number at pleaſure, which may be called e; then to the number e add 
the Quotient that ariſeth by dividing the double of the latter term of the given Reaſon, 
by the Product of the firſt term multiplied into the number e, and call the ſumm the 


number 4; laſtly , from the ſaid numbers 4 and e form a right-angled Triangle, and it 
ſhall be that which is ſought. 


An Example in Numbers. 


Let it be required to find out a right-angled Triangle, that the ſumm of all the three 
ſides may be to the Area as 1 to 5. | = 


Suppoſe . . . 15 


4 


: 5 the Terms of the given Reaſon, then 


118! 


e 2 > taken at pleaſure, 
By the Canon, 8 25 
K—=7 = E + — 


Then form a right-angled Triangle from 7 and 2, and the three ſides will be 5.3; 45; 28, 
which will ſolve the Queſtion, for the ſumm of all the three ſides, to wit, 126:, is to 
the Area 630, as 1 to 5. Which was required to be done. m i 
; Likewiſe if a right-angled Triangle be formed from 11 and 1, (to wit, 4 and e, 

found out by the Canon, ) the three ſides will be 122, 120, 22, whoſe ſumm 264 is to 
the Area 1320, as 1 to 5. a ö l & 10 29 


Again, 


k 
i 
1 
: 
| 


. — SOOT 
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Again, if a right-angled Triangle be formed from 11 and 10, the three fides will be 
221, 21 and 220, Whoſe ſumm 462 is to the Area 2310, as 1 to 5. 

Laſtiy, you may bnd ont as many right-angled Triangles in Fractions as you pleaſe 
to folve the Queſtion, Alſo , nponthe ſame ground it will not be difficult to find out 
innumerable Hofceles- Triangles , in every one of which the Perimeter ſhall be to the Area 
in agwen Reaſon. 


— — 


A. th. — th th *. SS 44 


DUVEST. 93. 
To find a right-angled Triangle in rational numbers, that as well the Hypothenuſal 
as the difference of the lides about the right-angle may be a Square. 


RESOLUTION. 
3. For the Triangle fought let a right-angled Triangle be 
formed from two numbers, ſuppoſe from 4 and e, dy aa hee, 44 — e, 22 
let 4 be the greater, ſo the three ſides will be theſe, vix 
2. Now (according to the Queſtion) as well the Hypothe- 
nuſal as the difference of the ſides about the right-ang] 
muſt be a Square, ſo we ate faln upon this Duplicate 
ualitY, is.. 0 
3. The difterence of thofe two PR 3 | 244 — 24e 
8 


aa ee = 0 
24 — 44 ＋- = 0 


4. Which difference is equal to the Product of theſe two 

quantities, to wit, p: „„ .. 

5. The half-ſumm of thoſe two Factors in the laſt ſtep is 5 $4—0 

6. Then the Square of the ſaid half-fumm being equated | 
to the greater of the two quamiries in the ſecond ſtep, > 44 fer aa 3 ei 
this Equation ariſeth, viz. : + «. . » » + , 

7. Whence after due Reduction there will ariſe . . .> ze = 584 

8. And by reducing the laſt Equation into Proportionals, it ſhall be 

As S „ % © anz 

CANON. 

9, If from 12 and 5 ; or any two numbers in that proportion, a right-angled Triangle 
be formed, it will ſolve the Queſtion. 

As, for example, in the right-angled Triangle 169, 119 and 120, which is formed 
from 12 and 5, the Hypothenuſal 169 is a Square; alſo the difference of the ſides about 
the right · angle, to wit, i is a Square, The ſame effect will be produced in a right-angled 
Triangle tormed from any wo numbers which have fuch proportion one to another 


as 12 to 5. 


Hence this 


LUVEST. 94. 
To find a right-angled Triangle, that one of the ſides about the right - angle may be 
a Square, Which added to a given multiple, ſuppoſe the triple, of the — of the dif- 
ference of the ſides about the right · angle may make a Square. 


RESOLUTION. 
1. For one of the ſides about the right-angle, that it may bee 
a,, ẽ 


2. And for the other put * * „„ 

. The ſumm of their Squares muſt make a Square, to wit, | =_ 

: the 5quare of — aaa therefore 5 4 

4+ The difference of the ſides about the right-angle is .> 40 4 

5. The triple of the Square of that difference is . . % 344— 244 48 

6. To which ( according to the Queſtion) add 4 ; the ſquare _ 
numder firſt affumed for one of the fides about the — 344 144 . 52 2 
angle, and the ſumm muſt be equal to a 7 — bit. „ 

7. $0 in the third and fixth ſteps we are faln upon a Duplicate equality , but the numbers 
prefixt to 44 in the quantities to be equated, ate not Squares, neither are the tWo known 
numbers in the ſame quantities both Squares, for 32 j not a Square, hereby the ſaid 

Duplicate equality is inexplicable; but if che ſaid 52 were a Square, iben the 4 — 


128 
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equality might be reſolved; therefore inſtead of the ſquare number 4 which in the firſt 

ſtep was aſſumed for one of the ſides about the right-angle , we muſt ſeek ſuch a Square 

that if it be added to the triple of its Square the ſumm may be a Square. Suppoſe 
therefore that Square ſought to be ee, this added to the triple of its Square makes 

z ecee | ee to be equated to a Square, the (ide whereof may be variouſly feigned, let 

it be ee-|-e, then the Square of ee-|-e, to wit, eee =: ece + ee being ted 

to Zeeee-|—ee, after due Reduction the value of e will be found 1, and ee is allo 1. 

So we have found a Square, to wit, 1, Which added to the triple of its Square makes 

the Square 4 ; therefore now the Reſolution may be renewed thus, viz. 

8. For one of the ſides about the right-angle put the Square .Þ 1 

9. And for the other fide . . . © + ©» © + © « oS & 

10. The ſumm of their Squares muſt be equal to a Square, viz. Þ aa +1 = Q 

11. The difference of the ſides about the right-angle is .> av 1 | 

12. The triple of the Square of that difference is . 344 — 643 

13. To which adding the ſide 1 in the eighth ſtep, the 
muſt be equal to a Square, vx. „ 

4. Allo from the tent ſte rr +» o oF 

15. So in the two laſt ſteps we have a new Duplicate equality 
which may be reſolved thus; firſt, to the end there may be 
one and the ſame known ſquare number in each of the two 
quantities to be equated to Squares, I multiply the quantity in 
the fourteenth ſtep, to wit, aa-|-1 by 4, and it makes 3444. -4; 
now each of theſe quantities is to be equated to a Square, viz. 

16. The — of thoſe _ quantities is FUE. 

17. Which difference is equal to the Product of theſe two Fa- | 

— — pomaray K * „ % ‚ + e cz 4 34 4. 20d 2 

18. Half the ſumm of thoſe Factors is , . . . . > 4-2 

19. The Square of the ſaid half- ſumm is. „ $S2aa+ 33a +4 

20. Which Square equated to 444 ＋ 4, (the greater of the two quantities in the fifteenth 
ſtep, ) will after due Reduction give à $3E, 

21. Therefore from the twentieth, ninth and eighth ſteps the ſides about the right-angle 
are 287 and 1, the ſumm of whoſe Squares is £44234 , whoſe ſquare Root 234 is 
the Hypothenuſal ſought. 

I fay 285, 1 and 3+ are the ſides of a right-angled Triangle, which will ſolve the 
Queſtion ; for one ot the ſides about the right-angle is a Square, to wit, 1, and if 
this be added to the triple of the the Square of the difference of the ſides about the right- 
angle, ic makes the Square 13349, Whole ſide is 288. From the premiſes it is wile 


that innumerable right-angled I riangles may be found to ſolve the Queſtion. 


2 VEST. 95. 


To find out a right-angled Triangle in rational numbers , that the Square of one of the 
ſides about the right-angle may be equal to the other of the ſame ſides. 


This « Problem. 15 in pag. 8c. of the Introduction to Algebra before cited in Queſt. 5 8. 
0 but 1 hall reſolve it after another manner. — 


RESOLUTION. 


7. For one of the ſides about the right-angle put 4, (r repre- 
ſenting ſome known number, and a ſome number unknown, ) . 

2. Then ( according to the Queſtion ) the Square of that ſide muſt 
be the other of the ſides about the right-angle, to wit. 8 

3. The ſumm of the Squares of thoſe ſides is . . .> rrrraaaan+-rras 


4. Which ſumm muſt be equal to the Square of the Hypothenuſal, and therefore it remains 
to equate the ſaid rrrraaaa | 7744 to a Square, to which end take ſome known number 
greater than 2, and then the ſide of the ſaid Square may be feigned 24 — 7744, the 
2 — being equated to 7774444 - rras, and due Reduction made, you 
wi =. 


YA 


BET. 
20” 


3. But 
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5. But s and y were aſſumed to repreſent two known numbers whereof 7 is — 
therefore from the premiſſes the three ſides of the Triangles ſought ſhall be known alſo, 
and may be expreſt thus, , 


22 or 2 — 2? Srry 


— | 
217 aer 5 The ſides about the right-angle. 


48 — 2 8377 |= rr 
E 9 


—, The Hypothenuſal. 


6. Moreover, becauſe the Square f 4. 5 | | 
: A — $515 — 2 r rr and the ſumm 


of the Squares of the two laſt FraQions is equal to the Square of — . E. 29777 
8 8 * S855 — 2537 rr 
(as will eaſily appear by Multiplication and Addition ; ) therefore the three quantities 
laſt expreſt ihall alſo be the ſides of a right-angled Triangle to ſolve the Queſtion 
propoſed , vix. | 
247 2 — rr 
„ or 
$5 — rr $558 — 2 zur | rrer 
TOE 3 
$555 — 2 rrri 
2h -þ- 2.5777 
8138 2 F ryrr > HP 


7. If the three ſides of the Triangle ſought, as they be above expreſt in the fifth and ſixth 
ſteps be compared together, it will be eaſie to deduce from thence this following 
CANON. 

Firſt, form a right-angled Triangle from any two unequal numbers; then multi 
the three fides of 2 — ſeverally by either of the ſides about the right-angle ; wi 
divide ſeverally thoſe three Products by the Square of the other of the ſides about the 
right-angle ; ſo the three Quotients ſhall be the ſides of the right-angled Triangle ſought. 

Examples in Numbers. 

Firſt , find out three numbers to expreſs the ſides of a right- 
angled Triangle, ſuppoſe theſe, . ; . . « . « . . . 

Then multiply thoſe three ſides ſeverally by 4, the — the R 5 
fides about the right - angle, and the three Products will be theſe, vix. . 8 

Laſtly , divide thole three Products ſeverally by 9, the Square 
of the leſſer of the ſides about the right-angle, ſo the Quotient _ 
will be the ſides of a right-angled Triangle to ſolve the Queſtion 3 5 
propoſed, to wit, theſe, . « . . «5 « « + + 4 

Again , 

Let the right- angled Triangle firſt found out be here repeated, PW. 5 
to wir 5 . 2 e 0% » © © o o 60 8 SS rSs_S 

Then multiply thoſe three ſides ſeverally by 3, the leſſer of 

the ſides about the right · angle, and the Products will be theſe, 8 

Laſtly, divide thoſe three Products ſeverally by 16, the Square 
of the greater of the ſides about the right- angle; ſo the Quotients „ - _, 4 
will give theſe three lides of a right-angled Triangle to ſolve the 5” CT P' IS 
Queltion, to wit, „ a | 


The ſides about the righi- angle: 


- w 
ye) UW. 
w w 
— 

ww 


QUEST. 56. ( Qualt. 1. Lib. 6- Diophane. ) 
To find a right-angled Triangle in rational numbers, that the ſides about the right-angle 
being ſeverally ſubtracted from the Hypothenuſal may leave cube-numpers, | 
RESOLUTION. 
1. Firſt, form a right-angled Triangle from two unequal , 
numbers , fuppoe from « and e, And ler « be the grexer, + het. Base: Fer. 
lo the three 


M601 Ah e. 248 


les will be theſe , vis. 
R 


g 2. Then 


* 130 Diophantus's Algebra explain'd. Book III. 


2. Then by ſobtracting the Baſe from the Hypothenuſal, the remainder is 2 ce, which 
ſhould be a Cube, but it is not; yet it ſhews that e (to wit, one of the numbers from 
which the deſired right- angled Triangle is to be formed, ) muſt be ſuch that the double 
of its Square may make a Cube. Now that we may chuſe the number e with that con- 
dition, let z ce be equated to the Cube bbbeee, vic. ſuppoſe 2 ee — bbbece , ( where 
bbb may repreſent any known cube. number,) whence after due Reduction the value of e 
will be made known, viz. FN 

„ 

3. It remains, that the Perpendicular ſubtracted from the Hypothenuſal may leave a Cube; 
but the remainder is the Square aa +|- ee — 24e, Which is not a Cube, but if its Root 
4 e were a Cube, then that Square would be a Cube; (for a Cube multiplied into 
a Cube produceth a Cube , by Prop. 3, & 4. Elem. 9. Euclid.) Let therefore the ſaid 

Root a—e be equated to ſome Cube, viz. ſuppoſe 4 —e = ddd; hence, and from 
the third ſtep it follows, that 1 & 
SS = e | — 7 -|- ddd. 
Now, if from — dad and Tic (the values of 4 and e) a right-angled Triangle 
be formed, it will ſolve the Queſtion. Hence this 


CANON. 


4. Divide 2 by any cube-number , and reſerve the Quotient; then to the ſaid Quotient 
add any cube-· number; laſtly, from the ſumm and Quotient form a right · angled J riangle 
and it ſhall ſolve the Queſtion propoſed. 
As, for example, I divide 2 by the Cube 8, and reſerve the Quotient + for one 

of the numbers by which the right angled Triangle is to be formed; then to the Quotient 

2 J add ſome Cube, as 1, and the ſumm is +, laſtly, from + and + J form a right- angled 

Triangle and find the ſides 13, *{} and &, which will ſolve the Queſtion; for the lides 

about the right-angle, to wit, *4 and à being ſeverally ſubtracted from the Hypothenu- 

ſal =, the remainders are the Cubes + and 1. 

But after one right · angled Triangle is found out to ſolve the Queſtion , if you multiply 
or divide every one of the ſides thereof by one and the ſame cube - number, the Products 
or Quotients will give another right-angled Triangle to ſolve the Queſtion : As, if the 
three ſides before found out, to wit, Ig, Af and þ be ſeverally multiplied by the Denomina- 
tor 8, they will produce 13, 12 and 5, Which will ſolve the Queſtion, Likewiſe, 
if 13, 12 and 5 be ſeverally multiplied by 8, there will be produced the right-angled 
Triangle 104, 96 and 40, where the differences between the Hypothenuſal and the 
other two lides are Cubes, to wit, 8 and 64. The reaſon is evident; for, 

Firſt , by Conſtruction £3, *4, + are the ſides of a night-0 = a Cube, 
angled Triangle that will ſolve the Queſtion, viz. . . + = a Cube. 

And becauſe a Cube multiplied by a Cube produceth 
a Cube, thoſe two differences or Cubes multiplied by 0 Cube, 
Cube 8 ſhall neceſſarily produce theſe differences or Cubes, vi⁊. a Cube. 


Wherefore the right-angled Triangle 13, 12, 5 ſhall neceſſarily ſolve the Queſtion, 
as well as 5, 8, 8. 


Es. 97, (This is a Lemma, uſed by Dioph. in reſolving the following Zueſt. 58.) 
To find a right-angled Triangle and a Square in rational numbers, that if the Area of 
the Triangle be ſubtracted from the Square, the remainder multiplied by a given num- 
ber (4) may produce a ſquare number. 
RESOLUTION. 


| the Hypoth. 
1. Let a right-angled Triangle be formed from 4 and =; ypot 
ſo the three ſides will bee the Perpend. 


== the Baſe. 


2. Therefore the Area, (by multiplying the Perpendicular I 
err 


- | 3. Then 
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3. Then feign the ſide of the Square ſought to be. „ a+ 24 


a 
4. Therefore the Square it ſelf iss --! . .» A 44+ << 


5. From which Square, the Area above expreſt being ſubtracted, dd 
— —__——— 


. aa 
6 Tint, . 5 od oo 3 oo « mm: 


. 44 
7. Then the ſaid remainder being multiplied into the given num-?- © 4ddas 4d 4 
F IT 
8, Which Product muſt (according to the Queſtion) be a Square: But the Denominator 
44 is a Square, it remains therefore to equate the Numerator to a Square, vit. 4ddaa 
' + 4444+ d muſt be equated to a Square, the ſide whereof may be variouſly feigned, let 
it be 2d. ＋ d; and then the Square of 24 -j- d being equated to the ſaid 4ddea + 
44dd + 4, this Equation ariſeth , to wit, 
4ddaa + qdde 4+- dd = 4ddaa . 4ddd -+- d. 


9, Which Equation after due Reduction gives 0 % 24 == > 4 = 4dd -|-1 — d 


Ss * 


d 
From the ninth, firſt and third ſteps ariſeth this N 
CANON. 
10. From _ =S and —_— — form a right-angled Triangle, which 
ſhall be that ſought by the Queſtion ; and the ſide of the Square ſought ſhall be 
44 44d ＋1— 4 


An Example in Numbers. 
Suppoſe 5 = d the number given; then form a right-angled Triangle from f and 24 

ſo the will be 112235 the Haines 44g. 4 the Baſe 2 ; mor- 
over, the (ide of the Square ſought will be 3, and the Square it ſelf 2383, or (in the 
ſame Denominator with the ſaid Hypothenuſal and Perpendicular) 4144389: which Square 
and Triangle will ſolve the Queſtion ; for if the Area of the Triangle, to wit, 4444834 be 
ſubtracted from the ſaid Square $3324 , the remainder 244733, that is, 1447 multiplied 
into the given number 5, produceth the Squate £=**+ , whoſe Root is 24. 


Another Example. 

Suppoſe 3 d the number given in the Queſtion ; then let a right-angled Triangle 
be formed 22 and , (which numbers are diſcovered by the preceding Canon,) 
fo the Hypothenufal will be 25232 | the Perpendicular 13484, and the Baſe 2: moreover, 
the (ide of the Square ſought will be found 134, and the Square it ſelf 13484; from 
which Square ſubtracting the Area of the Triangle, to wit, 13384, the remainder 
224222 or in its leaſt terms 33, multiplied into the given number 3, produceth the 
Square £432, whoſe (ide is 17 

Note, Inſtead of 2 which is prefixt to d in the Numerator of the Fraction 22 


Aa 
the third ſtep of the preceding Reſolution , you may take the half of any ſquare number 
and prefix it to 4 for a Numerator , over the Denominator 4; as, 434, 8d, 1244, &c. 
and then by proſecuting the work as before from the third ſtep to the end ot the Reſolution, 
various Anſwers to the Queſtion from one and the ſame given number will be diſcovered. 


\ QUEST. g8. ( Queſt. 3. Lib. 6. Diophant. ) 
To find a right-angled Triangle in rational numbers, that the Area thereof increaſed 
with a given number , ſuppoſe 5 , may make a Square. 
| RESOLUTION. 
1. Let the ſides of ſome known right-angled Triangle, as 5, 4 and 3 
' — by 4, and take the Products to repreſent> 54 , 44 , 34 
ide (ides of the Triangle ſought , to wit, z —_ 
2 2. Thea 


— — 
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2. Then the Area thereof increaſed with 5 (the number given in bag 4 5 
the Queſtion ) makes . „„ 

3. Which ſumm muſt be equal to a Square, ſuppoſe it be — 64-8 900 
a FO „„ „„ 
4. Whence by equal ſubtraction of 624, there remains . , « F = 34s 
5. Let each part of the laſt Equation be multiplied by 5 , and oe cc, 
ES - ---- -- ee» 5 Ss 22 
6. Now if 15 which is prefix d to 4a were a Square, then the value ot 4 would be rational: 
Whence therefore comes 15 ? Examin the work, and you will find, that by ſub. 
tracing 6 the Area of the Triangle 5, 4, 3 from the ſquare number 9, and then 
by multiplying the remainder 3 into the given number 5, there is produced 15 , whereby 
it is manifeſt that the ſcope of our ſearch muſt be to find a right-angled Triangle and 
a ſquare number, that the Area of the Triangle being ſubtracted from the Square and 
the remainder multiplied by the given number 5 may make a Square, But the pres 
ceding 97* Queſtion ſhews how to find out ſuch a Triangle and Square; take if you 
pleaſe thoſe there found in the firſt Example , to wit , the right-angled Triangle whoſe 
Hypothenuſal is 444 488, Perpendicular 1 3383, and Baſe 2; and the Square £42379 , 
whoſe (ide is 149: Then renew the Reſolution thus, 

7. For the three ſides of the Triangle ſought put. . 144834, 144834 „ 24 

8. The Area thereof increaſed with 5 makes „ 143344 +5 

9. Which ſumm muſt be equated to the Product 8 


* 473 by 


AK . Sn EE e 


Ann adn ad 4 


abc 


£44524 (the Square before found) multiplied into aa, 1448844 +5 = 144884 
bo thts Equation arifeth, , . 0. , . . « 


10. Therefore by ſubtracting 2354+: ,4 from cache pare — 


of that Equation this remains , to w_ -'- 4 
11. And by multiplying each part of the laſt Equation 
into 5 it produceth . . 0 4 $0 a 
12. And by extracting the ſquare Root out of each 
part of the laſt Equation , there will ariſe . . . 
13. Whence by dividing each part by 4, the value 
of 4 will be made known, ix. 


14. Wherefore from the thirteenth and ſeventh ſteps the three ſides of the Triangle ſought 


will be found theſe, to wit, 7788, 234432, , the Area whereof is f, to 


you _—_ 5 , the ſumm will be the Square ££3z24 whoſe Root is £25, There- 
ore the Queſtion is ſolved. 


—_— 4 : at . 
4 45 . 


© wt 4 


1114 _—_ 41 
142834 ¶ 44. 
8 25 4242440 
— 1774 
52 43. 


0 
4 = 13 


Vieta, in the g® of the 5* Book of his Z ereticks , ſhews how to find out a right- angled 
Triangle whoſe Area increaſed with a number compos d of two? may make a Square, 
whereby tis probable he thought this Qneſtion to be applicable only to a number com. 
pos d of two Squares, becauſe Diophantus propos d the given number 5 , which is com- 
pos'd of two Squares; but tis evident from rhe precedent Reſolution that the Queſtion 
may be extended to any given number whatſoever : And for greater illuſtration , let it 


be required to find out a right-angled Triangle whoſe Area increaſed with 3 may make 
a Square, 


102 * 
44112 1244 
10404 0 40 


14142 
11845 ˖0 
42391 21 
23949 48 * 


— 
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2 
| 


7 
- 
5 
— 
* 
3 
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2UEST. 99. ( Quaſt. 6. Lib. 6. Diophane. ) 


To find a right-angled Triangle, that the Area thereof increaſed with one of the ſides 
about the right-angle may make a given number, ſuppoſe n. 


RESOLUTION. 


1. For the ſides about the right-angle of the Triangle ſought put > 4 and e 

2. Then is the Area + 2 % „% B EE Em ES 

3. Which increaſed with one of the ſides about the right-angle muſt ? , . 
make the given number , hence this Equation, lee 


4. From which Equation, after due Reduction, you will find  .> e = . 


2 


14 
5. And becauſe 44 C e muſt be equal to the Square of the Hypothenuſal, it follows from 
the firſt and fourth ſteps , that the Square ot the Hypothenuſal muſt be equal to the 


ſumm of the Squares of « and _ „that is, 


44 + aa — 1 E un 
44 | 

6, Of which fractional quantity the Denominator 344 is a Square, whoſe ſide is 22; 
if therefore the Numerator were a Square the whole Fraction would be a Square: Is 
remains then to equate the Numerator 44444 -|- 44 — 214+ 72 to ſome Square, to 
which end, let its {ide be feigned 144 — , and then the. Square of 4 — being 
equated to the ſaid Numerator, this Equation ariſeih, viz. 

44 E 44 — 2714 | 18 = 1444 — 44 | 10, 


7. Whence the value of 4 will be made known, viz. . . . .> 4 = = - 
8. And according to that value of 4, the value of e will alſo be „ 


be made known by the fourth ſtep, ix... 
9. And becauſe the ſquare Root of a f- ee is equal to the Hypo- 
thenulal , therefore the ſquare Root of the ſumm of the Squares mT 
of the two quamuies in the lattet patts of the Equations in the 6 
ſeventh and eighth ſteps, will give for the Hypothenuſal ſought 
10. Therefore from the fevemth , eight and ninth ſteps the three ſides of the right · angled 


Triangle ſought are theſe, ro wit, * 
2 


u — 1 - EI 
n ( n+ 1 ) _ n-+1 
Which three lides if they be expteſt by words will give the following Canon, which 


. is the ſame with that delivered by Fermat in his Obſervation upon the {12th Queſtion of 


the ſixth Book of Diophantus. 
CANON. 


11. When the given number is greater than unity let a right-angled Triangle be formed 
from thoſe xwo numbers, and then divide the three ſides ſevetally by the ſumm of the 
„ and uniiy; ſo ſhall the Quotients be the three lides ot the right -angled 


riangle ſought. 
* An Example in Numbers. 


Let it be required to find a tight-angled Triangle whoſe Area increaſed wh one of the 
fides about the right-angle may make 7. 

Firſt (as the Canon directs) let a right-angled Triangle be formed 8 1% 14 
from the given number 7 and 1, ſo the three ſides will be theſe, Y p 

Then drvide thoſe three ſides ſeverally by 8, (to wi, 71 . 
ſo the Quotients ſhall be the ſides of the right-angled Triangle > 6% 6 , 13 
fought, en wilt, © © © © © © © © 0:0 vo I RR : 

I ſay 62, 6, and 13 are the fides of a right-angled Triangle, whictr will ſolve the 
Queltion , for the Area f increased with 2 ( one of the ſides aboum the right angle) 
makes #2, that is, 7, as was required. | ; 

But becauſe the ſaid Canon takes not place unleſs the given number exceed unicy , I ſhall 
in the next place explain Diophantus s Reſolution of this Queſtion, by which way, whatever 
the giren number be, a rigln · ang led Triangle may be found out to ſolve the Queſtion yy 

er 
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Another way of reſolving the foregoing 99 Queſtion, 


1. Let h, 6, p repreſent the Hypothenuſal, Baſe and Perpendi- 
cular of ſome righ:-angled Triangle known in numbers, then 
multiply thoſe three ſides ſeverally by 4 , (Which repreſents> ha, be , pa 
a number unknown, ) and take the Products for the three ſides 
of the Triangle ſought, to Witt. 

2. The Area of which Triangle increaſed wich one of the ſides g 


about the right angle, ſuppoſe with ha, muſt be equal to the > 2 -A = # 
e 


given number 1, - © < © «© „ b 9 
3. Which Equation divided by 2% gives 445 A 
4. Now to the end that the value of 4 in the laſt Equation may 27 7 

be a rational number, the Square of half the Coefficient whi 

is drawn into 4, together with the abſolute quantity which, 435 + 26pn __ = 

poſſeſſeth the latter part of the Equation muſt make a Square 1b 

(as is evident by the Canon in Sect. 6. Chap. 1 5. Book 1.) 

— . e 
5. And becauſe the Denominator *bbpp is a Square, it remains EL 

only — —— —e— a Square, ice > '$ 5-4 =0 
6. Or, to avoid Fractions, let the ſaid + +bpx be multiplied * 

r eee e „ . = 


7. Which laſt Equation ſhews, that in order to the ſolving of the Queſtion ed, 
a right-angled Triangle muſt firſt be found , ſuch , that the Square of one of the ſides 
about the right-angle, together with the Product of the quadruple Area multiplied by the 
given number n, may make a Square. Now to find out fach a Triangle, 

8. For one of the ſides about the —_— = .'- - . -> 9 

9. And for the other {ide put ſome ſquare number, as, . . .> 1 

10. Then the quadruple of the Area is 5 26 

11. Which multiplied by the given number »,ſuppoſe n > ec 

12, To which Product add the Square of one of the about 
the righi- angle, to wit, the Square of 1, which is alſo 1, ande e 1 = a 
the ſumm muſt be equal to a Square, vx | 

13. Alſo the ſumm of the Squares of the ſides about the - 
angle muſt be equal ro a Square, to wit, the Square of the> «© x = Q 
7 5 4 % ˙ a 

14. Now in order to reſolve the Duplicate equality in the two 
laſt ſteps, firſt the difference of the two quantities which are c& — & 

— —— © „% 

15. Which difference is equal to the ProduR of the multipli- nd as 
cation of theſe two quantities, or Factors, towit, . , .CT **—* ze 

16. The half-ſumm of thoſe two Factors is „ fe—x 

17. 11— of which half. ſumm being equated to ee ++ 1, 
Z 

18. And becauſe e and 1 were put for the ſides about the right-angle , therefore the 
ſquare Root of the ſumm of the _ of 3 (that is ) and 1, ſhall be the Hypo- 
thenuſal, to wit, <3 , lo we have found ont a right-angled Triangle whoſe three ſides 
are 23, *2 and 1, which are fit for renewing the ſearch of the right-angled Triangle 
ſought by the Queſtion , in this manner, vix. 

19. For the three ſides of the right-angled Triangle ſought put > 424, 424, and 4 

20. The Area of which Triangle increaſed with one of the les 
abont the right-angle , ſuppoſe with 4, muſt be equal to the *244-|-a = 5 
given number 1, therefore . . . . « « , +» + + 

21. Which Equation being reſolved by the Canon in Sect. 6. . . P 
Chap. 15. Book t. will give * Ss a S © -&* + a by 3 IS 

22. —— br-gn—t we ph. the three ſides in the nine- 
teenth _ ing reſolved , there will be produced the three > 73, 42 
ſides of the right-angled Triangle ſought , to wit, 


I fay 78, #3 and 52 arethe three ſides of a right-angled Triangle which will ſolve the 
Queſtion 3 


— 42 
4 25 
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Queſtion; for the Area 38 increaſed with 33, ( one of the ſides about the right-angle ) 
makes £+, that is, 2 ; as was required. g 


— — 


LD UVEST. 100. 
To find a right-angled Triangle in rational numbers, that the Area ſubtracted f. 
of the ſides about the right-angle may leave a given number; let the given — 
RESOLUTION. 
+ For the ſides about the right- f the Tri 
—» '' „ 
3. Which ſubtracted from one of the ſides about the right- 


> T4. 


angle, (uppole from &, leaves . « . « » o © 4 — 4 = n 
4. Whence, after due Reduction > ou A — 1 
5. And becauſe 44 ＋ ee muſt be equal to the Square of the 24 


Hypothenuſal , it tollows from the firſt and fourth ſteps, 
that the Square of the Hypothenuſal muſt be equal to the 2444444 — 2145-18 


34a 
ſumm of the Squares of à and < — „ that is, ? 


2 


6. And ſince the Denominator 244 is a Square, whoſe ſide is £4, it remains only to 
equate the Numerator £4444 E 44 — 24 E nn to 2a Square, whoſe (ide may be 
feigned either 244 — # or 144 n; firſt then, let the ſide of the ſaid Square be 
teigned 144 — n, and then the Square of 244 — #1 being equated to the ſaid £4444 
+ 44 — 214 |», this Equation ariſeth, viz. 

444 ＋ 44 — 294 II = 14444 — 144 | 11, 

7. From which Equation the value of 4 will be made known, 2  __ 22 
VIE. . . * . . * . © . - . . . . @:- | 

8. According to which value of 4, the number e will be 
diſcovered from the fourth ſtep, viz. . . . « + . 

9. And the ſquare Root of the ſuram of the Squares of Tx = I 

and 1 — # ſhall be the Hypothenuſal, to wit, . . . v2 

10. Therefore from the three laſt preceding ſteps , the three ſides of the right-angled 
Triangle (ought are theſe , to wit, 


2” "hs T — Thorn 

TFT „e 

11. But if inſtead of 244 — 1, Which in the ſixth ſtep was feigned for the (ide of a Square, 
we aſſume 34aa-}- 1, and equate the Square of this (ide to the before-mentioned 44444 


1|-44—2114-|-1n, there will ariſe 4 = — — z according to which value, the ſides of 


the Triangle ſought will be found theſe , to wit , 
2 1 — mm 1-þ- unn 
1i— „ * 1— „ 1— 


The two laſt ſteps give this 


CANON. 


12, When the given number is leſs than unity, let a right-angled Triangle be formed from 
unity and the given number; then divide the three hides ſeverally by the ſumm or dif- 
ference of unity and the given number, ſo ſhall the Quotients be the ſides of the Triangle 
ſought. 


As, for example, if it be deſired to find out a right-angled Triangle, that the Area 
ſubtracted from one of the ſides about the right- angle may leave *, the Canon will diſ- 
cover the ſides of two Triangles, to wit, 23, 27, 2s and $2, 3+ 17, each of which 
Triangles will ſatisfie your deſire; for in the firſt Triangle the Area 37 ſubtracted from 3%, 
(one of the ſides about the right angle,) leaves the given number 7; likewiſe in the latter 
Triangle, the Area 27 ſubtracted from ££ leaves 

But how to ſolve this Queſtion when the given number is any number whatever, I ſhall 
hereafter ſhew by Fermat's method, in 2#eſt. 1 30. of this Book, | 

dt a | ES. 191. 
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DUEST. 101, (Quæſt. 12. Lib. 6. Diophant. ) 


To find a right-angled Triangle, that as well the difference of the ſides about the 
right-angle as the greater of the ſame ſides may be a Square; and that the Area, with the 
lefler of the ſides about the right-angle may make a Square. 


The Reſolution of this Queſtion depends upon three Lemma's, which I ſhall firſt explain. 
LEMMA I. 


1. If a right-angled Triangle be formed from two numbers whereof the greater is the 
double of the leſſer, as well the difference of the ſides about the right-angle as the 
greater of the ſame ſides ſhall be a Square. Moreover, if the Area of the ſaid Triangle 
be multiplied by the Square of a Fraction having unity for its Numerator , and the leſſer 
of the two numbers by which the ſaid Triangle was formed for a Denominator , the 
Product increaſed with the leſſer of the fides about the right - angle, will make a Square 
containing nine times the Square of the leſſer of the two numbers by which the ſaid 
Triangle was formed. 

To make this manifeſt , let a right-angled Triangle be formed 
from a and 24, fo the three ſides will be theſe, to wit, 
Whence tis evident, firſt, that the difference of the ſides about the right-angle is a Square, 
to wit, 44; ſecondly , that the greater of the ſides about the right-angle is a Square, to 


5aa , 344 , 444 


wit, 44a; and laſtly, if the Area 64aaa be multiplied by the Square of — that is, by = 


the Product 644 increaſed with 344, (that is, the leſſer of the ſides about the right-angle, ) 
makes the Square 944, which contains nine times the Square of the leſſer of the two 
numbers by which the ſaid right-angled Triangle was formed. Which was to be ſhewn, 


LEMMA 2. 


2. Two numbers being given whoſe ſumm is a Square, to find innumerable Squares, every 
one of which being multiplied by one of the given numbers, and taking to the Product 
the other number , may make a Square. 


Let there be two given numbers 6 and 3, and let it be deſired to find a Square, ſuch 
that if ir be multiplied by 6, and 3 be added to the Product, the ſumm may make a Square. 


Let the fide of the Square ſought be. 

cen felis . c co co co >= > 

Which multiplied by 6 produceth nn „ Gaarb 124-6 

To which Product add 3 and it males . Gaa-|-124-+9 

Which 644 E 124-9 is to be equated to a Square, whoſe fide, ( becauſe the abſolute 
number 9 is a Square,) may be variouſly feigned; let it then be 34 — 3, the Square 
whereof, to wit, 944 — 184 E 9 being equated to the ſaid 644+ 124 E 9 will give 
4=10; Wherefore a-- 1 the ſide of the Square ſought is 11 , and the Square it ſelf 
is 121, which multiplied by 6 produceth 726, to which adding 3 it makes 729, which 
is a Square whoſe ſide is 27. It is alſo evident, that inſtead of 121 innumerable other 
Squares may be found out to perform the like effect, becauſe the (ide of the Square to be 
equated to 64a E24 9 may be feigned infinitely. 

In like manner if it were deſired to find a Square which multiplied into 3, and taking 6 
to the Product, may make a Square , let the Square ſought be feigned 44 E 24 L- 1, this 
multiplied by 3 and the Product increaſed with 6, gives 344 E- 64-|- 9 to be equated 
to a Square whoſe ſide may be feigned 34 — 3, whence 4 2 4, and therefore a-- 1 
the (ide of the Square ſought is 5. 

LEMMA z. 

3. If two numbers b and c whoſe ſumm makes not a Square be given, ſuch, that by multi- 
plying one of them, ſuppoſe h, by a given Square dd, and by adding to the Product the 
other number c, the ſumm dd e makes a Square; we may find innumerable other 
Squares inſtead of the given Square 4d to produce the like effect. 


 , Suppoſe , : — whence bad -e = 16, 
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Now it is required to find another Square inſtead of 4d, or 4, that if the Square found 
out be multiplied by 2, to wit, 6; and the Product be increaſed with 8, to wit, c, the 
the ſumm may be a Square, 


For the (ide of the Square ſought put 4 , the ſide of the given 
Square dd, viz. 3 C 


"5 tn HA hs > + « 4-þ3 
Whence the Square U is « + + 65: © © © © off aa -|- 44 + 4 
Which multiplied by 2, (to wit, ö,) produceth . * + «> 244a-hta +8 
To which Product add 8, (to wit, ,) and the ſumm is .> 244 ＋- $2+ 16 
Which ſumm is to be equated to a Square, the (ide whereof ( in regard 16 is a Square) 

may be variouſly feigned , let it then be 24 — 4, the Square whereof being equated to 

the ſaid 244 E 84+ 16 will give 2 2 12; wherefore a2 = 14 the ſide of the 

Square ſought , and the Square it ſelf is 196, which multiplied by 2, and taking 8 to 

the Product makes the Square 400, whoſe ſide is 20. I ſhall now proceed to 


The RESOLUTION of the preceding 2E ST. 101. 


4. Let a right-angled Triangle be formed from two ſuch num-7 . 
bers, that the greater may be the double of the leſſer, as from> 544, 344, 44 
4 and 24, ſo the three ſides will be theſe, towit, , . .. . 
Whence it is evident that the two firſt parts of the Queſtion are ſatisfied , for as well 

the difference of the ſides about the right-angle as the greater of them is a e. it 

remains that we ſee whether the Area of the Triangle, with the leſſer of the ſides about 

the right-angle makes a Square: But it makes 6444s + 34s, and by dividing all by 44 

there ariſeth 644+ 3 to be equated to a Square, which is poſſible to be done, becauſe 

the ſumm of 6 and 3 is a Square; for if « be 1, then 44 is alſo 1, and conſequently 

6a4+|- 3 makes the ſame Square as 6 ＋ 3, to wit, 9. Since then 4 is found 1, a right- 


angled I riangle formed from 1 and 2 (that is, 4and 24) will folve the Queſtion. Where- 
fore the ſides of the Triangles ſought are 5, 3, 4. 


5. Having found out one Square for the value of 44, to wit, 1, we may by the help 
of the preceding Lemma 2. find out innumerable other Squares to yarn the ſame 
effect; ſo inſtead of 1, the Square 121 is found out in the Example of the ſaid Lemma. 
And therefore let a Triangle be formed from 1 and 22, and the ſides will be 605, 
363, 484 , which will ſolve the Queſtion ; for the difference of the ſides about the right- 
angle is the Square 121, and the greater of the ſides about the right-angle, io wit, 484, 
is a Squape whoſe ſide is 22; alſo the Arca added to the leſſer ſide makes 8 820 9, 
which is a Square whoſe (ide is 297. | 

6. Bur for removing an Obſtruction which'the Learner may meet with , let a right-angled 
Triangle be formed from 24 and 44, whence the ſides are 2044, 1244 and 1644; 
where as well the difference of the ſides about the right-angle , as the greater of them is 

2 _ But the Area increaſed with the leſſer (ide makes 96aaxe ,- 1244, and 

by dividing all by 44 it makes 9644 + 12 , which muſt be equated to a Square. Bur 
how ſhall that be done, ſince 96 which is multiplied into 44 is not a Square, neither is 
the abſolute number 12 a Square, nor is the ſumm of 96 and 12 a Square? This 
knot, though it ſeems to be a very hard one, may yet by the help of the laſt clauſe of the 
preceding Lemma 1. be eaſily untied : For ſince 96 is the Area of a right-angled Tri- 
angle formed from 2 and 4, and 12 is the leſſer of the ſides about the right-angle, it 
will appear by Lemma 1. that if 96 be multiplied by 2, and the Product 24 be in- 
creaſed with 12 it ſhall neceſſarily make a Square, to wit, 36 ; and conſequently by 
Lemma 3. we may find out innumerable Squares inſtead of 3, every one of which 
being multiplied by 96, and taking 12 to the Product will make a Square. As,for example, 
For the ſide of a Square to be found out inſtead of 5 , 8 a 

there be put 4 — the ſquare Root of 4, vx. I * . 

i Then the Square of à — 1 is „ 44d — 4 
Which multiplied by 96 produceth . n „ 9644 — 964 ＋ 24 

To which Product adding 12 it makes t 9644— 964 ＋ 36 


Which 9644 — 964 ＋ 36 muſt be equated to a Square, (the (ide whereof in regard 
36 is a Square,) may be variouſly feigned, let it then be 44 — 6, the Square whereof — 
equated to 9644 — 964 g- 3 6 will give 4 =; therefore à— 4, (that is, 7$— 73 )wil 
give 28 for the fide of the Square ſought and the _ it (elf is +33, by which 4 r 

: * > 
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multiply 96, and to the Product add 12, it makes the Square 115, whoſe (ide is **, 
Now foraſmuch as the ſaid ſide 75 is to be taken for the value of 4 in the 24 and 44 by 
which the Triangle was firſt formed, let a Triangle be now formed from ; and +, and 
the three ſides are 3, 5+, 27; where tis evident that the difference of the ſides about the 
right-angle , as alſo the greater of them is a Square: But the Area is g7$, to which 
if you add the leſſer [ide 25, it makes the Square 325, whoſe lide is 23. 


29ES T. 102. 


To find a right-angled Triangle, and a ſquare number, ſuch, that if the Square be mul- 
tiplied by the leſſer of the ſides about the right-· angle, and to that Product there be added 
the Product made by the multiplication of the Arca ot the ſaid Triangle into the difference 
of the ſides about the righi- angle, the ſumm may be a Square. Moreover, chat the 
greater of the ſides about the right · angle may be a Square, 

CANON. 


1. By the preceding Queſt. 101. 6nd a right- angled Triangle, that as well the difference 
of the ſides about the right- angle, as the greater of the ſame ſides, may be a Square: 
Moreover, that the Area increaſed with the leſſer of the ſaid ſides may make a Square; 
ſo ſhall ſuch Triangle be that which is ſought by this Queſt. 102, and the difference 
of the ſides about the right - angle (hall be the firſt Square ſought. 

But that this Canon will ſolve the Queſtion propoſed, I demonſtrate thus; 


h = the Rypothenuſal ; 


2. Sappoſe . + » 4 a * = Por f Many about the right- angle. 
_= 7 


3. Suppoſe alſo that by the preceding Queſt. 101. * 


P» 
5, b, p are found ſuch, that. b, þ are three ſquare numbers. 
6p IP 


4. I fay b—p is ſuch a ſquare number, that if it be multiplied by p the leſſer of the 
ſides about the right-angle, and to the Product there be added the Product made by 
the multiplication of the Area Zbp, into b p the difference of the ſides about the 
right-angle , the ſumm ſhall be a Square: For, 

5. The Product of b—pintopis . . . . . .> bp — pp 

6. To which if you add the Product of the Area into the ? , 1 
difference of the ſides about the right- angle, to wit, 8 2009p 405f 

7. The ſumm is „ bp—pp+ibbp— pp 

8. Which ſumm is a ſquare number, for it is equal to the Product of b — p muluplied 
into ;6p + p : But each of theſe Factors b — p and 269 4p is a Square by Conſtru- 
tion ; wheretore the Product of their multiplication , to wit, bp — pp £bbp — 29 
is a Square. 

An Example in Numbers. 

9. Take any right-angled Triangle which will ſolve the 
Ness ing One „. 2 „„ 8 4 
In which Triangle the difference of the ſides about the right-angle, to wit, 1, is fach 

a Square that if it be multiplied by 3 the leſſer ſide, and the Produtt be increaſed with 6, 

to wit, the Product of the Area multiplied by the difference of the ſides about the right · angle 


it makes the Square 9. Moreover, the greater ſide about the right-angle, to wit, 4, is 
a Square; as was required. 


10. But the ſame right-angled Triangle 5, 3, 4 being retained, we may inſtead of the 
Squate 1, (to wit, the difference of the ſides about the right angle) find out innumerable 
Squares, ( by the help of Lemma 2. in Queſt. 101.) every one of which ſhall ſolve this 
Queſtion , and be within given limits if need require, So if it were deſired to find out 
a Square greater than 6, and ſuch as together with the ſaid right-angled Triangle 5, 3, 4 
may ſolve this 1 02* Queſtion , the ſaid Lemma 2. will diſcover the Squares 25 and 361, 
(among innumerable others,) which are ſuch, that if each of them de multiplied by 3, 

- (the leſſer of the ſides about the right- angle of the ſaid Triangle,) and the Products 
75 and 1083 be ſeverally increaſed with 6, to wit, the Product of the Area multiplied 
into the difference of the ſides about the right · angle, it makes the Squares 81 and 1089, 
Whoſe ſides ate 9 and 3 3. : 


11. And 


rr 
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11. And in like manner, by the help of any other right-angled Triangle which will ſolve 

the preceding Queſt. 101. as the Triangle 605, 363, 484, we may fad out innumerable 
Anſwers to this Queſt. 102. For, firſt, the difference of the ſides about the right- 
angle, to wit, 121 is a Square, and ſuch, that if it be multiplied by the lefler fide 363, 
and to the Product 43923 there be added 10629366, to wit, the Product of the Area 
multiplied into the difference of the ſides about the right-angle, it makes the Square 
10673289, Whoſe (ide is 3267. And therefore by the help of the third Lemma which 
belongs to the Reſolution of the preceding Queſt. 101. you may inſtead of the | 
121 find out infinite other Squares to perform the ſame thing, and each Square ſhall be 
within given limits if need require. 


— 


L2UVEST. 103. ( Qualt. 13. Lib. 6. Diophant. ) 


To find a right-angled Triangle, that the Area thereof being increaſed ſeverally with 

each of the ſides about the right-angle may make Squares. 

RESOLUTION. 

1. Let the Hypothenuſal, Baſe and Perpendicular of ſome þ 
right-angled Triangle .in numbets be repreſented by . . 

2. Then multiply thoſe ſides ſeverally by 4, and ſuppoſe the 

Products to be the ſides of the right-angled Triangle ha , ba , pa 

„ „ „ „ 

3. Then, ( according to the Queſtion, ) the Area of the 8 


„ 


Triangle in the laſt ſtep being increaſed with each of th 
ſides about the righi- angle muſt make a Square, hence 
this Duplicate equality ariſeth to be reſolved , viz. . 
„„ % A <<... co ! 


> 
5. Whence, after due Reduction, you will fi , , 5 . 4 = ——— 
6. According to which value of 4, the latter of the two tab bpeed-tbbby—2 — 0 


tities in the third ſtep being reſolved, inſtead of that quan- 7 257 
tity this that follows ariſeth to be equated to a Square, viz, 57 Pee -1-4#0pp | 
. Bur'becauſe the Denominator of the Fraction laſt expreſt is a Square, whoſe fide is 
ee — 1p, it remains only to equate the Numerator to a Square: And becauſe a Square 
divided by a Square gives the Quotient a Square, therefore if we ſuppoſe h in the ſaid 
Numerator bpee - 4bbbp — £bbpp to be a ſquare number, then the ſaid Numerator divided 
by ö gives pee -|- *bbp pp, that is, pee, + $bp x b — p to be equated to a Square. 
So that the matter is reduced to this, we mult find out a right-angled Triangle, ſuch, 
that the greater of the ſides about the right-angle , ſuppoſe , may be a ſquare number; 
and we muſt alſo find another ſquare number, ſuppoſe ee , that may be greater than the 
Area of the ſaid Triangle, (as may be inferr'd trom the Denominarar of the Fraction 
in the fifth ſtep ,) and ſuch, that if it be multiplied by p the leſſer of the ſides about the 
right-angle, and to the Product there be added the Product of the Area multiplied into 
the difference of the ſides about the right-angle, the ſumm may make a Square: But 
ſuch a right-angled Triangle and Square, the preceding Queſt. 102. fhews how to find 
out. Suppoſe then the Hypothenuſal , Baſe and Perpendicular of the ſaid Triangle ſo 
found out to be h, ö, p; and the Square to be ee, all which being known in numbers, 
the number repreſented by 4 ſhall conſequently be known from the fifth ſtep : And 
laſtly, if you multiply the numbers h. b, p ſeverally by the number 4, the Products ſhall 
be the three ſides of the Triangle ſought. From the premiſſes there ariſeth the following 


CANO N. | 
Firſt, by the Canon of the preceding Queſt. 102, find out a right-angled Triangle, 


. ( whoſe three ſides in the Reſolution of this. Queſt. 103." are repreſented by h, b, p; 


and beſides, a Square, call it ee , that may be greater than the Area of the ſaid Triangle, an 
ſuch that if it be multiplied by the leſſer of rhe fides about rhe right- angle, and to the Pro- 
duct there be added the Product of the Area multiplied into the difference of the ſame ſides, 
the ſumm may be a Square; then divide the greater 'of the ſides about the rigft-angle of 
the ſaid Triangle, by the exceſs of the ſaid Square ce above the Area, and by the Quotient 
multiply ſeverally the three ſides h, b , p , fo ſhall the Products be the three ſides of the 
Triangle ſought.- r 
; | 92 An 
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An Example in Numbers. 


It hath been ſhewn in SeZZ. 10. of the preceding Queſt. 102. that the right-angled 
Triangle 5, 3, 4 and the Square 2 5 will ſolve that Queſtion; and beſides , the ſaid Square 
25 is greater than 6 the Area of the ſaid Triangle; thereiore according to the directions 
of the Canon above- delivered, I divide 4 the greater of the ſides about the right - angle, by 
19 the exceſs of the ſaid Square 25 above 6 the Area of the ſaid Triangle, and the Quotient 
is 75, by which I multiply ſeverally 5, 3, 4 (the ſides of the Triangle firſt found) and 
there comes forth #2, 13, 1, which ſhall be the ſides of the Triangle ſought ; for the 
Area is 52S, to which if we add ſeverally 25 and 19, ( the ſides about the right-angle ,) 
there will be made the Squares 42+ and 337, whoſe ſides are 75 and 75. F 

After the ſame manner, the {ame right-angled Triangle 5, 3, 4 and the Square 361, 
(found out alſo by the preceding Queſt. 102.) will diſcover 555 , 335 and 35 f. for the 
three ſides of another right-angled Triangle to ſolve this Queſtion , as may eaſily be proved. 
And becauſe innumerable right-angled Triangles and Squares may be found out to ſolve 
the ſaid Queſt. 102. infinite Anſwers may be given to this. 


2UEST. 104. ( Quaſt. 15. Lib. 6. Diophant. ) 


To find a right-angled Triangle, ſuch , that if from its Area the Hypothenuſal and one 
of the ſides about the right-angle be ſeverally ſubtracted, each remainder may be a Square. 


The Reſolution of this and the following 105 Queſtion depends upon a Lemma, 
which 1 ſhall here premiſe and demonſtrate, 


LE M MA. 


1. If a right-angled Triangle be formed from two ſquare numbers, or from two numbers 
in proportion one to another as a ſquare number to a ſquare number; I ſay firſt , the 
Square of the difference of thoſe two ſquare numbers being multiplied by the Product 
of their multiplication will produce a Square leſs than the Area of the ſaid Triangle; 
ſecondly , if from the ſolid Product made by the multiplication of theſe three numbers, 
to wit, the ſquare number above produced leſs than the Area, the Hypothenuſal , and 
that ſide about the right-angle which is the double Product of the multiplication of the 
two ſquare numbers forming the Triangle, there be ſubtracted the ſolid Product made 
of thele three numbers, to wit, the Area, the ſaid (ide about the right- angle, and the 
exceſs by which the —_— exceeds the ſame fide, the remainder ſhall be a ſquare 
number; thirdly and laſtly , the ſumm of thoſe two ſolid Produł̃ts ſhall alſo be a ſquare 


number. 
Demonſtration. 


2. Let a right-angled Triangle be formed from two ſquare numbers, ſuppoſe bb the greater, 
and cc the leſſer, whoſe ſides are 6 and c, ſo the three ſides of the ſaid Triangle will be theſe, 
| . I bbbb -þ- ccce — the Hypothenuſal, 
viz, & bbbb — ccc = the Baſe, 
| 2bbec = the Perpendicular. 
3. The Area of the ſaid Triangle is . . .> bc bbc 
4. The Product of the multiplication of & and ce, 
to wit, bbcc, being multiplied by the Square of > b*cc — 2. bbe® 
bb ce, produceth this Square, to wit, . . 
5. Which Square is leſs than the Area . . . .> b*c — bbe& 
6. For boys — — T ; oF bbbc — beee =D bbbc + beee 
7. Therefore by multiplying each part into 6 
a e 8 bee — abe. -|-bbe* g bece — be 
Which vras affirmed in the firſt part of the Lemma. 8 


vix. | „e, ( the Hypothenuſal, ) 


miſts PRs amb oc etal 


; 9, And 


n 


n 


e eee 


th 
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9. And if theſe three following quantities be multiplied one into i 
lece — bbe*, ( = — 1 1 F another , to wit, 
| ＋ z , (the Perpendicular, ) 
bbbb J cece — 2bbce, ( the exceſs of the Hypothenuſal above the perpendicular i) 
The ſolid Product of their multiplication will be > 20 — 4b — 260. + 4b*&* 
to. Which latter ſolid Product ſubtracted from the former, = E” 
leaves this Square, to Witte... 5 4b — 86 c - 4b 


The lide whereof is . , . . . 26%“.— 2665. 
Wherefore the ſecond part of the Lemma is manifeſt, 
11. Laſtly, the ſumm of the two ſolid Products in the * —_ 
eighth and ninth ſteps makes this Square, to wit, . . 8 4. — 8b" + 40 
The {ide whereof is „ 2b —260, 
Wherefore the Lemma is every way proved. 
An Example in Numbers. 

Suppoſe 4= bb, and 1 cc; then let a right-angled Triangle be formed from 4 and r, , 
ſo the three ſides will be 17, 15, 8. — elt, that ＋ the Square of the diffe- 
rence between the ſaid 4 and 1, be multiplied by 4 the Product of 4 and 1, there will be 
produced the ſquare number 36, which is leſs than 60 the Area of the ſaid Triangle. 

Secondly , it from 4896, which is the ſolid Product made by the multiplication of theſe 
three numbers, to wit, 36 the before found, the Hypothenuſal 17, and 8 the double 
Product of 4 and 1; there be ſubtracted 4320, which is the ſolid Product of theſe three 
numbers, to wit, the Area 60 the ſaid double Product 8, and 9 the exceſs of the Hypo- 
thenuſal above the ſaid 8 , there will remain the Square 576, whoſe ide is 2 4. 

Thirdly and laſtly , the ſumm of the ſaid ſolid Products 4896 and 4320 makes the 
Square 9216 , Whoſe ſide is 96. 


Now followeth the RESOLUTION of QUEST. 104: before propoſed, 


1. Let the Hypothenuſal , Baſe and Perpendicular of ſome > I. Þ - 
right-angled Triangle in numbers be repreſented by , . 7 » 9 

2. Then multiply thoſe ſides ſeverally by 4, and ſuppoſe the? , , 
Products to be the ſides of the Triangle ſought, to wit, 5 „ 

3. Then, ( according to the Queſtion,) if the Area of the 
Triangle in the laſt ſtep be leſſened by the Hypothenuſal 


N and one of the ſides about the righi- angle ſeverally, each 105 * I 2 

; remainder muſt be a Square; hence this Duplicate equa- 3944 — pa = 0 

2 lity ariſeth to be reſolved, viz. ng. 

5 4. Now in order to reſolve that Duplicate equality, ſuppoſe > $bpas — pa = eeaa 

4 5. Whence after due Reduct ion you will find , . , ,Þ>, , . 4 = — _ 
. 6. According to which value of 4, if the former of the 25% —ec 
: two quantities in the third ſtep be reſolved , inſtead of hpee, — *bpp x ' 1" 

; that quantity, (to wit, *bpas — ha ) this that follows *bbpp — bpee -c 

F ariſeth to be equated to a Square, vx. : 
2 7. But becauſe the Denominator of the Fraction laſt expreſt is a Square, for its ſide is 
| 2bp — ee, it remains only to equate the Numerator to a Square. We muſt therefore 
5 inquire into the riſe of the Numerator, ſo we ſhall find that it imports the ſearch of 
: a right-angled Triangle h, 6, p in numbers, and a ſquare number ce leſs than the Area 
1 of the ſaid Triangle; (for the Denominator of the Fraction in the fifth ſtep of the 
N Reſolution (hews that bp muſt exceed ee.) Moreover, the ſaid Triangle and Square 


muſt be ſuch, that if from the ſolid Product made by the multiplication of the ſaid 
Square, the Hypothenuſal, and one of the ſides about the right-angle, there be ſubtracted 
the ſolid Product made by the multiplication of the Area, the faid {ide about the right- 
angle, and the exceſs of the Hypothenuſal above the ſame (ide , the remainder may be 
r oO 

e. then t henuſal, i riangle 
ſo found out, to wit, h, b, p, — — to be all known in numbers, then the num- 
ber by a ſhall conſequently be known from the Gifs inp of the — 
and laſtly, if you multiply the numbers h, b, p ſeverally by the number 4, che Products ſhal 
be the three (ide of the Triangle ſought. From the premiſles there arifeth the following | 
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CANON. 


8. Firſt , let a right-angled Triangle be formed from two ſquare numbers, or from two 
numbers which have ſuch proportion to one another as a ſquare number to a ſquare 
number; then multiply the Square of the difference of thoſe two numbers by the Product 
of their multiplication and reſerve the Product, which is a ſquare number, and may be 
called ee; that done, divide that (ide about the right-angle which is the double Product 
of the two numbers that formed the ſaid Triangle, by the exceſs of its Area above the 
Square ee before reſerved , and by the Quotient multiply ſeverally the three ſides of 
the ſame Triangle, ſo ſhall the Products be the three ſides of the right-angled Triangle 
ſought. 

. An Example in Numbers. 

Firſt , I form a right-angled Triangle from the ſquare numbers 4 and 1, fo the three 
ſides are 17, 15, 8; then I multiply 9 (the Square of the difference between 4 and 1) 
by 4, the Product of 4 into 1, and there comes forth the Square 36, (to wit, ee ;) then 
I divide 8, (to wit, that (ide about the right-angle of the ſaid Triangle which is the double 
Product of 4 into 1,) by 24, Which is the exceſs of 60 the Area of the ſaid Triangle 
above the Square 36, (to wit, ee,) and the Quotient is 35, by which I multiply ſeverally 
I7,15, 8, (the ſides of the right-angled Triangle firſt found, ) and the Products £2 , 4+ 
and 4 are the ſides of the right-angled Triangle fought : For, if from the Area 3, 
the Hypothenuſal +} , and the (ide 3 be ſeverally ſubtracted, there will remain the Squares 
1 and 4. 

This Queſtion is capable of innumerable Anſwers in a double reſpe& , for firſt , in- 
ſtead of 4 and 1 we may take any two ſquare numbers, or any two numbers which are 
in ſuch proportion to one another as a ſquare number to a ſquare number , for the formin 
of a right-angled Triangle as the Canon direQts : ſecondly, the fame right-angled Triangle 
17, 15, 8 being retained, we may inſtead of the Square 36 , to wit, ee, find infinite others, 
every one of which ſhall be leſs than the Area 60 and ſuch, that if it be multiplied into 
136, {to wit, hp, ) and frogs the Product there be ſubtracted 4320, (to wit, *bpp x þ — p,) 
the remainder thall be a ſquare number. ( The finding out of which Squares may aliy 
be deduced from Lemma 3. in the preceding Queſt. 101.) 


L VEST. 105. 


To find a right-angled Triangle, that if irs Area be ſubtracted from the Hypothenuſal, 
and from one of the ſides about the right-angle , each remainder may be a Square. 
RESOLUTION. 
1. Let the Hypothenuſal, Baſe and Perpendicular of ſome h 
right-angled Triangle in numbers be repreſented by 
2. Then multiply thoſe ſides ſeverally by 4, and aſſume 
the Products to be the ſides of the right-angled Triangle > ha , ba ; pa 
D + + + © '» ©» ©» 
3. Then, (according to the Queſtion, each of theſe? ha — 2p 2 
two quantities muſt be equated to a Square, viz. , . pa — 40544 2 
4. Now in order to reſolve that Duplicate equality, ſuppoſe > pa — $bpas ceaa 


5. Whence after due Reduction you will knd  , >,  , @& = ff 
6. According to which value of 4, if the former of the ee |= 26p 
two quantities in the third ſtep be reſolved, inſtead off hpee, -- ibppx h —p _ 
that quantity, (to wit, ba — *6bpaa, ) this that follows cece + bpee + tbbpp © - 

ariſeth to be equated to a Square, viz. . . . »« E 

7. But becauſe the Denominator of the Fraction laſt expreſt is a Square, for its ſide is 
ce | bp, it remains only to equate the Numerator to a Square; and the Numerator 
well examined, ſhews that we maſt find a right-angled Triangle h, l, p in numbers, and 
a ſquare number ee, ſuch, that if to the ſolid Product made by the multiplication of 
the ſaid Square, the Hypothenuſal and one of the ſides about the right - angle, there be 
added the ſolid Product made by the multiplication of the Area, the ſaid {ide about 
the right-angle , and the exceſs of the Hypothenuſal above the ſame fide, the ſumm may 
'bea But the Lemma prefixt to the Reſolution of the preceding Queſt. 104. 
ſthews how to find out ſuch a Triangle and Square: Suppoſe then the Hyporhenala), 
. 0 


. 


PPP 


+ n 
e 


. herren r 


* . 


e 14. ; 


. © 
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Baſe and Perpendicular of the ſaid Triangle ſo found out, to wit, h, , p, and the Square 
ee to be all known in numbers, then conſequently the number 4 ſhall be known alſo 
from the fifth ſtep of the Reſolution : And laſtly , the numbers h, &, p being multiplied 
ſeverally by the number 4 will give the three ſides of the Triangle fought, From the 
premilles there ariſeih the following 

CANON. 


8. Firſt, let a right-angled Triangle be formed from two ſquare numbers, or from two 
numbers which have ſuch proportion to one another as a ſquare number to a ſquare 
number; then multiply the Square of the difference of thoſe two numbers by the Pro- 
duct of their multiplication , and reſerve the Product, which is a ſquare nfmber, and 
may be called ee ; then divide that ſide about the right-angle which is the double Pro- 
duct of the two numbers that formed the ſaid Triangle, by the ſumm of its Area and 
the Square ee before reſerved; laſtly, by the Quotient multiply ſeverally the three 
ſides of the Triangle firſt formed: So thall the Products be the three ſides of the right. 
angled Triangle ſought. 

An Example in Numbers. 


Firſt, a right-angled Triangle being formed from the ſquare numbers 4 and 1, the 
three ſides will be 17,15, 8; then I multiply 9 the Square of the difference between 4 
and 1, by 4 the Product of 4 into 1, and it produceth the Square 36, (to wit, ee; ) 
then I divide the ſide 8, by 96 which is the ſumm of the Area 60 and the Square 35, 
(to wit, ee, ) ſo the Quotient is 23; laſtly, the ſides 17, 15, 8 being multiplied ſeverally 
by 7+ will give 12, ++ and 7+ for the right-angled Triangle fought, For if from the 
Hypothenuſal 23, and from the (ide rr, the Area 7+ be ſubtracted, there will remain the 
Squares 1 and 2. 

After the ſame manner, among innumerable right-angled Triangles that might be found 
out by the ſaid Canon to ſolve this Queſtion, theſe three will be diſcovered, to wit, 
4+, 42. 32 | 22, 2, 2+ 218, 32+, 744+, every one of which Triangles belides 
that firtt found, to wit, 12, 4+, 74 is expreft by ſmaller numbers than that Triangle found 
out by Fermat's method, in the following Queſt. 127. | 

This Queſtion is alſo capable of innumerable Anſwers upon another ground, as may 
eaſily be collected from what hath been ſaid at the latter end of the preceding Queſt. 104. 


QUEST. 106, ( Quazſt. 18. Lib. 6. Diophans. ) 


To find a right-angled Triangle in rational numbers, ſuppoſe A B C right-angled at B, 
that one of its acute-angles B A C being cut into two equal parts by the line A D, the ſaid 
line A D may be alſo expreſſible by a rational number. 

A. 


c 'B 


D 
RESOLUTION. 
1. Let the Hypothenuſal , Baſe and Perpendicular of _ h b 7 
right · angled Triangle known in numbers be repreſented by * : _ 
S = 
2. Then multiply thoſe ſides ſeverally by 4, (which re- be = BD 
preſents a number unknown ,) and put . . « + + , = = A 8 
— be — 


Now foraſmuch as (per 3. Prop. 6. Elem. Euclid.) theſe N 
N lines in the — — 2 Proportionals, viz. 5 BD . AB:: DC. CA 
4. Therefore from the premiſſes theſe numbers ſhall be allo? , „:: 4 54 
,_ Xn ETD. * * 7 
5. And becauſe ( per 47. Prop. 1. Elem. Euclid.) the Square of A B together wich the 
Square of B C is equa] to the Square of C A; therefore the Square of p together =_ 
| ( 
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the Square of ö, (for ba--b — ba = ,) hall be equal to the Square of p— pa, 
whence this Equation ariſeth, to wit, 


ppaa -E = ppaa — 2ppa -＋ pp. 
6. Which Equation, after due Reduction, gives . , . . . <4 4 = pp —bb 


7. Therefore from the firſt , ſecond and ſixth ſteps , all the lines 
fought ſhall now be known in rational numbers, viz. , . 1 byp—bbb _ 


= AD 
255 

ä — BD 
2Pp 

Iy+%_ = vc 
2P? 


| —_ ppp —pbb = AB 
8. And by multiplying all the Fractions in the laſt _ 2bpp = BC 
the common Denominator 2pp , the Products will give theſe 
numbers which will alſo ſolve the Queſtion, and may ſerve Jhpp — b 
as a Canon for that purpoſe, vin. 975 = BD 
bpp + bbb = DC 


An Example in Numbers. 


Take any right-angled Triangle in numbers as 5, 3, 4, then by putting 5 b, 3—= 6b 
and 4 =p, (the greater of the ſides about the right-angle , ) you will find 


A B the Perpendicular , 

BC the Baſe, 

CA the Hypothenuſal, 

AD the line biſecting the acute · angle oppolite to the Baſe, 


— the ſegments of the Baſe. 


— 
1 
S 
{ 
2 
A 
ann 


The Proof. 


BR I - 100 
ERS . CA 


Therefore ( per Prop. 3. Elem. 6. Euclid.) the angle BAD is equal to the angle 
DAC. The reſt of the Proof is obvious. 


Firſt , theſe numbers are Proportionals , B D 


— 


L VEST. 107. 


To find out an oblique-angled Triangle, whoſe three ſides, as alſo the Perpendicular, and 


„ one of the angles into two equal parts may be expreſt ſeverally by rational 
numbers. 


D Jac. de Billy in probl. 5. cap. 4. of the latter part of his Diophant. redivi. printed at 
Lyons in 1670. reſolves this Yurftion briefly by Numeral Algebra; but to the end 
Canon may be raiſed to ſolve the Queſtion propoſed , I ſhall form the Keſolution thereof 
by Literal Algebra. . 


Preparation. 


Let there be an oblique-angled Triangle ABC, then ſuppoſing A D to be perpendi- 
cular to the Baſe BC, and the line AE to cut the angle B A C into two equal angles 
22 EAB 
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E AB and BA C, let it be required to find out rational numbers to expreſs the quan: 
tities of the ſides AB, BC, AC, as alſo of AD, AE, BE, ED, DC. quans 


. 4 


=D 


RESOLUTION. 


1. Firſt, ler 6, p, h repreſent the Baſe, Perpendicular and Hypothenuſal of any right-angled 
Triangle known in numbers, and ſuppoſe the Perpendicular p to be — ow the 


Baſe &, then 
6b = DE theBaſe, - 
— 2 p = AD thePerp, > of A ADE. 
5 = AE the Hyp. 5 


2, Secondly, making p, (thatis, AD) to be the P icular of a ſecond right-angled 
Triangle , ſuppoſe ADB, find out the Baſe D B and the Hypothenuſal B A in rational 
numbers, which may be done thus, viz. Fotaſmuch as the Square of the ks 
AD is equal to the difference of the Squares of the Hypothenuſal BA the Baſe 
D B, let the Square of the given number p be eſteem d to be the difference of two 
ſquare numbers, and find out the Squares themſelves , then put the (ide of the leſſer 
Square for DB, and the fide of the greater for B A; but the ſaid Squares muſt be 
found out with this Caution, that D B the (ide of the leſſer Square may have greater 
proportion to D E, (that is, 6 ) than 2pp hath to pp — bb, as may ealily be inferr'd 
from the Canon of the preceding 2zeft. 106. where it appears, that when the angle 
DAC in the Diagram belonging to that Queſtion is equal to the angle DAB, then 
the Baſe B C hath ſuch proportion to B D, as 2pp to pp — bb; but in the Diagram of 
of this Queſtion the angle E A B muſt be greater than the angle EA D, in regard by 
ſuppoſition the angle EAB is | to the angle EAC. Now ſince by on 7. 
of this Beok, innumerable pairs of Squares having one common difference may be found 
out, ſuch, that the (ide of one Square of each pair ſhall be greater or leſs than a given 
number, let us ſuppoſe the ſides of two ſquare numbers to be found out agrecable to 


the ſaid Caution, 
| b+d = DE-þLEB = DB, 
dix. 4d = EB, 

—= BA. ; | 
3- Thirdly , the next ſcope is to 4 E C and A C in rational numbers, which muſt 
have the ſame proportion one to another as E B and B A; (for by ſuppoſition the angle 
E AB is equal to the angle EAC, and therefore (per Prop. 3. Elem. 6. Euclid. ) 
EB. BA:: EC. AC.) Moreover, the Square of EC—E D, chat is, of DC, 
together with the Square of A D muſt be equal to the Square of A C. But E B and 
B A were before found out in numbers, to wit, 4 = EB, and g= BA; now to 
find out two numbers in the ſame proportion as d and g, multiply theſe ſeverally by 4 
( which repreſents a number yet unknown,) and put the Products ds and g for EC 
and A C; whence theſe W” RAE = 7.2 N 


iff 32 "a. 6 

ors EB. 8A :: BC... a6 | 

4. And becauſe the Square of EC— ED, that is, the Square of D C, together with the 
Square of A D makes the Square of AC, therefore in the letters of the Reſolution, 
the Square of 4s — together with the Square of p muſt be equal to the Square of ge 
hence this Equation ariſeth , v5z, | 


ddaa — 2bda-j- bb pp = gad. 


C —h—h/- m ee 


3 146 
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C among innumeraþle other pairs of Squares that may be found out by 2 Queſtion 


8. Which laſt Equation being reſolved by the Canon in Sec. 6, Chap. 15. Bock 1; the 

value of 4 will be made known, ix. 
banc bbad -|- gghh — ddbh bd 
gg — ad into gg — 4d gg — dd 

9. Now if the Numerator bb4d-|- gghh — dabh be a rational ſquare number, then the 
value of a is manifeſtly rational, tor the Denominator is a Square, whoſe ſide is gg 
— 4d; but that the ſaid Numerator is a rational Square I prove thus: In the Triangle 
B AE obtuſe-angled at E, the Square of BA leſs by the ſumm of the Square of B E 
and twice the rectangle made of BE and ED is equal to the Square of AE, (per 
1 2. prop. 2, Elem, Euclid. ) therefore in the letters of the Reſolution, | 

gg — dad — 24b = bh. 

to. But if gg dd 246 inſtead of hh be multiplied into gg — dd, and to the Pro- 

duct there be added bbdd , then inſtead of the aforeſaid Numerator d- gg 


— ddhh , this following Square will ariſe, to wit, 


r ee 
11. Therefore from the eighth and tenth ſteps, — 3K 
value of à is expreſſible by a rational number, viz. is 


12. Therefore from the third and eleyenth ſteps, .. 3 . 


13. And from the third and eleventh ſteps, . : 3 ger —$4d —296b — AC 


— dd 

14. And by e b from the quantity in the A1. g-. = DC 
twelfth ſtep, ( viz, ED from EC,) it gives G — ad 

15. Laſtly, if the three Fractions in the three laſt preceding ſteps , as alſo 6, p, b, d, g. 
be ſeverally multiplied by the Denominator gg — 4d, there will come forth the following 
quantities in Integers , which may ſerve as a Canon to ſolve the Queſtion propoſed ; 
provided that the numbers 6, p, h, d, g be firſt found out agreeable to the Caution before 
preſcribed. N 


CANON. 
ood — ddd — 2ddb —= EC 
_ ggd — ddd = EB ? 
ggg — gad = BA 
2 3 jo 2 = 28 > inthe Diagram belonging to this Queſtion, 
gob — ddb = AE 
gd — ddd — gg — bdd = DC 
ggd + ggb — ddd — 4d = DB 


An Example in Numbers. 
Firſt, take any right-angled Triangle in whole numbers, as the Triangle 18, 24, 303 


then | 
S = 8 ED, 
— —— 1 Opt 2g AD: 
6 = 30 AE. 


Secondly , making 24, (to wit, p= A D) to be the Perpendicular of a ſecond right- 
angled Triangle, as well as of the firſt A D E, find out the Baſe DB, and the Hypothe- 

al AB in rational numbers; but for the reaſon before given, the number of the Baſe 
D B mult have greater proportion to the number of the Baſe D E, than 2pp to pp — bb, 
vi. in this Example, greater proportion than 32 to, and conſequently DB — 
DE taken 47 times: But by ſuppoſition DE — 18, therefore DB muſt exceed 822. 
Now becauſe the Square of the Perpendicular A D is equal to the difference of the Squares 
of AB and DB, therefore 576-the Square of the Perpendicular 24 ( = AD) being 
taken for the difference of two Squares, find ont the Squares ſeverally, but with this 
condition, that the (ide of the leſſer of them may exceed 823: But two ſuch Squares 


Ld 
4 
t 
7 
N 
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of this Book,) are 20449 and 21025 , whoſe ſides are 143 and 145; therefore 143 
—=DB, | 145=AB, and 125 =E B, (that is, DB - DE;) then 
put $ Is = 13g = Eh 
2 £,7:% * :*T Þ wn 6g YR | 
Laſtly , by the help of the numbers before found out for the values of 6, p, %, d and g, 
the preceding Canon will diſcover rational numbers, which reduced to their leaſt rerms by 
their greateſt common Diviſor , will give the whole numbers here-under expreſt , for the 
meaſures of the ſides of the oblique-angled Triangle ſought ,; as alſo of the Perpendicular, 
and the line cutting the angle oppolite to the Baſe into two equal parts, and of the ſegments 
of the Baſe made as well by the Perpendicular as by the line biſecting the ſaid angle, vi. 


36 = 371 

EB = 750 

BC = 87s | 

BA = 870 | 

** = ; — gagreeable to the Diagram and Canon belonging to this Queſtion. 
AE = 180 | 

DE = 108 

DC = 17 

DB = 858 


The Proof. 


Firſt , theſe numbers are Proportionals, vie 3 * nn _ 80 . as 


Therefore, ( per 3. prop. 6. Elem. Euclid.) the angle E AB is equal tothe angle EA C. 
The reſt of the Froof is obvious, 


LUEST. 108. 

To find out an oblique-angled Triangle, whoſe three ſides , as alſo the Perpendicular, 
and a line drawn from the angle oppoſite to the Baſe, and cutting the Baſe into two equal 
parts, may be expreſt ſeverally by rational numbers. 

[ Jac. de Billy in his Appendix to the Problem cited in the preceding o Queſtion 
reſolves this alſo , but very briefly; I ſhall therefore form the Reſolution thereof at large 
by Numeral Algebra, by the ſteps whereof the more curious Analyſt may eaſily reſolve 
it by Specions Algebra, but the Camn thence ariſing will be exceeaing —— | 

Preparation, | 

Ler there be an oblique-angled Triangle ABC, then r AD to be perpendi- 

cular to the Baſe BC, and the line A E to cut the Baſe B C into zo equal parts in the 


point E, let it be required to find out rational numbers to expreſs the quantities of the ſides 
AB, BC, AC; as alſo of the lines AD, AE, BD, DE. 


A 


— - > 
D = 
RESOLUTION. _ 
1. Firſt, take any right-angled Triangle in numbers, as 3, 4, 5; then, 
k — BD the Baſe , ; . 
Mt - + 3 g — AD the Perpendicular, þ of the right angled Triangle BDA, 
5 —= AB the Hypothenuſal, 
2. Then for the diſtance between the foot of the Perpendi 8 « = DE 


and the middle of the Baſe BC, put 4, viz. ſuppoſe . 
,—_ 6 | put 4, 12 * * fad 


: 


1 
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And becauſe by ſuppoſition, BE = EC, if to a you add 3, "M 
. (ro wit, BD,) — ſhall be equal to half the Baſe, viz. «T3 BE=EC 
4. And becauſe DE ECS DC, the ſumm of the two 

Equarions in the ſecond and third ſteps ſhall be equal tothe > 24-3 = DC 

greater ſegment of the Baſe made by the Perpendicular, viz. | 

5. And becauſe the Square of D C together with the Square of A D is equal to the Square 
of AC, the Square of 22. 3 together with the Square of 4 muſt make a Square, vic. 

; 44 124-235 = . 

6. And becauſe the Square of D E together with the Square of A D is equal to the Square 

of AE, the Square of « together with the Square of 4 mult be equated to a Square, viz. 
aa - 16 = DD. 

7. So in the two laſt ſteps we are faln upon a Duplicate equality, which, in r the 
Squares 25 and 16 are unequal, I reduce to another that ſhall have equal known Sc , 
viz. (after the manner uſed in divers preceding Queſtions of this Book,) I divide the 
greater _ 25 by the leſſer 16, and by the Quotient ++ I multiply the quantity in 
the ſixth ſtep, to wit, 24-16, ſo the Product a4 + 25 is to be equated to a Square, 
and therefore this Duplicate equaliry comes now to be reſolved, 

** 44a 1242 T- 25 = 0 
134 ＋- 25 = Of 

8. Now in order to reſolve the Duplicate equality laſt expreſt, firſt, by ſubtracting the 

leſſer quantity from the greater, 1 find their difference to be 
| | +44 ＋ 124. 

9. Then I ſearch out two quantities, the Product of whoſe multiplication may make the 
ſaid difference 13-1243 and that as well in the difference as in the ſumm of the 
ſame quantities there may be found 10, (to wit, the double of the fide of the 
Square 25 , ) fo I find thoſe two quantities to be 

$:a-|-10 and £*4, 

1e. Then the Square of half the difference of the two quantities laſt expreſt, vix. the 

Square of 4334+ 5 being equated to 33aa+4- 25, gives 
Has + 25 = 12584 + 2324-25. 

11. Which Equation, after due Reduction, will diſcover * 1 
, Cl  z i D 027  q-- 

12. Then by adding the Square of the faid number 4 to 16, 
and extraRting the ſquare Root of the ſumm, there ariſeth F 

13. And by adding 3 (to wit, BD) to the number , (to 
— D E,) the ſumm ſhall be the meaſure of half the Baſe 
B * dic. 25 30 „ es „ 

14. Therefore the double of the number in the laſt ſtep is 
the meaſure of the Baſe BC, ww. . . . 

15. And by adding the number 7 in the eleventh ſtep to half 
the Baſe in the fourteenth, the ſumm is the greater ſegment = DC 
of the Baſe made by the Perpendicular, vid. 

16, Then by adding the Square of the ſaid greater ſegment 
DC to 16 the Square of the Perpendicular AD, and = AC 
extracting the ſquare Root of the ſumm, there comes forth 

17. Laſtly, by — numbers in the firſt, eleventhtwelfth, thirteenth, fourteenth, 

fifteenth and ſixteenth fteps ſeverally by che Denominator 142311, there will come 
forth theſe following whole numbers for the meaſures of the lines ſought , vi. | 
426933 BD 
569244 = AD 
711555 AB 
425600 DE ? 
710756 AE > in the Diagram belonging to this Queſtion. 
852533 BBS EC | 
1705066 BC 
1278133 = DC 
I399165'= AC. 


- 
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The Proof is eaſie to be made, by comparing the ſumm of the f 7 bers 
anſwering to the ſides about the righi- angle of every right - angled Tongs in — 
to the number anſwering to the Square of the Hypothenuſal of ſuch Triangle reſpectirely. i 


— 


2UEST. 10g. ( Qualſt. 21. Lib. 6. Diophant. ) 


1 — ie m—_—_ in — numbers, that the Area thereof increaſed 
with one of the ſides about the right- angle may make a Square ; and that the f 
the three ſides may be a Cube. * * 
| RESOLUTION. 
\ 2444-24þr 
1. Let a right-angled Triangle be formed from 4 and 4-5-1 
4-1 ; then divide the three ſides ſeverally by 248 oj 24 __ the Baſe. 
4-1, and take the Quotients for the ſides of * 411 * a 


Triangle ſought, vi“. „Er = de regen. 


2. The ſumm of thoſe three ſides is . . , „ 444+ 6a +2 

3. Which ſurnm reduced to its leaſt terms ( by dividing «a +1 
the Numerator by the Denominator according t 
the general method of Diviſion in Sect. 9. Chap, 5. ( © ** 

' Book 1.) will be 0 "Rig „% 2 $2 

Theretore (according to the Queſtion ) the ſaid 44. ＋ 2 muſt be eau „ Whi 
in the following niath fiep.I chal ſhevy how to Gnd — 3—— 

4. Moreover, the Area together with one of the 
ſides about the right - angle of the Triangle in the firſt 2444 E 344 - 4 
ſtep muſt make a Square: But the Area (by multiply-C 2 14 FI 
ing half the Baſe into the Perpendicular) will be found 

5. And one of the ſides about the right- angle ( to wit, 24+ 1 
J . ..-. -> <5 8 a+ 1 

6. Which ſide reduced to the ſame Denominator with 244+ 34-1 
the Area, (by multiplying as well the Numeric 2. — 

24. 1, as the Denominator a-þ1, by --) will be r 
7. Now if the ſide in the laſt ſtep — added to the 2 ＋ -E ALR 

Area in the fourth, the ſumm will be 8 aa + 24+ 1 
8. Which ſumm reduced to its leaſt terms, (by dividing 2 _ . 

the Numerator by the Denominator ) will be 8 oaths : 

9. Therefore (according to the Queſtion ) 24-]- 1 muſt be equated to a Square, a 
before in the third ſtep it was found that 44 ,- 2 muſt be equated to a Cube, now 
becauſe 44 2 is the double of 22 F- 1 , we muſt find out a Cube that may be the 
double of a Square; but the Cube 8 is the double of the Square 4, theretore let 
44+ 2 be equated to 8, or 24-1 to 4, whence you will find 4 =, and conſe- 
quently 4-|- 1 . Wherefore according to the Politions in the firſt ſtep, let a right- 
angled Triangle be formed from 2 and +, and divide the three ſides ſeverally by +, fo 
there will come forth the ſides of the right-angled Triangle ſought, to wit, #2 4%, 4, 
which ſolve the Queſtion , for the Area £2 together with; (to wit, one of the ſides 
about the right-angle ) makes the Square 4; and the ſumm of all the three ſides makes 
a Cube, to wit, 8. 

It is alſo evident by the premiſſes, that the Queſtion is capable of innumerable Anſwers , 
in regard you may find out as often as you pleaſe a Cube and a Square, ſuch, that the former 
ſhall be the double of the latter : As, by equating 444 to 84a, it will give the Cube 512, 
and the Square 256, the former of which is the double of the latter, 


= the Hypoth. 


—_—__@_ — "CY 


—c A 


2VEST. 110, ( Quafſt. 23. Lib. 6. Diophans ) 
To find a right-angled Triangle in rational numbers, that the ſumm of all the three ſides 
may be a Square; and that the ſaid ſumm increaſed with the Area may make a Cube. 
RESOLUTION. 
2, Let a right-angled Triangle be formed from 4 and x, fo 5 = 
the three ſides will be theſe, to wit, « . . . » 'F e 00enle 4 
| F = 
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2. The ſumm of all the three ſides is 244 4- 24, which muſt > 


be equal to a Square, let it therefore be equated to ecaa, > 244 | 24 = eeas | 


b 
3. Whence, after due Reduction, you will fidgd , . . 4 = — 


. : "JT 
4+ Therefore by ſquaring the laſt Equation , there ariſeth . > 44 2 
8 


5. Which laſt Equation doubled, is . . . . .> 244 = 


ecee — gee +4 
6. And by adding the double of the Equation in the third ſtep, to wit, 24 = + to 


te — 2 


the Equation in the fifth ſtep, the ſumm gives this Equation, to wit, 


244 E 24 = = . 
ceee — 4c E 4 $1; 44-4 
7. The latter part of which Equation is manifeſtly a Square, and by Conſtruction tis 


equal to the ſumm of all the three ſides of the Triangle in the firſt ſtep, It remains 

that the ſaid ſumm with the Area make. a Cube; but from the firſt ſtep the Area is 

aaa — 4, and according to the value of 4 in the third ſtep, the Area 444 — 4 will be 
reduced to this, to wit, 3 g 2 w.l - 
eeeeee — Geere E Iꝛ ce - 8 

8. To which add the ſumm of all the three ſides, to wit, the latter part of the Equation in 

the ſixth ſtep, that is, — 
cece — 4ee 
Denominator ſeverally by ee — 2, will be reduced to 


„(which, by multiplying the Numerator and 


gecee — Bee ") and 
eccece — Geeer E lace —B8? 


there will come forth this ſumin, to wit, ä 


Feeeeee — Geere | 1200 - 8 | 

9. Which ſumm laſt produced muſt be equal to a Cube; and becauſe by Conſtruction 
the Denominator is a Cube, to wit, the Cube of ee— 2, it remains that we equate 
the Numerator 2 ecee to ſome Cube; or by dividing 2 eece by eee it gives 2e to be equa- 
ted to a Cube, which is eaſie to be done, for we may put 2e equal to any known cube- 
number, as da; n 

0. Sappoſe therefore . 5 0 +» . „ 26 = ddd 

11. Then becauſe the Denominator of the FraRion in the 
„ „„ „ £5 - ic >. * HT” ef 

12. And conſequently by doubling each part, . . „ 2e c- 8 

13. It follows from the tenth and tweltth ſteps, that. .> ddd c- 8 

14. Again, one of the ſides about the right-angle is by 
Conſtru&ion in the firſt ſtep 44 — 1 , therefore . . 8 9 


15. But by the fourth ſtep, . . . ., . . . >» —— = 44 


16. Therefore from the two laſt ſ tes 5 — 1 
17. And by multiply ing each part in hs ſixteenth ſtep by 427 r 
— — — — gee | 4, tis manifeſt that . c 4 C ecee— 4ee-|- 4 
18. Whence, by adding 4ee to each part ee 0 ecee 
19. And by ſubtracting 4 from each — in the laſt ſtep . 4 + ja —_ 2 4 
20. And by dividing each part in the nineteenth ſtep by ee, . 4 = ce 
21. And by extracting the ſquare Root out of each part in 
* the 20% ſtep, tis evident tht . . . . , 8 & 
22. And by doubling each part in the twenty-firſt ſtep, . ,> . 
2 3. But by ſuppoſition in the tenth ſtep, « . . . R 
24. Therefore from the two laſt ſteps, . . . 
e +> 58 4 
26. Thus in the 1 35 and 2 55 ſteps it is found that the cube-number repreſented by dad 
muſt be greater than the ſquare Root of 8, but leſs than 4 , and then the half of the cube- 
number taken within thoſe limits ſhall be the number e , which being known, the number 
4 will alſo be diſcovered by the third ſtep: Laſtly, a * led Triangle formed from 
the number a and unity, ſhall be that which is ſought. From the premiſſes ariſeth this 
1 | : CANON. 


r > 


eee nder 


n 


made by the mutual multiplication of the ſides about the right- 24 

Le 1 
4. For one of the ſides about the right-angle pt . >} —- 

5. Then becauſe the Product of the ſaid ſides is 24, tis manifeſt that > © 
240 


_ 7 
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CANON. 


27. Firſt, take any cube-number greater than the ſquare Root of 8, (vc. greater than 
27332, Cc.) but Jeſs than 4; then take the half of that cube · number, and call it e; 
that done, divide 2 by the excels of the Square of the number e above 2, and call the 

Quotient 4; laſtly , let a right-angled Triangle be formed from the number à and 1, 

: ſo'ſhall this Triangle be that which is ſought, 


An Example in Numbers. 


{Hirſt 1 take ſome cube-number within the limits preſcribed in the Canon, as 2g; 
whoſe half, to wit, #2 is the number e; then I divide 2 by the exceſs of the Square of 13 
above 2, ſo the Quotient 377 is the number 4; laſtly , from 275 and 1 I form a right- 


WW 
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angled Triangle and find the three ſides to be theſe, to wit, 143333, 333 and 222222 | 


which ſolve the Queſtion : For the ſumm of thoſe three ſides make the Square 22385 
whoſe fide is Ar, and the ſaid ſumm of the ſides together with the Area 184153 


f - 18413377 
makes the Cube 13228121, whoſe ſide is 257 


* 


LUEST. 111. (Qnæſt. 24. Lib. 6. Diophant. ) 


To nnd a right - angled Triangle in rational numbers, that the ſumm of all the three ſides 
may be a Cube; and that the ſaid ſumm increaſed with the Area may make a Square. 


RESOLUTION. 


1. For the ſumm of all the three ſides of the Triangle ſought put > £ 
2. And for the Area 2 4 


3. Then becauſe the double of the Area is equal to the Product 8 


by dividing 24 by —»the Quotient ſhall be the other ſide, to wit, 


6. Therefore from the fourth and fifth ſteps the ſumm of the ſides Þ 227 
Ser he righnintfe'd' Li oo 0 © > p 
7. Which ſumm ſubtracted from : the ſumm of all the three ſides, 1 
leaves the Hypothenuſal, rowit, . . . 
8. The Square of the faid Hypothenuſal is 
22 


ts + gaace + — ＋ 44 — 4 — —. 
| c L u. 
9. And the ſumm of the Squares of the ſides about the righi- angle, to wit, of the Squates 


I L I 
of — and 24e is 7 | 4aace. 
* K 


10. Bu the Square of the Hypotbenuſal is equal to the ſumm of the Squares of the 
ſides about the right · angle, therefore from the eighth and ninth ſteps this Equatiom 


ariſeth, vis. 5 + qaare e | 48 — 454 — = te. 


11. From which Equation, after due Reduction in order to find out the value of e, by the 
letters s and 4, there will ariſe this following Equation , vsz. 


o - „ P * 0 [1 


—+ A 2 
Mon nate of OR Oe hg 
454 444 


12. And by reſolving the laſt Equation according to the Canon in Sec. 10. Chap. 152 
Bok 1. the two alin of e will be found theſe, towit, | 
— 259-24 . f | 444 — 6418 _ 
be 454 N 1 63544 ww 
SS _ 3 11 4 | 44a4— 6: 
| REE u ty 1 65544 | 3 
13. But tis evident chat thoſe values of e will not be rational unleſs die Numerator 


2 - 444 — 61:4 be equal to a Square. Moreover , the . 


= — 
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the ſumm of all the three ſides with the Area, to wit, 5-4 may be equal to a Square; 

ſo we are faln upon this Duplicate equality , 

4 -|- 444 — 6554 = 0 

| is = 0 

14. Now if in that Duplicate equality any known ſquare number be taken for the value 
of 7, then we may diſcover the number a4. But the Queſtion requires 2, (that is, 
the ſumm of all the three ſides of the Triangle ſought, ) to be a Cube, therefore ſome 
number which is both a Square and a Cube muſt be taken for the value of 7; let there- 
fore the ſquared Cube 64 be put equal to 2, and then the ſaid Duplicate equality will 
will be reſolved into this, 


vi x. 


Ag — 2 64 194304 = U 
\ l Oy * 54 — | - (Fab 
1 5. Or you may divide the firſt of thoſe two quantities by 4 , then inſtead of that firſt 
quantity the Quotient is to be equated to a Square, and ſo this following Duplicate 
equality ariſeth , 
aa — 61444 E 1048576 = O 
a ＋E 64 = U 
16. But becauſe in the Duplicate equality laſt expreſt , the ſquare numbers 1048576 
and 64 are unequal, I divide the greater of them by the leſs, and by the Quotient 16384 
I multiply a ＋ 64, and then the Product 163844-]-1048576 is to be equated to 
a Square inſtead of a ＋ 64; ſo at length this Duplicate equality remains to be reſolved 
aa — 61444 —＋- 1048576 = 0 
163844 ＋ 1048576 = 
17. Now in order to reſolve that Duplicate equality, firſt , ſuppoſing the former of the 
two quantities to be equated to be the greater, their difference is 44 — 225284, then 
according to the method uſed in divers preceding Queſtions of this Book , two ſuch 
numbers are to be found out that the Product of their multiplication may make the ſaid 
difference aa — 225284, and that as well in the half of the ſumm as in the half of the 
difference of the ſaid two numbers there may be found 1024, which is the (ide of the 
Square 1048576, But two ſuch numbers are 114 and 114 — 2048, the half- 
difference of theſe is 214 - 1024, and the Square of 4 1024 _ equated 
to 163844 + 1048576 will give 4 = 2244+, to wit, the Area of the Triangle ſought, 
Since then the value of à is found to be 2425, and s was before aſſumed to be 64 ; 
according to theſe values of 4 and s, the twelfth ſtep will diſcover the two values of e to be 
274 and y; by either of which if you reſolve the poſitions in the fourth and fifth ſteps, 
you will find the ſides about the right-angle to be 422 f and 4225 ; therefore the Hypo- 
thenuſal is £2£* and the ſumm of all the three ſides is the Cube 64, to which if you 
add the Area f; it makes the Square 27, whoſe (ide is 3. 


dix. 


VIS. 


LUEST. 112. ( Quafſt. 25. Lib. 6. Diophant.) 


To find a right-angled Triangle in rational numbers, that the Square of the Hypothenuſal 
may be compoſed of {ome Square and its ſide; and that the Square of the ſaid Hypothenuſal 
being divided by one of the ſides about the right-angle may give a number compoſed of 
a Cube and its ſide. 

RESOLUTION. 


1. For one of the ſides about the right-angle put . . . 4 
7 r > 4 
The ſumm of their Squares is equal to the Square of the Hypothenuſa 
SIT . . . Y * = . . * * "WP . "2 aaa ＋ 44 
J. Now tis evident that 4444.44 is compos d of the Square 4444 and its fide 44; but 
if the ſaid 4444 ＋ 44 be divided by 4, (which was put for one of the ſides about the 
right-angle, ) it gives the Quotient 444 EC a, which is compos d of a Cube with its ſide; 
ſo that it remains only to equate 444 -}- aa to a Square, that is, to find out a right- 
angled Triangle that one of the ſides about the right-angle may -be equal co the Square 
of the other of the ſame ſides : But the preceding 95 ion ſhews how to find 
out ſuch a Triangle ; take if you pleaſe that in the firſt Example of the ſaid Queſtion, 
to wit, 5, , , which will ſolve this 112. Queſtion, for the Square of the Hy- 
pothenuſal 3, vid. f, is compos'd of the Square gf and its ſide g. — 
it the 


4 


Diophantus's Algebra explain d. 


193 


if the ſaid 57 be divided by +, (one of the ſides about the right-angle, ) it gives th 
Quorient 25. which is compos'd of the Cube and its bes. * 


A Proſpect of all Diophantus's kinds of Duplicate Equality, . alſo at 75 
ſight in which of the preceding Queſtions they are reſold * 


I. Tbe firſt kind of Duplicate Equality is, when each of two Quantities to be equated 
to ſquare numbers conſiſts of an unknown Root or number a, with ſome abſolure or known 


number, and the numbers prefixt to the Root & are equal to one another ; as in the. five 

following Examples. | | 

| If ... : 2 3 4192 = © F f 5 | =: 
1 And. ; a-+128 = © > Refolvedin Out. 8. of this Bu 2. 
What is the number 4 ? == Een * 


If . . * 104 ＋ 54 — a i 5 9 6 ; , 
And . . . 10 ＋ 6 e Relolvedin Queſt. 8. 


— 


— 


What is the number 4? 


- * 2 . 1792 8 Reſolved in Queſt. 14. See the like 


@ © . . 64 — 4 2 (I 
What is the number 4 2 in Queſt. 50. 


E. „ 4227 2 8 . 
And , 415 = Q > Reſolved in Queſt. 1 5. 1 
1 What is the number 4? 2 | . 


= * . . * a +12 = 2 P 


— 


1 — „ 8 Reſolved in veſt. 16. — 


What is the number a ? 


II. The ſecond kind of Duplicate Equality is, when each of two Quantities to be 
equated to Squares conſiſts of an unknown Root 4, and of one and the ſame known ſquare 
number. Alſo , when the numbers prefixt to 4 in both Quantities are unequal , and the 
abſolute numbers arc unequal Squares; as in the ſix following Examples. wr 


, - —— 0 

* „ 4 + 4 == efolved 3 Deſt 3” 

I. Ant 4 = Q > Reſolved in Que. 173 
What is the number 4? ; 


C o 7.7. | 5 
2. And !-.' . '4—4 = u > Relolvedin Queft. 18. 
What is the number 4? | 
4 << WW 84+4 = 0 | -: i 
3. And... + 6aF4,= 0 8 Reſolved in Queſt. 3 3. 
What is the number 4? . 
GU ooo © guid 8 2 * ho . 
2 And 43 = U > Re in Ob ſer vat. 1. Pueſt. 33. 
8 3 What is the number 42 =: Aa.; 
„ IT 7 - 2 
a And 434 = 0 Refolved in Obſervas. 1. Queſt. 3 35 
What is the number « ? | = 


Ane 35444 


If 6 104 + 9 
3 What is the number « f 


3 ; . 
2 : Reſolved-in Obſervat. 2. Queſt. 33; 


— 


FII. The third kind of Duplicate Equality is, when each of two Quantities to be 
equated to Squares conſiſts of ſome numbet of à, and an abſolute number not a Square, 
but the numbers prefixt to 4 have ſoch proportion to one another as a ſquare to 
a ſquare number; as in the three following Examples. © 

V 


2 


— 


* 
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A 
2 | Reſolved in Quff. 29. 


; a < 0 | 
And . z it 2 ; Reſolved in 2neft. 35. 
„ What is the number 4 7 — 


re 1 


If ws A. . 4 , —_ 1* = | We 
And . & — 4 — R Oliv in Que ft +» TO 
What is the number 4 7 : F 


— 


Iv. The fourth kind of Duplicate iy is, When two Quantities to be 

to Squares are diverſly compos d of 44 and 4, or of 4a, 4 and abſolute numbers; in Which 
caſes, to the end the Duplicate Equality propos'd may be explicable by rational numbers, 
theſe two things are requiſite to be found therein; v Firſt, either the numbers prefixt 
to 44, or the abſolute numbers muſt be rational Squares: Secondly , the difference of the 
Quantities propoſed muſt be either ſome ſole number of a, er tompos' d of ſome number 
* 5 an abſolute number, or of ſome numbers of 44 and 4; as in the following 

amples. 


A 
2 : Reſolved in ©neff. 19. 
WT. 94% T2 = f 1 1 5 
And . ' . 944+ 4 = 0 *F Refolved in Queſf. 20. 
—_ — — - £m 


MG AA a —_ 28 > 


— + 4487-58 — 5 Reſolved in Queſt. 2 1. Ste the like 


in pep. 22. 


4 -& 


o 
2 5 Reſolved in Jur. 20. 


o j | 
| * +» 444 42.0 8 Reſolved in Queſt. 3 1. 
— 2. * 


t 1 the number a ? 
{I 22 7 | 
YT = 0 Reſolved in Que. 55. 
hat is the number 7 6 u. 55 
f 3 aa - 25 - ==} [J 


: T Pa = 0 $ Reſolved in Def. 59: 


3 0 3 
k — 0 n. 


— 2 ——= — 


9 ta Reſolved in Queſt. 94. Ste the like 
in Def. 93. 


1 er 2 0 
r What is the number - g 


If 4a—81444+1 0485; 
3 And * 3 4 6 
What is the number 4 7 


* 
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FFC 


A brief Expoſition upon Mionſieur Fermat's Analytical 
Invention, inſerted in the late Edition of Monsieur 
Bachet's Comment upon Diophantus , printed at 
Toloze, Anno 1670. q 


AC. de BILLY, who collected the ſaid Invention out of Fermat's Letters; 
divides it into three Parts. The firſt is an Improvement of one of Diophant's 
kinds of Duplicate Equality , ( to wit, the fourth and laſt kind in my preceding Pto- 

ſpect, but the ſixth with Bacher in his Comment upon Queſt. 24. Book VI. Di = or ) 
for whereas Diophantus s method of reſolving that kind of Duplicate Equality, finds out 
but one value or two at the moſt of the Root ſought, and ſometimes the value found out 
2 » viz. leſs than nothing, Fermat s method finds out innumerable affirmative 
values. | 

The ſecond part ſhews how to reſolve two kinds of Triplicate Equality , by reducing 
them to a Duplicate Equality of the fame kind with that above mentioned. 

The third part ſhews how to equate a Quantity compos d of five Terms to a Square; 
likewiſe a Quantity of four Terms to a Square or Cube, and for the moſt part to find out 
innumerable affirmative values of the Roor ſought. 

Theſe three parts I ſhall explain in order, and according to my uſual method put 43 
( inſtead of N by Diophantui) for a Root or number unknown, 44 for the Square of chat 
Root, 444 for the Cube, & - 


Concerning the Firſt part of Fermat's Analytical Invention, 


Fermat's Rule to find out innumerable affirmative values of the Root ſought , in a Duz 
plicate equality of the kind before mentioned, is this, 

Firſt, by the vulgar method of Diophantus, (explain d in divers preceding Queſtions 
of this Book, ) find out one value of the ſought Root, ( 4,) it matters not whether ir be 
affirmative or negative; then to 4 joyn that value with its own ſign, whether it be +- or —, 
and take the ſumm for a new Root inſtead of 4; then according to the ſaid new Root let 
a new Duplicate equality be deduced from the firſt , and find out the value of 4 in the new 
Duplicate equality by the vulgar method. That done, connect this latter value to the firſt 

ore found, with their own ſigns , and it will give a ſecond value of the Root ſought in 
the firſt Duplicate ity. In like manner by the help of this ſecond value you may 
find out a third, and from the third a fourth, and ſo infinitely. 

Note. After one value of the Root ſought is found out in the vulgar way, there will 
always certainly ariſe a known Square in each of the two new Algebraick quantities to, be 
equared to Squares, in the ſecond, third, or any following Duplicate equality deduceg 
from the firſt as the Rule doth direct, the reaſon whereof will be evident to him that dili- 

ntly examines tho Operation. But when thoſe two known Squares are unequal, the 

eſſer muſt be reduced to the greater, (in ſuch manner as before hath been ſhewn in Lxef 21, 
and 111; of this Book, ) to the end there may be one and the ſame known ſquare number in 
each of the two quantities to be equated, and then the difference of the ſaid quantities will be 
compoſed of ſome number of 44 and ſome number of 4; which kind of difference is ab- 
ſolutely neceſſary in the uſe of Fermat's Rule before expreſt. All which will be made 
manifeſt by the following Queſtions 113, 114, 115, 116. a u | 


dm — 


- 


DES. 113. 


To find a number, that if to the Product of its Square multiplied by 32 you add unity, 
and from the ſumm ſubtract eight times the number ſought, the remainder may be a Square, 
Alſo, that eight times the number ſought, together with unity, may make a Square, | 

3 


—— 


1 TY 1 
5 0 


156 | An Expoſit ion upon Book III. 


Let 4 be put for che number ſought , and then the Queſtion may be ſtared thus, viz. 
8 what is the number @ ? 


1. If . . WS » 2 P— = 0 
2» And . ä 84 SS = © 


RESOLUTION. 


3. To reſolve that Duplicate equality, firſt, (according to the vulgar method before 
explained in Qweſt. 3 2. of this Book,) I take the difference of the two quantities to be 
equated, and becauſe in this Example, either of them may be taken for the greater, 
1 ſuppoſe the firſt to be the greater, ſo their difference is 3244 — 164 ; then I ſeek 
two ſuch quantities that the Product of their multiplicatĩon may make 3244 — 164, 
and that as well in half the ſumm as in half the difference of the ſame two quantities, 
there may be found the abſolute number 2, (to wit, the double of the ſquare Root of 1, 
the known Square in each of the two quantities to be equated; ) ſo | find 4a— 2 
and 84, whoſe Product is 3244 — 164, and their difference is 44+} 2 ; the half of 
this difference is 244-1, Whoſe Square 444 «+ 44 + 1 __ uated to 84+ t, 
( which was ſuppoſed to be the leſſer of the two quantities in the Duplicate equality,) 
will give, after = Reduction, 4=1 , according to which value, the firſt of the ewa- 
quantities propos d to be equated, io Wit, 3244 — 841-1, makes the Square 25 , and 
the other quantity 84 -- 1 makes the Square 9; wherefore the Queſtion is ſolved , 
and the ſaid value of 4, to wit, 1, is the only value either affirmative or negative chat 
can be found out by the common method. But Fermat's Rule, by the help of the ſaid 
firſt value finds out a ſecond, and from the ſecond a third, c. As, tor example, to find 
out another number, or value of 4 beſides 1 to ſolve the Queſtion , let a-+- 1 be taken 
for a new Root inſtead of a, (+ 1 , becauſe the firſt Root was found 4. 1, bur if 
it had been found — 1, then 4 — 2 ought to be put for the new Root 3) then let a new 
. equality be deduced — that — — in this manner, viz. 

„ Inſtead of 3244 take 32 times t uare of the new 

ef 44-1, that is, 1 * pa «2 'T. 3244 ＋ 644+ 32 

5. To that Product add unity, and it makes this ſumm, .> 3244+ 644 33 

6. From that ſumm ſubtract eight times 4 - 1, ( inſtead + 2 8 
of 8a in the firſt Duplicate equality , ) thatis, . . 8 «+ 

7. And the remainder muſt be equal to a Square, viz. f 3244 ＋— 564-þ-25 

8. Again, inſtead of -4- 8, the later quantity of the firſt 4- 2 8 
Duplicate equality, take eight times # ＋ + , that is, * * 67 

9. And to that Product add unity, ſo this ſumm mult be 4 8.4 

ual to a Square, Vit. « © » © © » «© © oh © " 9 

10. the feventh and ninth ſteps give « new Duplicate equa- E 3248 + 564-425 
o » ove eos 0 + 84+ 9 

tr. But becauſe in this Duplicate equality the Squares 
25 and 9 are unequal, and Fermat's Rule takes place | 
only in a Duplicate equality which hath one and the fame 
known ſquare number in each quantity to be equated, . 4434425 
let 25 be divided by 9, and by the Quotient *£ multiply 
84 ＋ 9 ; ſo this quantity comes forth (inſtead of — 0 
to be equated to a Square, viz. , «. . « +» +» « 

12. Thus at — „ from the Duplicate equality before 
expreſt in the firſt and ſecond ſteps , another is deduced, 
and qualified as Fermat's Rule requires, vic. 

13. Then by reſolving this laſt Duplicate equality in like 
manner as the firſt, you will finn ga 

14. To which negative value of 4 if you add 1, becauſe 
a ＋1 was taken for the new Root, you will 
242334 for a fecond Root or value of à in the Dupli- 
care equality in the firſt and ſecond Reps, viz. . . 


I fay 7555335 , belides 1 firſt found , will ſolve the Queſtion , for, if you multiply the 
Square of 5435 by 32, and add 1 to the Product, and from this ſumm ſubtract the 
Produ of the ſaid 745432% into 8, there will remain a Square whoſe fide is 4393452. 
Moreover, if the Product of the ſaid 245778 into 8, be increaſed with 1, u makes 
a Square, whoſe (ide is $524. | 


In 


Queſt. 114. Fermat's Analytical Invention. 


TI; 


In like manner, by taking or ſubſtituting a + 7351535 for a new Root inſtead of 4 
and proceeding as before, you may find out a third number, and from the third a fourth ec. 
to ſolve the Queſtion propoſed , but the operation in finding out Anſwers by this method 
is ſo exceſſively laborious , that for the moſt part he that hath found out two Anſwers . will 
hardly have patience to find out a third, N 


— 


L2UEST. 114. 
To find a number, that if to the double of its Square add uni 
ſumm ſubtract tour times the number ſought, the — be a — — — 
if from unity you ſubtract the double of the number ſought, the remainder may be a Square. 


Let a be put for the number ſought, and then the Queſtion may be ſtated thus, viz, 
n. Il... © o.  244—454+1 = 0 : ER 
2. And jj #5 oe I — 24-1 = 0 num 4 : 


RESOLUTION. 


3. If that Duplicate equality be reſolved by the vulgar method, the on] * of 4 will 
be found — 4 but this being leſs than nothing, 1 ſearch our an ——_ aq of 4 
by Fermat's Rule, thus, 


4. Inſtead of 4 | take for a new Root. 4—4 
5. Then inſtead of 2 a | take the double of the Square of the | 
„„ Wi «+ » © © © © «© 5 244 — 164+ 32 


& To which doyble Square I add unity, ( as the Queſtion 

requires, ) — yt — 4 5 1 2 — 16833 
7. Then from that ſumm I ſubtract four times the new Root 

4 — 4, (in of 44 in the Duplicate equality in he 6 » = 44—16 

beſt ſtep,) vis, lfubrat. , , . « « ew 
8. So this remainder muſt be equal to à Square, vis. «>» 244— 2044 49 
9. in, if from unity, the double of the new Root 4 — 4 

he ſubtracted, the remainder muſt he equal . - = A 
10. So in the eighth and ninth ſteps there is a new Duplicate, 

equality deduced from that in the firſt and ſecond ſteps z | 

bur becauſe in the new Duplicate equality the known? - __ ,, 

ſquare numbers 49 and 9 are unequal, I divide 49 by 9, [ q 34 +49 


[ 
2 


and by the Quotient #3 I multiply — 24 ＋9 in the 
ninth ſtep, and it gives to be equated to a Square | 
11. The eighth and tenth ſteps give this new Duplicate : 3 
equality to be reſolved, in which there is the ſame known 2 22 = 
ſquare number. (to wit, 49, as Ferwat's Rule requires, ) vi — 34-549 = 
12, Now to reſolve the laſt preceding Daplicate 0 


A 


according to the vulgar method, I take the difference of 
the two quantities to be equated , which, by ſuppoling the 244 — #34 


firſt quantity to be the greater, ian 
13. Then 1 ſearch out two ſuch quantities, that mu- 
tually multiplied may make the ſaid difference, that 
as well in half the ſumm as in half the difference of they 3 — 14 and £24 
ſaid two quantities there may be found 7, (the ſquare 
Root of 49, ) fo l find the two quantities to be 
14. Half the difference of thoſe two quantities is . . $3334 —7 
15. Then the Square of the ſaid half-difference n en 
to - 224+ 49 (in the eleventh ſtep) will give 8 “ 
16. From which value of 4 1 ſubtract 4, becauſe the new 1112343 
Root was aſſumed to be 4 — 4, and the remainder is . 793 3% 


I fay 1242225 ſhall be a value of the Root & in the Duplicate equality in the firſt and 
ſecond ſteps, and therefore will ſolve the Queſtion propoſed; for if 4 = 3$##$3#2 , then 
244 — 44 -+ 1 makes a Square whoſe fide is ies alſo, x — 24 makes 4 Square 
whoſe (ide is 2442, Thus although a number leis than nothing, to wit, — 4 was found out 
for the firſt value of the Root 4, yet by the help thereof an affirmative Root or number is 
found out to ſolve the Queſtion propoſed; and from that ſecond Rom you may 2 — —_ 

| 115. 
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EST. 115. 


To find a right-angled Triangle in rational numbers, that the ſumm of the ſides about 
the righi· angle may make a Square, Alſo, that either of the ſame ſides being added to 
the Square ot the other of them may make a Square: And that one of the ſaid ſides about the 
right-angle, together with a given multiple (ſuppoſe the triple) of the other of them may 
make a Square, 

RESOLUTION. 


1. It is manifeſt by the Theorem in Queſt. 24. of this Book, 
that if the Fraction 4 be divided into any two parts, 
then either part added to the Square of the other makes > 4 and 2 — 4 
a Square; therefore, to ſolve the firſt part of the Queſtion 
infinitely , put for the ſides about the right- angle | # vl 
The ſumm of the Squares of thoſe ſides ſhall be equal 2 -, 4-4 ' 6 
to the Square of the Hypothenuſal , therefore 8 rn 


And becauſe the Queſtion requires that one of the ſides | 
about the right. angle, together with the triple of the other, N 
may make a Square, let *— 4 be added to 34, and thenc 2 4 
the ſumm muſt be equal to a Square, viz. . . « +» +» 

4. So in the ſecond and third ſteps there is a Duplicate equa- R © N 
liry, which, (by the method in divers preceding Queſtions) $ 32 84 . 12 2 
may be reduced to this having equal abſolute Squares, viz. + 84-2, =.0 

5. Which Duplicate equality laſt expreſt being reſolved by the vulgar method gives but 
one ſingle value of 4, to wit, unity, (as hath been ſhewn in the preceding Queſt. 1 13.) 
Bur according to the Politions in the firſt ſtep of the Reſolution of this ion, the 
number ſignified by 4 ought to be leſs than 4, and conſequently 1 = & will not ſolve 
this Queſtion by affirmative numbers; for if 4 be 1, then Z — 4, ( which was put for 
one of the ſides about the right - angſe) will be leſs than nothing. Therefore to ſearch out 
another value of @, I proceed according to Fermar's Rule thus, viz. Inſtead of 43 
I take for a new Root 4a + 1 , by which the Duplicate equality in the fourth ſtep will 
be reduced to this that follows, (as before hath been ſhewn in Qseſt. 113. 

* 3244 ＋ 564-25 = 0 b' 
_ DIO 222g ＋-25 = 

6. Now if this Duplicate equality be reſolved in the vulgar way, it will give a = — 2222235 
therefore 137335 ( —= 44-1) ſhall be a value of 4, (beſides 1,) in the Duplicate 
equality in the fourth ſtep; and becaule the ſaid 228? is leſs than =, it ſhall be the 

- firſt ot the ſides about the right-angle of the Triangle ſought , then ſince 2 — 4 was 
put for the other ſide, this latter, by ſubtracting the trom 3, ſhall be 2262222, 
and by reducing the firſt {ide to the ſame Denominator with the latter, the two de- 
fired ſides about the right-angle are 324244 and 22$432+ therefore - the b 
nuſal is 378192. which right-angled Triangle will ſolve the” Queſtion : For, firſt, 
the ſumm of the lides about the right-angle makes a Square, to wit, 4, ſecondly ; if 
3232285 the firſt (ide about the right-angle, be added to the Square of the latter fide 
£25422: it makes a Square whoſe ſide is- #42224 , thirdly, if 7252422 the latter 

- fide about the right angle, be added tothe Square of the firſt fide 7222258, it makes 
a Square, whole Tide is 2 ; and laſtly, if zg the latter about the 

3 


0 


right-angle , be added to the tri x e of the firſt 727275 it makes a Square, whoſe 


4 221 
ſide is 222+. 


YO 


— 


LUEST. 116. 


To find a right-angled Triangle, that the Square of the Area being added to the ſumm 
of the ſides about the right-angle may make a Square. TER 
341 | .._ RESOLUTION. 
1. For the ſides about the righi-angle er MOV 
2: enn 2 $-<2. 

. Square, to wit, the Square of the Hype „re 
3. And the Square of the Area being added to -H. 

11 ſides about the right · angle muſt make a Square, vis. +» » +5, * 


QaeRt. 116. Fermat's Analytical Invention. 
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So in the two laſt ſteps there is a Duplicate equality qualified as f * 
„ but if it be reſolved in the ordinary 1 no — dren 
matipe or negative , I theretore reduce that Duplicate equality to another 4 ſhall have 
equal numbers of 44, by multiplying 324 | 4+ 1 in the third ſtep by the Square 4, 
ſo it produceth as ＋ 44 + 4, and now this following Duplicate equality comes to 
be reſolved, ab tad 


e, e 
5. Which Duplleate equality laſt epreſt being reſo]: 
ved in the vulgar way, Cexplam d in Qaſt 20, 31. 4 2 — 4 ' 
of this Book , will give this negative vaſbe of 4, viz. ' 
6. But vhar value of & being Jeſs than nothing, I te- 
new the work according ts Fermar's method ; 28. 4 — + 
inſtead of 2 I take for i new Root . , 
7. By which new Root 4 — *4 1 form this Duplicate” 


equality out of that in the ſecond and third ſteps ( as— ta + +4 = tg 
( iſter the manner before explain'd in Owe. 1127 | 22 = 0 
Vit, 5 1 R 4 IE 
3. Then I reduce that new Duplicate equality to an- | 
thee that ſhall have im each quantity one and the 644 — 2404-289 =0 


fame abſdlute e number, (as Frmat s Nüle 18496. 6936 89 = 
ires;) —— 9 — W : —_— _ 
9. Now if the Duplicate equality laſt expreft be reſolved in the vlgar way, the value of 4 


will again be found negative; and if I ſhould aflume & third Root and proceed as before, 


» 


0 


ay male 
to a# in 
8 


2, to S — 69360442 89 (in the eighch fteꝑ, ) there w thence ariſe 27332 
fot vale of 25 Whetefore a —24 , (which Was aſfüed for the ne Root in eas 
ſtep inſtead of 4 ;Y gives 132 $9 for chr value of 4 in che firſt Dipheate equality in the ſe 

the Aypothenafal hall be 


* * * . wee, ih. * 
84208 908 „„ „ II «a 


—— 


and the ſame known affirmative ſquare number. The ſecond kind of 


when three quantities to be equated to Squares are ſuch, that every one. 

of the ſam̃e affirfm̃ative 1 Gf 2 7  rmber. No her” 

ite of negative , without any abſolute number, How each * $ of Tri- 
plicae equality may be edel the following Queſtions will mike itſanift 


QUEST. I17, 


| 


An Expoſition upon Book III. 


L2UVEST. 117. 


To find a number, that if it be multiplied by three given numbers ſeverally, ſuppoſe by 
1, 2, 5, and to every one of the Products one and the ſame given Square, ſuppoſe 1, 
be added, the three ſumms may be Squares. 

RESOLUTION. 


1. For the number ſought put . . . © 7 


a 
2, Then the Queſtion requires that every one of theſe three ſumtns oth he — — 
may make a Squate, vi... =T* 28 
3. Now to reſolve that Triplicate equality , firſt form a Square from any number of « -{- 
the ſide of the given Square 1, as from 4+ 1, whoſe Square is 44 f- 22 - 5 
then divide 44 - 24 (the two firſt terms of that Square) by any one of the three num- 
bers prefixt to 4 in the ſaid Triplicate equality, as by 1, which is tatitly prefixr te 
# in the firſt quantity 4 1 , and take the Quotient 44+ 24 tor a new Root inſtead 
of 4, ( which was put for the number ſought, ) whereby the firſt part of the Queſtion 
is ſolved indefinitely ; for if 44 - 24 be put for the number ſought , then unity added 
to it makes a Square, to wit, 44 24 +1. Then multiply the ſaid as - 24 by : 
which is prefixc to à in the ſecond quantity 24 ＋ 1; and it produceth 244 ＋ 44, to 
which add the given Square 1, and it makes 244 ＋ 44 + 1 to be equated to a Square. 
Again, multiply 44 +- 24 by 5 which is prefixt to à in the third quantity 54 +- 4 
and it makes 544 +104; to this add unity and it makes 544+ 104 +1, to 
equated to a Square; hence the following Duplicate equality ariſeth, 
244 + 44-1 = 0 
ag. Fever] ag 4 b 
This Duplicate equality _ reſolved by the vulgar way, will give a= — 6, by 
l which — of fy. 44 += 24 be expounded, it make 24, ( for ＋ Square of — 6 2 
＋ 36, to which if you add — 12 the double of — 6, it makes . 24 ;) wherefore 
24 is the number 1 and will ſolve the Queſtion : For if unity be added firſt 
to 24, then to 48 the double of 24, and laſtly, to 120 the quintuple of 24, the 
three ſumms are Squares, to wit, 25, 49 , 121. | 
If you deſire another number beſides 24 to ſolve the Queſtion propoſed, you may 
aſſume 4 — 6 for a new Root of the Duplicate equality laſt reſolved, and thence (by 
the method before explained in the- firſt Part ) find out a ſecond number to ſolve that Du- 
plicate equality , and conſequently the Queſtion. g 
Note. When in a Triplicate equality of the firſt kind before defined, the greateſt 
of the three numbers of à is equal to the ſumm of the other two, then in ſuch caſe that 
Triplicate equality, although it may be poſſible in ir ſelf, is inexplicable by the method 
of reſolving the preceding Leſt. 117. As, for example, if theſe three quantities be 
propoſed to be equated to as many Squares, viz. 54 E 1; 164-41 ; 2144-1; 
where the greateſt number of 4 is equal to the ſumm of the other two, (for 21 = 16 
++- 5,) and the value of the Root à is 3, according to which, thoſe three quantities being 
expounded will give theſe three Squares, 16,49, 64; it will be in vain to ſeek out any 
Anſwer to that Triplicate equality by Fermat's Rule, for it will produce an abſurd or 
fraitleſs Equation, as you will find upon tryal. 


— — — 


vi. 


K 


DUVEST. 118. 
To find a number , that if it be multiplied by three given numbers, ſuppoſe by 3, 4, J. 
and the Products be ſeverally ſubtracted from 1 a given Square, the three remainders 
may be Squares. | 
RESOLUTION. 
x7. For the number ſfooght pt . . . « . «. 5 3. 3 S & 


2. Then the Queſtion requires that theſe three Remainders may$ * 34 © 
be Squares, vix. 0 - . . o o 0 . — . . | 1 US — 

3. This Triplicate equality may be reſolved like that in the foregoi 117. For 
firſt, I form a Square from 1 — any number of 4, as from 1 = = Square is 


944 G i; then I divide 944 — 64 (the twy firſt terms of that Square, ) by i 


Quelt. 119. Fermat's Analytical Invention. 
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which is prefixt to 4 in the firſt quantity 1 — 34, and the Quotient is 344 — 24, this 
with its contrary ligns is — 344 - 24, Which | put for a new Root inſtead of 4 
( che number ſought , ) whereby the firſt part of the Queſtion is ſatisfied infinitely ; for 
if the triple of — 34 C 24 be ſubtracted from the given Square 1 ; the remainder is 
a Square, to wit, 944 — 64-|-1. Then | multiply the faid new Root — 34a 24 
by 4 and 5 ſeverally, (which are prefixt to 4 in the ſecond and third quantities of the 
Triplicate equality in the ſecond ſtep ,) and ſubtracting the Products — 1 2 44 -þ- 84 
and — 154x-+ 104 ſeverally from the given Square 1, the remainders 1244 — 84 + 1 
and 1544 — 104+ 1 are to be equated to Squares, ſo it remains only to ſolve this 
following Duplicate equality, | 
oy 3 1244 — — 2 = . 
154 — 104 E- =0 
4. This Duplicate equality being ſolved in the ordinary way, gives 4 i, by which 
value of 4, the new Root — 344+ 24 being expounded will give 72+ for the value 
of à in the Triplicate equality in the ſecond ſtep. Wherefore 127 will ſolve the Que- 
ſtion; for if its triple, quadruple and quintuple be ſeverally ſubtracted from unity, the 
three remainders are Squares, to wit, 7+, 75+, 73+. 


L2UEST. 119. 


To find a number, as alſo four other numbers in Geometrical proportion continued, 
that if from theſe Proportionals ſeverally the firſt number be ſulitracted, the three remain- 


ders may be Squares. | : 
worry RE 5 OLUTION. 

1. For the firſt number ſought put „ i 

2. Then multiply 4 into any four known numbers continually pro- 
ional, as into 1, 2, 4, 8, and aſſume the Products to be they 4, 24 , 44 , 84 
Proportionals ſought, vx. „ 

3. Then ſubtract the number in the firſt ſtep from thoſe four Pro- 2 


portionals ſeverally, and every one of the remainders muſt mak a1 ons - 
a Square; bur the firſt remainder is manifeſtly the Square 1, ke 34 ＋- ou 2 
remains therefore to reſolve this Triplicate equality, viz. , . 7 - © © 


Now to reſolve that Triplicate equality you may take 42 + 24 for a new Root inſtead 
of 4, whereby the firſt part of the Triplicate equality will be ſolved indefinitely ; for. 
if 44 -- 24 be increaſed with 1 it makes a Square, to wit, 44 E24 1 ; then the two 
other parts of the ſaid Triplicate equality (by the like Operation as was uſed in 
Queſt. 117.) will be converted into this following Duplicate equality, 

344 + 6a+1 = 0 
74 + 14a-1 = u | 
4. Which Duplicate equality being reſolved in the vulgar way gives a = — 12 , whence 

44 + 2 4 (the new Root) will be found 120 (for che Square of — 12 is - 144; to 

which if you add — 24, that is, 24, it makes 120.) Therefore the firſt number 

ſought by the Queſtion is 119, (chat is, 2 — 1;) and the four numbers required to be 
in continual proportion are 120, 240, 480, 960; ( Which anſwer'to 4, 24, 44, 8a, in 

the ſecond ſtep: ) for if 119 be ſubtracted from thoſe four Proportionals ſeverally , 

the remainders are the Squares 1, 121, 36t, 841. | 


VIY. 


2UEST. 120. | | | 
Three ſquare numbers Geometrically proportional being given, to find a number, that 
if it be added to thoſe Proportionals ſeverally , rhe three ſumms may be Squares. 


RESOLUTION. 


1. Let the three given Squares in continual proportion be: 8 1, 4 , 16 == 
2. For the number ſought put. «Pp 4 
Then the Queſt ; © E42 
3. Then the unn „ © SS Rh9s 4 = 0 
We Dy | e 4 16 = 0 
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4. Now in regard the three known Squares in that Triplicate equality are unequal, they 
muſt be reduced to the ſame Square, which may be done thus, viz. Becauſe a Square 
multiplied by a Square produceth a Square, multiply the firſt quantity a+ 1 by 64, 
(the Product of 4 into 16,) and it makes 644 . 64 to be equated to a Square. Again, 
multiply the ſecond quantity 4+|- 4 by 16, (the Product of 1 into 16,) and it gives 
164 ＋ 64 to be equated to a Square, Likewiſe , multiply the third quantity 4 E- 16 
by 4, (the Product of 1 into 4, ) and it produceth 44 64 to be equated to a Square. 
So this Triplicate equality comes forth to be reſolved , 

644 ＋ 64 = DO 

vi ⁊. 0 164-64 . 

4a + 64 = 0 
5. This Triplicate equality having in every one of its three quantities the ſame Square 64 
may be reſolved (like that in the foregoing Queſtions 117, 119.) thus, 18. Firſt, 
form a Square from any number of 2 g the {ide of the known Square 64, as from 
24 - 8, the Square whereof is 4aa E 324-)- 64; then divide 444 F324 by 4, 
which is prefixt to 4 in the third quantity 44+ 64 , and take the Quotient 44. L 84 
inſtead of the Root 4, ( which was put for the number ſought;) whence the laſt part 
of the Triplicate equality in the fourth ſtep is ſolved indefinitely, for four times a4 -|- 84 
together with 64 makes a Square, io wit, 44a 324-|- 64. Again, by taking the 
ſaid 44 - 84 inſtead of the Root 4, the firſt and ſecond parts of the ſaid Triplicate 

equality will be reduced to this Duplicate equality , 

Re 3 64aa-|-51244-64 = 0 
: 1644 + 1284+ 64 = 0" 

6. Which Duplicate equality being reſolved in the vulgar way gives a = 187, whence 
44 ＋ 84 (the new Root) will be found 15257, which is the number ſought by the 
Queſtion, for if 1, 4, 16 be ſeverally added to the ſaid 41225, the three ſumms 
will be the Squares of theſe ſides £33, $3$, 23+, 


I ſhall now proceed to the ſecond kind of Triplicate equality , and explain it by Queſtions; 


DUEST. 121. (Probl. 4. cap. I. part. 2. Dioph. redivivi. ) 


To find a number „that if it be multiplied by every one of three given numbers Geo- 


metrically proportional, ſuppoſe by 1, 2, 4, and the Products be added ſeverally to the 
Square of the number ſought , the three ſumms may be Squares. . 


| RESOLUTION. 
1. For the number ſought put 3 4 


2. Then multiply that number 4 by the three given Proportionals 


I, 2, 4, and to the Products ſeverally add the Square of the ſaid aa + > = 0 
number 4, ſo (according to the import of the Queſtion) theſe three aa +24 = 0 


ſumms muſt make Squares, viz. . « . . . aa E 44 A 
3. Now that Triplicate equality being of the ſecond kind before defined, muſt be reduced 


to a Triplicate equality of the firſt kind thus, viz. Take T inſtead of the Root 4a, 


4 
(the number ſought,) whence the firſt quantity a4 -|- 4 Will be converted into 2 - 21 
the ſecond pore aa -|- 24 will be reduced to — |= — and the third quantity 


44 ＋ 4a to — +=. Then becauſe a Square multiplied by a Square produceth 
if every one of the th 2 114 
a Square, if every one of the three new terms 2 + 7 as - and — + 2. 


which are to be equated to Squares, be multiplied by the Square 4a, that Triplicate equa- 
quality will be reduced to this, 


1＋ 4 = DO: 
VIZ, I-24 = U 
11-44 = O 


4+» This Triplicate equality falling under the firſt form may be reſolved like that in the 
preceding Queſt. 117. thus, vid Inſtead of 4 I take for a new Root 44 | 24, which 
increaſed with 1 makes a Square, to wit, 44 E 24 + 1 , whereby the firſt part of the 


Triplicate 
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Triplicate equality is ſolved indefinitely ; then by multiplying as L 2 
ſeveral y, — adding 1 to each product , this Duplicate _—_ ulld 8 
* 3 244 + 44-1 = 0 
: 44a - 8aþ1 = Q' 
5. Whence a = — #3, by which if 444-24 (the new Root) be reſolved it makes 


422 . this divided by 1, becauſe — was taken inſtead of 4 in the firſt Triplicate equa- 
liry , gives 728, Which will ſolve the Queſtion , for if 7+2 be multiplied ſeverally by 


1, 2, 4, and the Products be added ſeverally to the Square of the ſaid 223, the three 
ſamms will be Squares, whoſe ſides are 223, 143, 18. 


ESI. 122, 


To find three ſquare numbers, whoſe ſumm added to their three ſides ſeverally, may 
make Squares. | 
RESOLUTION. | 


1. Divide ſome ſquare number, ſuppoſe 121, into three ſuch 
Squares , that the greateſt may exceed the ſumm of the other 
two, ſuch are 4, 36, 81 ; then for the three Squares ſought put 

2. The ſides of thoſe Squares are „ 24 „ G68 „ 94 

3. And the ſumm of the ſame Squares ies > 12144 


4. But if the ſaid ſumm 12144 be added to the three ſides in ke 12144 + 24 


444, 3644, 8144 


ſecond ſtep ſeverally , every one of the three ſumens muſt make 12144 ＋ 62 
a Square; hence this Triplicate equality ariſeth , viz. + 12144 ＋ 94 
5. Which Triplicate equality; (by the method delivered in they 121＋24 
preceding Queſt. 121.) will be reduced to this Triplct I21 64 


u 


gag 


equality 5 dix. . ® © 1 Sas 121 94 
6. Now: to reſolve the Triplicate equality laſt expreſt, I take ( according to the Rule 
before given) 244 + 224 for a new Root inſtead of 4, whence the firſt part of the 
ſaid Triplicate equality will be ſolved indefinitely , and the ſecond and third parts will 
be converted into this Duplicate equality , 1 65 *. | 
F 1244 ＋- 1324+1:21 = 0 
TY 3 1844 - 1984-j121'= 0" | 
7. Which Duplicate equality being reſolved in the ordinary way will give 4 = — £2z} 
according to which, the new Root 24 - 224 will be found £3252 and this divided 


by 1, ( becauſe 7 was put inſtead of a, in reducing the Triplicate equality in the fourth 


ſtep to that in the fiſth,) gives 3232 for the value of 4 in the Triplicate equality in the 
fourth ſtep; according to which laſt mentioned value, the three ſides in the ſecond ſtep 
are 74244 „ 22344 - 42444 whoſe Squares will ſolve the Queſtion; for it thoſe ſides, 
be ſeverally added ro the ſumm of their Squares, the three ſurams will be Squares , Whoſe 


4 41 32141 
ſides are 22208 3 2231. 7 21 


Again, if this Triplicate equality were propoſed to be re-) r . 2 
ſolved 5 vix. 0 . . 1 E696 6 17 22 3 aye 

44 ＋ 6a = 0 

| ' I 26 = (3 

It may be reduced to this by putting — for 4 443 = . 

. 16-64 = O 

And that laſt expreſt, (by what harh been ſaid in Que; 120.) ) G47" 482 = 8 

may be reduced to this, 5 & SW Se vw a HT Rs 64 = Jad 's| 


And this Triplicate equality being reſolved like thoſe in Queſt 117,120, will give 
412454 for the value of 4 in either of the two laſt iog Triplicate equalities ; and 
laſtly , by dividing 1 by 1, it gives 575542 for the value of à in the Triplicate 
equality propoſed in the eighth ſtep, div. 


X 2 EFI. 123. 


1864 . An Expoſition upon Book III. 


— 


2. Then (according to the import of the Queſtion) this = = 34 


DUEST,. 123. (Probl. 9. in cap. 1. part. 2. Dioph. redivivs. P, 


To find a number , that if it be multiplied by three given numbers in Arithmetical Pro- 
preſſion, and the ProduRs be ſubtracted from the Square of the number ſought, the three 
remainders may be Squares. But the following Reſolution preſuppoſeth, (for the reaſon 
before given in the Note at the end of weſt. 117.) that the greateſt of the three numbers 
given is not equal to the ſumm of the other two. Let therefore the given numbers be 3, 4, 5. 


RESOLUTION, 
1. For the number ſought purer © op 4 


— 4 


plicate equality muſt be reſolved > % K ——— 


aa 


3. But that ( according to the Rule in Queſt. 12 1.) will be 550 34 
„ g 3 
In which Triplicate equality laſt expreſt the value of the Root a was by Queſt. 118. 

found 122, but becauſe in the reduction of the Triplicate equality in the ſecond ſtep , 


vas taken for a new Root inſtead of 4, we muſt divide 1 by the ſaid 33+, fo there 


4 
arifeth *=+ for the number ſought by the Queſtion; for if * be multiplied by 3, 4, 5 
ſeverally , and the Products be ſeverally fabtrated from the Square of £35, the three 
remainders will be the Squares of 22, f and 243. | 
- Note 1. Sometimes, when four, five or more quamities are to be __ to Squares, 
I 


they may be refolved by the method before explain d: As, for examp 


204 ＋ 64 = 


If this Quadruplicate equality be propos'd to be reſolved, * ＋. 2 | 
14 24 ＋ 1 
204 ＋ 64 


Vou may ( by che method in the preceding weft. 120.) 484+ 64 


reduce that four-fold equality to this, viz. « . * © +» ) 128a+64 


I284 + 64 

Which laft Quadruplicate equality is in effe& but a Triplicate * d there 
are two Terms which happen to be the fame, to win, 1284-64; and therefore you 
may, reſolve that Triplicate equality by the method before delivered. 

Note 2. Sometimes alſo by the preceding method of reſolving a Triplicate equality 
of the firſt kind, you may reſolve one of Diophautuss kinds of Duplicate equality, (to 
wit, that explain'd in the preceding Quaſt. 33. ) more ealily than by his method, as will 
appear by the following Queſt. 124, 125, 126. | 


2UEST. 224. ( The ſame with the foregoing Queſt. 33. ) 
To find a number leſs than 2, and ſuch, that if it be multiplied ſeverally by two numbers 


given, ſuppoſe by 6 and 8, and to each of the Products there be added the ſame given 
Squate 4 , the two ſumms may be Squares. A 


| RESOLUTION. 
1. For the number ſought put LG SY 7 CE 
2. Then the Queſtion requires this Duplicate equality to beF 644-4 = 0 
REY PUNTO © 3a" ie. oe; obe 
3. To which end you may. proceed thus., Firſt , (according to the method of xefalving 
a Triplicate equality before delivered ,) form a Square from 4 z , ( 2 being the (ide 
of the given Square 4) ſo that Square will be 4% 44, 4 ; then take 4 part of 
aa -|- 44, ( + part, becauſe 6 is prefixt ro 4 in the firſt part of the greert Dupticate 
- equality, Y and is i 344 + 4, which is to be aſſumed for a'new Root inſtead of 4. 
Whence tis evident, that if the given Square 4 be added to fix times 3.44 LA, ir makes 
A 1 5 „to wit, 44+ 44 4, whereby the firſt part of the Queſtion is ſolved 
indefinitely. Then multiply the new Root 344 E 34 by 8, and to the Product add 4, 
: ſo 


LI . 


Queſt. 125. Fermat's Analytical Invention. 


ſo there comes forth 344 -|- f- 4 to be equated to a Square, the fide whereof muſt 
be ſo feigned that {44 E34 (the new Root) may be leſs than 2; but if 244 ＋- 44 be 
leſs chan 2, it will follow that 4 is leſs than 2. Wherefore let aa + 2 4 be 
equated to a Square, ſo, as that 4 may be leſs than 2; to which end the ſide of the (aid 
Square may be feigned — 2 -|- any number of 4 greater than 37354 ; let therefore 
the ſaid fide be feigned 44 — 2, and then the _—_— of 4 — 2 being equated to 744 
+ 444 E 4 , Will give 4 = $$, by which, it the new Root £aa-+ 22 be reſolved, 
it makes 1 for the number ſought by the Queſtion propoſed : For firſt, it is leſs 
than 2 , ſecondly, fix times 12 together with 4 makes a Square, to wit, 48, whoſe 
—— is 21 ; and laſtly, eight times 1 together with 4 makes the Square 25, whoſe 
ide is Ez. 
Again, if this Duplicate equality were propoſed, 5 . . + 2 = — 
You may put 34 — 344 for a new Root inſtead of 4, and then proceed as before. 
Again, if this Duplicate equality were propoſed,  . . . 4 4s — _ — 
You may take 344 E34 for a new Root inſtead of 4, and then proceed as before. 


— 


L2UEST. 125. (Probl, 10. in cap. 1. part. 2. Dioph. redivivi. ) 


To find a number, as alſo three other numbers in Geometrical proportion, that if from 
theſe Proportionals ſeverally the firſt number be ſubtracted, the three remainders may 
be Squares. a 

RESOLUTION. 
1. For the firſt number fought pt , . .. . „ 24—tq 
2. And for the three continual Proportionals fought put .> „ 24 , 44 
3. From which if you ſubtract the firſt number ſought, the 7 
rr 6 Rn ns 
4. Among which remainders the mean is a Square, -wherefore? 1 — 4 = 9 
it remains to equate each of the two extremes to a Square, vix. S 14-24 v 

Now to reſolve that Duplicate equality , you may take 244 | 24 for a new Root 
inſtead of 4, whence 1 ＋ 24 will be converted into the Square 444 E44 EI, and 
1— 4 into 1 — 24 — 24, Which muſt be equated to a Square , but with this Caution, 
That the new Root 244+] 24 may be leſs than 1, and that 444 ＋ 44 may exceed 1, 
and conſequently chat the value of 4 may fall between 755 and 2839; to which end, the 
fide of the ſaid Square may be feigned 1 — 24, whoſe Square 444 — 44+ 1 being 
equated to 1 — 24 — 244, gives a = ;; therefore the new Root 244+24 is 3, and 
the firſt number ſought , which was repreſented by 2#— 1 , is conſequently 3, and the 
three deſired Proportionals are 3, *£, *3 z which will ſolve the Queſtion, as may eaſily 
be proved. ' 


— _ * 


— 


| QUEST. 126, 
To find two numbers, ſuch , that if their ſumm be increaſed and leflened , as well by 
their difference as the difference of their Squares, the ſumms and remainders may be Squares. 


RESOLUTION. 


1. If unity be divided into any two parts their difference is 
- equal to the difference of their Squares, (as hath been ſhewn 
in Queſt. 5 3. of this Book,) therefore for the two numbers 
OE „„ „ „ „ 

2. Whence their difference, as alſo the difference of their Squares is 7 24 

3, l remains therefore that the ſumm of the two numbers in 
the firſt ſtep, to wit, unity, being increaſed and leſſened by 15-24 = & 

24, the ſumm and remainder may be Squares; hence this“ 1—24 = 0g 
Duplicate equality ariſeth, viz, ns. 

4. Now to'refotve that Duplicate equality, you may take $44 4 for a new Root inſtead 
of 4, whence 1 -|- 24 will be converted into the Square 44 E 24-|-1 , and 1 —24 
into 1 — 24 — 4 which muſt be equated to a Square, but with this Caution, That 
the.new Root 244 -+- 4 may be leſs than 5, and conſequently 4 lefe than y/2 — 1 

| that 


31-4 and 2 — 4 


An Expoſition upon Book III. 


that is, leſs than 724+ but to cauſe that effect, the (ide of the ſaid Square may be 
feigned to be 1 — any number of 4 greater than 4, as 1 — 3a, the Square whereof 
being equated to the ſaid 1 — 24 — 44 will give a = +, therefore the new Root 
2aa--@ is 22 , according to which, the Poſitions in the firſt ſtep being expounded, 
will give 28 and 38 for the numbers ſought : For if to their ſumm, which is 1, you 
you add and ſubtract their difference 33, the ſumm and remainder are Squares, to wit, 
22 and g; and theſe will alſo come forth when the difference of the Squares of the 
two numbers 22 and 38 is added to and ſubtracted from their ſumm 1, becauſe the 
difference of the two numbers is equal to the difference of rheir Squares. 


ms 


Concerning the third Part of Fermat's Analytical Invention. 


I. The Scope of this third Part is chiefly to (hew how to equate a quantity compos'd 
of five Terms, viz. of ſome numbers of aaaa, ada, 44, 4 With an abſolute (or known) 
number, to a Square; as alſo to equate a quantity compos'd of four Terms to a Square 
or Cube; and that in ſuch manner, that for the moſt part innumerable values of the un- 
known Root a may be found our. 


II. In equating a quantity compos'd of five Terms to a Square, one of theſe two 
things is abſolutely neceſſary, viz. either the firſt Term muſt be a Biquadrate , or elle 
the laſt Term, to wit, the abſolut number, muſt be a rational Square, Likewiſe, in equa- 
ting a quantity conliſting of foui Terms to a Square, one of the extremes muſt be a Square. 
And rv hs in equating a quantity of four Terms to a Cube, one of the extremes mult be 
a Cube. 


III. When a quantity .-mpos'd of five Terms is given to be equated to a Square, and 
the firſt Term is a Biquadrate , but the abſolute number, that is, the laſt Term, hath not 
a rational ſquare Root, then the fide of the Square muſt be feigned ſo , as that in the Square 
it ſelt there may be found the ſame numbers of 44, 44a and 44 as. are in the quantity 
given to be equated , to the end that thoſe three firſt Terms may by Reduction deſtroy 
one another, and conſequently an Equation remain between ſome number of à and an 
abſolute number, whence the value of the Root a, if it hath any poſſible value, may be 
expreſſible by ſome rational number either affirmative or negative; but how to feign the 
ſaid ſide ſo as to cauſe that effect, the following Propolition and Canon will ſhew , where 
to evidence the certainty thereof, I ſhall aſſume 6, c, d to tar for Coefficients or known 
numbers prefixt to 44a, 44 and a, and u for the abſolute number, (or laſt Term,) 
which in this caſe is ſuppoſed to have no rational ſquare Root. 


PROF. 
1. Let this quantity be given to be equated to a 


%%% „„ 5 aaa. baaa-f ca- dA CE = 0 


CANON. 
2. When Zc exceeds 366, then let the ſide of the 
Square ſought be feigned „2 & 0 
3. But if 43bb exceeds 2c, then let the fide of the 
Square be feigned . . . . + 


Examples in Numbers. 
Let this quantity be given to be equated to a 
i Square, _— I R a „ M80 * My. 8 aaad--44aa-6aa--24--7=0 
5. vn _ *c mm 30 1 _ half : ex- 
ceeds x of the Square of 4, t rt ot the 44-24 ＋- 
Canon gives this agnes ſide of a — vix . 8 
6. Then by equating the Square of the ſaid ſide 44 ＋ 241 to the given quantity 
aaaa - 44aa 4 + 24 + 7, the value of a, atter due Reduction, will be found 3, 
by which if the given quantity be reſolved, it makes the Square 256, whoſe ſide is 16. 
7. Again, let this quantity be given to be equated 
PPP! „ enen 
8. Here, becauſe 3bb exceeds 20, wiz. f of the 
6 1— 2 4 — 44 


4 tha-|-3c — $bb 


ti — c — 24 — 44 


. . Squareof 4 exceeds the half of 2, the latter part of 
the Canon gives this feigned ſide of a Square, viz. 
9. Then 


Fermat's Analytical Inwention. 


9. Then by equating the Square of the ſaid feigned fide 1 — 24 — 44 to the given 
quantity 4444 + 4444 + 244 — 6a + 11, the value of the Root 4 will be found 5. 
by which if the given quantity be reſolved it makes the Square 1156, whoſe lide is 34. 


IV. When a quantity compos'd of five Terms is to be equated to a Square, and the 
the firſt Term is not a perfect Biquadrate, but the laſt Term, that is, the abſolute number 
is a Square, then the (ide of a Square muſt be feigned ſo, as that in the Square it ſelf there 
may be found the ſame numbers of aa, 4 and abſolute number, as are in the quantity given 
to be equated ; to the end that thoſe three laſt Terms by due Reduction may vanith out 
of each part, and an Equation remain between ſome numbers of 44 and aaa, whence 
the value of the Root 4, if it hath any poſlible value, may be expreſſible by ſome rational 
number either affirmative or negative. But how to feign the ſaid (ide ſo as to cauſe ſuch 
an effect, the following Propoſition and Canon will ſhew ; where to evidence the certainty 
thereof, I put b, c, d io ſtand for the Coefficients or known numbers prefixt to 444, aa, 4; 
alſo , rr ( whole lide is 1) for the laſt Term, which in this Caſe is a rational ſquare 
number, and f, which is prefixt to aaaa , ſtands for a number not a Square. 


P R O Pe 


9 * — 0 3 os aaa E baaa + can-|-dea4-rr = Q 


CANOLM, 


2. When 4crr exceeds dd, then let the fide of? 4crr — dd 4 d 
the Square ſought be feigned . . . . 8 MT — 


But if dd exceeds 4crr, then let the ſide of * y of a ad — 4crr 
Square be feigned © « © «© » » +» » 


Examples in Numbers, 
Loet rhis quantity be given to be equated 

: tO 2 —. — 8 my 8 roa qa I. = 0 

4. Here, becauſe 4crr exceeds dd, viz. four | 
times 19 x 9x 9 exceeds the Square of 6, 
the firſt part of the Canon gives this feignedc 3 Þ+ 34+ 3 
ſide of a Square, s. ; 

5. Then by equating the Square of the ſaid ſide 324 34+ 3 to the given quantity 
I 0444n -|- 444 ＋ 1944 - 64-9, the value of the Root 4 will be found 2, ac- 
corging to Which the ſaid given quantity being expounded makes the Square 289, whoſe 
ide is 17. | 

6. Again, let this quantity be given to be equa- 
ted to a Square, vx. 

7. Here, becauſe dd —— acrr , viz. the 
Square of 6 exceeds four times 3x1x1, 
the latcer part of the Canon gives this I j34— 344 
feigned (ide of a Square, ix. 

8. Then by equating the Square of the ſaid fide 1 -|- 3a— 3aa, to the given quantity 
24e -|- 3444 ＋ 3aa ＋ 64 E, the value of the Root 4 will be found 3; ac- 
cording to which, the ſaid given quantity being expounded makes the Square 289. 2 


V. When a Quantity compos'd of five Terms given to be equated to a Square is ſuch, 
that the firſt Term is a Biquadrate, and the laſt Term ( that is, the abſolute number) hath 
a rational ſquare Root, then the ſide of a Square to be equated to ſuch Quantity may be 
varied (ix ſeveral ways, (including into this number the two laſt preceding Canons, ) by 
every one of which the value of the Root 4 may oftentimes be found out, and expreſt 
by a rational number either affirmative or negative. To evidence this, I ſhall (as before) 
put b, c, d to ſtand for the Coefficients or known numbers prefixt to aaa, aa and 4 ; and 
rr (whoſe lide is r,) for the rational (quare number which is the laſt Term. As, for example, 

ar ni e eee 
1. Then to the end that 4444 E da rr may be 4 

found in a Square to be equated to the quantity & 44 +- 2 

propoſed, the ſide of that Square may be feigned | 


© 24444 34 a. = 0 


2; Or; 


An Expoſition upon Book III. 


2. Or, to cauſe the ſame effect, the (ide of the ſaid ? „ 4 ; "PA 
Square may be feigne eg 27 

3. Again, that ca- da ¶ rr may be found in a Square 
to be equated to the quantity propoſed, the ſide of ſu acrr — od "2 4 "9 
Square, when 4cry excecds dd, may (agreeable ro zr; 7 
the Canon in the preceding Sett. 4.) be feigned . ) 


4. But to cauſe the ſame effect, if ad exceeds qcyr , then 4 . 
then let the fide of the Square be feigned , . . 8 + _— — 
5. Again, that aaaa | baaa -r may be found in a 
Square to be equated to the quantity propoſed , let , 44 Cr 
the fide of the Square be -> 0 8 Fg . 
6. Or, to cauſe the ſame efſect, the ſide of the ſai re 
may be feigned I 8 as ＋ 1 —r 
7. Again, that aaaa baaa -g caa may be found in 
a Square to be equated to the quantity propoſed, the 44+ bet 36 — 466 


ſide of that Square, when £c exceeds zii, may (agree- 

able to the Canon in Sect. 2.) be feigned . . . . 
8. But, to cauſe the ſame effect, it bb exceeds *c, let the 118 

fide of the ſaid Square be feigned . . . . + 8 % — 20 — 264 — 44 


Examples in Numbers of the preceding ſides of Squares expreſt by Letters. 


Let this quantity be propoſed ro be equated 
e 

x. Then ſuppoſing 6, c, d, r, to ſtand for 4, 10, 

20, 1, the firſt of the preceding literal 9 aa -|- 104 x 

ES oi 0. 06:00 © 08 

The Square of which ſide 44 - 104+ 1 being equated to the propoſed quanti 
4444 | 4444 ＋- 1044-20441, there will = Heer due Reduction, — — 
— 924; Whence by dividing each part by 1644, there comes forth — 3+ for the value 
of the Root 4, according to which, the propoſed quantity being expounded will give the 


Square f, whoſe {ide is f. 
2. Again, the third literal (ide gives . > 1 + 104 — 44 


The Square of which (ide 1 10 — 44 being ted to the propoſed quantity 
aaa 4a + 1Cas + 204 ＋ 1 , Will give 4 = 3+ ating to which, the (ame 
quantity being reſolved, makes the Square of . 
3. Again, becauſe in the quantity propoſed, dd 

exceeds 4cyr , the fourth literal (ide gives 

The Square of which fide 1 ＋ 104 — 45 44 being equated to the propoſed quamity 
anna 4a + 1044 + 204 +1, Will give a = 34+, according to which, the ſame 
quantity being expounded makes the Square of the fide £22224, 

4. Again, the fifth literal fide gives . . «> aa+-24 +1 


The Square of which ſide a4 ＋ 2 4+ 1 being equated to the propoſed quantity 444 
. + 4444+ 10 + 204 +1, will give a = — 4, according to which, the fame 
quantity being expounded makes the Square 81. 


5. Again, the ſixth literal ſide gives . . .> 44 +24—r 

The Square of which ſide 44 f- 24 — 1 being equated to 8 444 
+ 44a 1044 ＋ 204 + 1, will give a= — 3, according to which the —— 
tity being reſolved makes the Square 4. 


6. Laſtly , becauſe c exceeds 366, the ſeventh 
literal ſide gives 44s N TIRE 8 44 + 24+ 3 


The Square of which fide 44 + 24 + 3 being equated to the nity 4444 
+ 4444 + 1044 +204 +1, Will give 4=1, according to which the quantity 
being reſolved makes the Square 36, 


8 anaa4-4aaa4-Iloaa-204+1 = 0 


I + 104 — 4544 


VI, Some- 


Fermat's Analytical Invention. 


V 1. Sometimes, when a quantiry compos'd of five Terms is equat k 
formed from one of the eight literal ſides 8 expreſt in Se. V. no =_ the _ — 
either afficmative or negative can thence be diſcovered. As, for example, 

If this quantity be prapos'd to be 
equated to 1 peu 1 agg 8 aua EN 8444-\-12048--3514-|-1519 =0 

The Canon in Sect. III. (or the ſe- 
venth literal (ide in Sect. VI.) will give> 444 9a- 19% 
this feigned we a Square, — 8 

The Square of which ſide 4 
R Ch . 0s . — 1 

Which Square being equated to the; 
quantity propoſed will give this rk 11384 = © 
and abſurd Equation , vsz. 43 

VII. When negative Terms are intermingled with affirmative, in a quantity com- 
pos d of five Terms given to be equated to a Square, the fide of the Square, (when fuck 
an Equation is poſſible, ) ſhall be one of the eight literal ſides before expreſt in Sect. V. 
ſaving that one, and ſometimes two of its ſigns -= muſt be changed into —; As; 
for example , | 

If 4444 — 8444 f 2884 — 404 ＋- 4 be given to be equated to a Square, it may 
be variouſly done, in regard the extremes 4444 and 4 arc Squares. Firſt then, 1 imagine 
all the Terms of the propoſed quantity to be affirmative, ſo it will be 444 -+ 8444 + 
2844 + 404-}-4 ; now to feign the ſide of a Square, that aaa#4-+-$444-4-4 may by due 
Reduction vaniſh out of each part, the fifth literal ſide in Set. V. being reſolved into num- 
bers will give a4 + 44 + 2 for the feigned fide z but here two of its ſigns + muſt be 
changed into —, that in its Square there may be found aa«4— Saas + 4 to deſtroy 
4444 — 8444 + 4 in the quantity given to be equated , to which end, the ſaid ſide aa + 
44-2 mult be converted into 44—44—2, and then the Square of this (ide being equated 
to the propoſed __ aaan — Baia + 2844 — 404 4 will give a=2. 

Again, to feign the ſide of a Square to be equated to the ſame given quantity 4444 — 
$444 + 2844 — 404-44, fo, as to deſtroy the frſt, ſecond and laſt Terms in each 
part, the firſt of the literal ſides in Sect. V. being reſolved into numbers, gives a4 . 104 
1 for the feigned (ide, if all the Terms of the given quantity were affirmative; but 
that 4444 — 8444 +> 4 may vaniſh out of each part, the ſaid ſide 44 . 104 + 2 mult” 
be changed into 44 — 104 ＋ 2, and then the Square of this ſide being equated to the 
given quantity 4444 — 8444 + 2844 — 404+ 4, Will give 4 A. | | 

Again, to feign the ſide of a Square to be equated to the ſame given quantity 4444 — 
8444 ＋ 2844 — 404+ 4, in ſuch manner that a444 — 404+ 4 may vaniſh out of 
each part , the firſt of the eight literal ſides in Sect. V. being reſolved into numbers, gives 
44 + 104 + 2 for the feigned (ide, if all the Terms of the given quantity were affirma- 
tive; but that 444 — 404+ 4 may be expunged out of each part, the ſaid {ide a4 + 
104 ＋ 2 muſt. be changed into 2 — 104 — 44, and then the Square of this (ide being 

uated to the given quantity 4444 — 8444 284 — 40 - 4, will give a = —-43. 
Other ſides might likewiſe be feigned , as is evident by the foregoing SetF. V. and to him 
that is a little exercis d in this Method it will not be difficult ro change the Signs in any 
poſſible caſe. ; | 


VIII. When a quantity conſiſting of five Terms is to be equated to a Square, and 
one or more values of the Root 4 are, found out, either affirmative or negative, by the 
Rules before given, you may from every one of thoſe Primitive Roots or values, find out 
other values of the Root 4, even as many as you pleaſe , which latter, Fermat calls De- 
rivarive Roots of the firſt, ſecond , third, &c. degree. As, for example, 

To find a Derivative Root of the firſt degree out of the quantity 4aa4 += 4444 += 1044 
＋ 204 + 1 , before propoſed in Sect. V. to be equated to a Square, take one of its Pri- 
mitive Roots there found out, to wit, — 3, and connect it to 4, ſo it makes a— 3, then 
inſtead of 4 take 4 — 3 for a new Root, according to which the propoſed quantity 
4 ＋ 4444 -+- 1044 + 204 K I Will be converted into 44 — Bade K. 2844 — 
404 ＋ 4 , 35 here you ſee 1 
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4445 4444 — 12444 | 5444 — 1084 E 81 | 
4aaa + 444 — 3644 E 1084 — 108 
{ 1044 ＋ 10aa — Goa 90 
204 ＋ 204 — 60 

I | 1 
Summ, aaaa — 8444 - 2844— 404 — 4 


This ſumm muſt be equated to a Square, whoſe ſide (as before hath been ſhewn in 
Seit. 7.) may be feigned 44 — 44 — 2, the Square whereof being equated to the ſaid 
ſumm will give 4 == ; but becauſe the new Root was put 4 — 3, out of 7 ſubtract 3, 
and there will remain £ for a ſecond value of the Root 4 in the propoſed quantity 444a - 
4a ＋E O 2 1, which ſecond value may be called a Derivative Root of the 
firſt degree. 

In like manner by the help of the ſaid ſecond value 3 you may find out a third, by 
joyning - to 4, and taking a+ 4 for a new Root, according to which, the given 
quantity aaaa -- 4444 + 10aa-— 2ca 1-1 will be converted into anna - 64 

La + 24 + 22+ to be equated to a Square, the fide whereof may be feigned as + 
34 + , ( agreeable to the fifth literal ſide in Sect. 5.) the Square whereof being equa- 
ted to the given quantity, there will thence ariſe # = — 11, therefore the new Root 
# += * gives 4 = — = for a third value of the Root 4 in the given quantity, that is, 
a Derivative Root of the ſecond degree. 

Nor will the Operation be otherwiſe to find out a fourth value, or derivative Root of 
the third degree, by putting for a new Root 4 — , for according to this, every mem- 
ber of the propoſed quantity aaas - 4444+ 1044 2 1 being reſolved , there 
will come forth 4444 — 3 844 T- *2* a4 — $221, |. 324£22 this ſumm is to be 
equated to a Square, whoſe ſide may be feigned aa — 194 — 4, and the Square of this 
fide being equated to the ſaid ſumm will give a = #24 , from which if you ſubtract 2, 
( becauſe the new Root was put 4 — ,) there will remain *2+ for a fourth value of 
the Root 4, that is, a derivative Root of the third degree, out of the quantity firſt pro- 
poſed to be equated to a Square. | 

Laſtly, as by the help of one of the primitive Roots of the propoſed quantity 4444 
4aaa + 10444-2084 ＋ 1 other Roots have been derived, ſo by the help of any one 
of the reſt of the primitive Roots of the ſame quantity, found out in the Examples of 
SefF. 5. you may proceed to find out other derivative Roots, but ſometimes you will meet 
with fruitleſs Equations. 


IX. A quantity compos d of four Terms may be equated to a Square, when either 
the abſolute number, that is, the laſt Term is a Square, or the firſt Term a Biqua- 
drate. 

* Firſt, let 20444 544 -|- 404-16 be given to be equated to a Square. Fei 
the (ide ſo, that 404 =- may vaniſh out of — part, to Which 22 let the de 
be 54 - 4, (5 being the Quotient that ariſeth by dividing 40 in the 44, by 8 the 
double of the fide of the given Square 16;) then by equating the Square of 5« + 4 
to the given quantity 20444 - 544 +- 404 + 16 you will find 4 1, according to 
which, that quantity being reſolved makes the Square 8 1. Now to find a ſecond value 
of the Root 4, you may put for a new Root 4 + 1, according to which, the given 
quantity 204444+-5444-404+16 will be converted into 20444 ＋ - 5444-1 104+81 
to be equated to a Square, the (ide whereof, (that 1 1 04 - 8 1 may vaniſh out of each part,) 
may be feigned 434 4-9, whence after due Reduction, there will ariſe 4 = — £42; 
therefore 2 4+ 1 (which was put for the new Root) gives 1 — Af, that is, 4+ for a ſecond 
value of the Root a, (or — Root of the firſt degree,) and by putting a + }* 
for a new Root you may find out a third value, and ſo infinitely. 

Secondly , an Example where the firſt Term is 4444 may be this, viz. Let 4444 +- 
4444 — 344 + 24 be given to be equated to a Square. That 444. + 4444 may vaniſh 
out of each part, feign the (ide of a Square to be 44 ＋ 24, (2 inthe 24 being the half 
of 4 prefixt to 444 in the given quantity ; ) then the Square of aa 4 24 being equated 
to 4444 qa — 344 + 24 Will give a=, and to find out a ſecond value of a you 
may put 4 ＋ 7 tor a new Root, and proceed as in former Examples, 


Thirdly, 
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Thirdly , although ſome intermediate Term be omitted in a quantity compos'd of four 
Terms, ſuch quantity may be equated to a Square: As, to equate 3. - 16444 2 444 
is to a Square, you may feign its ſide to be 344 ＋ 4, ( 3 in the 344 being the Quo- 
tient that ariſeth by dividing 24 which is prefixt to 44 in the given quantity, by 8 the 
double of the fide of the given Square 16,) and thence the _— of 4 will be found 43 
then you may put 4 4+ 4 for a new Root to find out a ſecond value of 4. 

In like manner, if 4444 + 6044 + 8c4 + 500 be propoſed to be equated to a Square; 
you may feign its ſide to be aa + 30, (30 being the half of 60 which is prefixt to 44 
in the propoſed quantity, ) whence you will find a= 5, and for a derivative Root you 
may put 4 - 5. 


X. A Quantity compos'd of four Terms may be equated to a Cube, when either the 
abſolute number, ( that is, the laſt Term, ) or the firſt Term is a perfe Cube. 

Firſt, let 24 - 44 + 34-|-1 be given to be equated to a Cube. That the two 
laſt Terms may vaniſh out of each part, feign the lide of a Cube to be 4 C1, ( 1 being 
the (ide of the given Cube 1, and à being the Quotient that ariſeth by dividing 34 in the 
given quantity by 3 the triple Square of 1, the cubick Root of the given Cube 1,) then 

de Cube of 4E 1, that is, 444 ＋ 3aa+ 344+ 1 bein — to the given quan- 
tity 24 - Aa 34+ 1 , will give 4 2; then to find out a ſecond value of a you 
may put 4 ＋ 2 for a new Root. 

Secondly, but if the firſt Term be a rational Cube, as, if 8444 - 2444 | 24 ＋ 48 
be given to be equated to a Cube; that the firſt and ſecond Terms may vaniſh out of each 
part, feign the (ide of a Cube to be 24-2, ( 24 being the fide of the Cube 8444; 
and 2 being the Quotient that ariſeth by dividing 24 which is 1 to aa, by 12 
the triple Square of 2 the cubick Root of 8 in 8aas ;) then the Cube of 24 K- 2 being 
equared to the given quantity 8444 -+ 2444 -}- 24-j- 48 ; will give a if; whence 
you may find out derivative Roots as before. 


XI. If the firſt Term of a Quantity compos d of four Terms given to be equated 
to a Cube be a rational Cube, and the laſt Term, to wit, the. abſolute number be alſo 
a Cube, then that given Quantity may be equated to a Cube in a threefold manner. 

As, for exampie, if a4a--244-+ 44 ＋ 1 be propoſed to be equated to a Cube, 
firſt , that the firſt and laſt Terms may vaniſh out of each part, feign the (ide of the Cube 
to be 4 +1 , (which is compos'd of the cubick Roots of 444 and 1; then the Cube 
of a-|-1 being equated to the quantity propoſed will give 4 . Secondly, that 
the firſt and ſecond Terms may vaniſh out of each part, you may feign the ſide to 
be a+ *, ( being the fide of the Cube 4, and + being the Quotient that ariſeth 
by dividing 2 which is prefixt to 44, by 3 the triple Square of the cubick Root of x 
which is prefixt to 444, ) whence 4 = — . And laſtly, that the third and fourth 
Terms may vaniſh, you may feign the ſide to be Fa-- 1, ( 1 being the ſide of the 
given Cube 1, and $4 being the Quotient that ariſeth by dividing 44 by 3 the triple 
Square of the cubick Root of the given Cube 1 ,) whence a = 33 ; and by the help 
ot thoſe three primitive Roots you may find out derivatives, in like manner as be- 
fore. 


ra 


X11. Sometimes when a Quantity compos'd of four Terms, whereof one or both 
the extremes are Cubes, is to be equated to a Cube, no value of the Root's either 
affirmative or negative can be found out by any of the Rules before delivered. | 

As, if 4444-4- 344 + 34 f- 1 be given to be equated to a Cube, its fide can only 
be feigned 4-|-1 , the Cube whereot being equated to the given quantity will give 
3444 o; and therefore the given quantity cannot be equated to a Cube. 7 

Alſo, if 44 E- 244+ 34+|-1 be to be equated to a Cube, there can but one pri- 
mitive Root be found out, although there be a threefold way of feigning the ſide of the 
Cube according to Sect. X I. which primitive Root will be diſcovered irom the feigned 
ſide 4+-*, but neither of the other two ways will prove effectual. 


1 ſhall now add a few Queſtions to illuſtrate the foregoing Third Part of Fermat's 
Invention, and ſo conclude this Book, 


Y 3 EST. 127. 
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QUEST. 127. 
( The ſame with the foregoing Queſt. 105. but reſolved after another manner. ) 


To find a right-angled Triangle, that the Area being ſubtracted as well from the 
Hypothenuſal as from one of the ſides about the right-angle , each remainder may be 
a Square. | 

RESOLUTION. 


1. Let h, b, p repreſent the Hypothenulal , Baſe and Per- 
pendicular of a right-angled Triangle in numbers. Divide 
thoſe three ſides ſeverally by 4, and put the Quotients for 
the three ſides of the Triangle ſought, id. 


2. Then by ſubtracting the Area 2, as well from 2, (one) 
of the ſides about the right angle, as from the Hypothenuſal | 54 — 269 — q 


5. 
EE 


A 
4 


= each remainder muſt be equal to a Square , and Wl 54 — *bp = 0 


multiplying each remainder by the Denominator 44, this 
Duplicate equality ariſeth, zz. © „% s +» wx 

3. Let the firit of thoſe two quantities be equated to w_ ba—#bp = bb 
1 h Uͤ—ç,„ - + 4 0 

4. Whence, after due Reduction... 7 4 = 25 

5. Therefore by multiplying h into 6-|- 3p, ( inſtead of a, ) | 
the latter of the two quantities in the ſecond ſtep, will be 3 ＋ thy — 2bp = 
converted into this quantity, which mult be equated to —_— 
„c woes 


6. Now lince h, , p, were put for the 1 7 „Baſe and Perpendicular of a right- 
angled Triangle, the quantity in the fitth ſtep ſnews that a right - angled Triangle mult 

be found out ſuch, that if the Hypothenuſal be multiplied into the ſumm of one of the 
ſides about the right-angle and half the other fide, and the Product be leſſened by the 
Area, the remainder muſt be a Square: But ſuch a right-angled Triangle, by Fermat's 
method, (before explained,) may be found out thus, viz. 


7. Form a right-angled Triangle from two num- 44 + 24+ 2 = Hypoth, 
bers taken at pleaſaure, as from E 1 and 1,> 44 24 = Baſe, 
ſo the three ſides will be theſe, vis. 2a ＋ 2 = Perpend. 


8. The Product of the Hypothenuſal into the ſumm 
of the Baſe and half the Perpendicular is '$ aua I- gaaa . g= Ba 2 
9. The Area is 15 e ＋ 4 ＋ 344-24 
10. Which ſubtraRed from the ſaid Product leaves 5 
this quantity to be equated to a Square, vis. aud HA, G G = 
11. Feign the (ide of that Square, (according to the 


7 literal [ide in the foregoing Sect. 5. Part 3.) 8 44 - 24 -L 


12. Then the Square of the ſaid ſide 44 24 + 1 being equated to the quantity in the 
tenth ſtep will give 4 = — 7 , therefore a E 1 and 1 the numbers forming the Triangle 
ſhall be 2 and 1, or (in Integers in the ſame Reaſon) 1 and 2 , by which, it aright-angied 

Triangle be formed, one of the ſides about the right-angle will be leſs than nothing, to wir, 
—3 z (for the Square of 2 is to be ſubtracted from the Square of 1, becauſe 1 and 2 anſwer 

* toa-þ1 and 1 the numbers that formed the Triangle in the ſeventh ſtepz ) to cauſe there- 

fore all the ſides to be affirmative, the work muſt be renewed in manner following, viz. 


— 


13. Let a right. angled Triangle be formed from 44 2a+|- 5 = Hypoth. 
4 ＋ 1 and 2, ſo the three ſides will be theſe, > aa+ 24—3 = Bale, 
b ＋ 44-- 4 = Perpend, 
14. The Product of the Hypothenuſal into the 
ſumm of the Baſe and half the Perpendicular is 8 6684 D , s 154—5 
15. The Area is 6 © © © „ 7424 ＋L 644—  24—6 
16, Which being ſubtracted from the ſaid Product, 
leaves this quattity to be equated to a Square,v4z. & aaa qa Eda 20.1 0 


- 17. The 
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17. The ide of that Square may be variouſly feigned, according to the | 
PR—_Y Ceft. 5.) 2 it be the ſecond literal (ide in that Seck. viz. 1410 — 46 
18. Then the Square of the ſaid (ide 1 + 102 — 14 bei uated to th i 
ſixteenth — will give a ; therefore a-þ 1 — : thall be 42 * 
in Integers in the ſame Reaſon, 29 and 12, by which if you form a right-angled Tri- 
angle, the three lides will be 985, 697, 696, that is, h b, 5; then according to the 
Poſitions in the firſt ſtep, divide every one of thoſe ſides by 1045, that is, by 6 2p 
= 4, 7 appears by the fourth ſtep,) ſo the Quotients 2845, -£22  -£2s (hall be the 
ſides of a right-angled Triangle to ſolve the Queſtion : For if the Area be ſubtracted 
from the Hypothenuſal 53*+ and the Baſe $22 feverally , the remainders will be the 
Squares of theſe ſides 5253} and 183. 


And becauſe the quantity in the fixteenth ſtep is capable of bein ted to innume- 
rable Squares, (according to the Method before explained, ) the Aon is alſo — 
of innumerable Anſwers ; but in larger numbers than thoſe, that may be found out by the 
foregoing 2neft, 105. which is the ſame with this. 


LUEST. 128. ( Probl. 1. in cap. r. part. 1. Dioph. redivivi. ) 


To find a right-angled Triangle, that if the double of its Area be ſubtracted from every 
one of the three ſides, the remainders may be Squares. | 


RESOLUTION. 
1. Let b, p,h repreſent the Baſe, Perpendicular, and Hyothenu- 


of a right-angled Triangle. Divide thoſe ſides ſeverally by 4 " $ >" & 
and aſſume the Quotients to be the three ſides of the Tri- PP 7F ? 73 „ 7 


angle ſought 3 vi ⁊. * . * P ” . 1 "= Si 
2. Then by ſubtracting the double Area 2 from every one of 


= O 

thoſe three ſides, the remainders muſt be Squares, and multi- pa — bp = og 
tiplying the remainders ſeverally by the Denominator aa, 1 — 9 = a 
this Triplicate equality ariſeth to be reſolved, viz, . . . 8 

3. Now in order to reſolve that Duplicate equality, let the firſt} |, __ bs. 
of its three — be equated to ſome Square, viz. lappoſe © * 

4. Whence, after due Reduction to find out the value of 4, you? , __ , + 

„% oo» -,- 6 a Ss OY f 

5. Then by multiplying & + p, inſtead of a; into p, the ſecond 
of the three quantities in the ſecond ſtep (to wit, pa — bp, ) 

will be converted into this quantity, which is oanifeltly 
i REES „ 

6. And by multiplying 6 4p, inſtead of à, into Y, the third? 
quantity in the ſecond ſtep will be converted into this quan- > hb + hy — bp = 0 
tity to be equated to a Square, vx. a 

7. Thus the Triplieate equality in the ſecond ſtep is reduced to a Duplicate equality in the 
fifth and ſixth ſteps, and becauſe the firſt of the two quantities in that Duplicate equality 
happens to be a Square, to wit, pp, it remains only to _ bb - hp — bp (in the ſixth 
ſtep, ) to a Square, which diſcovers the Scope of our ſearch muſt be this, viz. to find 
a right-angled Triangle; ſuch, that if rhe Hypothenuſal be multiplied by the ſumm of the 
ſides about the right-angle , and the Product be lefſened by the double of the Area; the 
remainder muſt be a Square: Bur ſuch a right-angled Triangle may be found out thus, vi. 


bp--pp-by=a = pp 


8. Form a right-ang!ed Triangle from two num- 7 aa CE 24-- 5 = Hyp. 
bers taken at pleaſure, as from 4-j- 1 and 2, 44 24—3 = Baſe, 
ſo the three ſides will be theſe, viz. . . .\ ＋ 44-4 = Perp. 


9. The Product of the Hypothenuſal into " aadh + 844 ＋ 1824+ 324. 5 | 


ſumm of the Baſe and Perpendicular is. 
10. The double Area is 


i. 4 - 26 Wo I 3 ＋ 4 ＋ 1244 — 44 
11. Which ſubttacted from the ſaid Product, 


leaves this quantity to be equated to a Square, > daν,ſA t A 64-17 = 0 


, vi x. * — o * o 2 . o = - - * 


12. Feign 


— 
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12. Feign the ſide of that Square according to the Canon in the 1 
preceding Set. 3. Part 3. and it will e 5 as 1 pts = 

13. Then the Square of the ſaid {ide 44 24 4+ 1 being equated to the quantity in the 
eleventh ſtep, will give 4 = — ; therefore 4 ＋ 1 and 2, the numbers forming the 
Triangle in the eighth ſtep, ſhall be + and 2, or, (in Integers in the fame Reaſon, ) 
1 and 4, by which if a right-angled Triangle be formed, one of the (ides about the 
right-angle will be leſs than nothing, to wit, — 15 ; (for the Square of 4 is to be 
ſubtracted from the Square of 1, becauſe 1 and 4 anſwer to 4 - 1 and 2, the num- 
bers that formed the Triangle in the eighth ſtep, where 4-|-1 was ſuppoſed to exceed 2.) 
To cauſe therefore all the ſides to be ative, the work mult be renewed thus, viz. 


. * — H 
14. Form a right - angled Triangle from a - 1 4 24 17 _— 
. ſo Ae s ſoles will be theſe, vis, 8 4424 15 wy Baſe, 


of th henuſal into th Mes: py 
15. The Product of the Hypothenulat into the 
1 of the Baſe and — 33 8 -i - -156.—11f 
16. The double Area is: . . I 8-244 —1044—120 
17. Which ſubtracted from the faid Product, 
leaves this quantity to be equated to a Square, > aaan|-4aa44-64a--2504--1 = 0 
VIE * Oo o - = = o o „ . ”. = 
18. The ſide of that Square my be — 
feigned, (according to the preceding Sect. V. 
A. 10 the ha literal ſide in that Seff.p 1 139944 \ 
TAK. = * * L o ol . * « of . o 
19. The Square of the ſaid ſide 1 -+-1 304 — 44 being equated to the quantity in the 
ſeventeenth Rep , will give «= 232, therefore a-+- 1 and 4 (ball be 222 and 4, 
or, (in Integers in the fame Reaſon, ) 4289 and 42233 from which, a right-angled 
Triangle being formed, the three ſides will be 18465217, 18325825, 2264592, 
that is, h, b, p: Then according to the Poſitions in the firſt ſtep , divide thoſe three ſides 
| feveraſly by 20590417, that is, by b+-p = &, (as is evident by the fourth ſtep; ) ſo 
the Quotients 35362412 23333227 , 18778277 ſhall be the les of a right-angled 
| Triangle to ſolve the Queſtion , as may ealily be proved. ; 

Note 1. Although the — be truly ſolved, yet tis evident that it was by chance 
that the Triplicate equality in the ſecand ſtep came to be reduced to a ſingle equality; for 
if the quantity to be equated to a Square in the fifth ſtep, had not happened to have been 
4 Square, there would have been an inexplicable Duplicate equality. 

Were 2. It is eaſie to perceive by the ſecond, thicd and fourth ſteps , that inſtead of bp 
the double Area , the Product of bp multiplicd by any ſquare number may be given in the 
Queſtion : As, if it were required to find out a right-angled Triangle, that 4p, that is, 
eight times the Area being ſubtracted from every one of the three ſides may leave Squares, 
you need only to multiply the Denominator 20590417 of the three ſides before found 

y 4, without alcering the Numerators ; or, if 96p, that is , eighteen times the Area, were 
preſcribed, then to multiply the Denominator by 9. 


— — 
— 


LUEST. 129. (Probl, 1. in cap. 2. part. 1. Dioph. redivivi, ) 
To find a right-angled Triangle, that the Produft of the Hy uſal int of th 
ſides about the right-angle, —— ſubtracted from every one of the three ts — 


RESOLUTION. 


1. Let h, b, p repreſent thre Hypothenuſal , Baſe and Perpendicular 
of a right-angled Triangle, and for the three ſides of the Trang 


fought put „% © © 4 © © ↄ 
2. Then from 2, (che Produt of the Hypothenafal into the = 


pendicular ,) ſubtract every one of the three ſides, and the re- 5. 
mainders muſt be Squares; therefore alſo thoſe remainders multi 
lied into the Denominator 44 muſt make Squares; hence this 2 
Iriplicate equality ariſeth, > „ t 2 „ „ ST. 


—_— 
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3. Now in order to reſolve that Triplicate equality, let the firſt 
of its three quantities be equated to ſome Square, viz. — ba — by = bh 

4. Whence, aftet due Reduction to find out the value of a, you 
6600 ooo oo 4 OO R_z5s 

5. Then by multiplying þ-|- p, inſtead of 4, into 6, the 
ſecond of the three quantities in the ſecond ſtep will be redu- hb-1-bp—hp = q 
ced to this to be — tO a Squne, . « 6: 

6. Likewiſe by multiplying þ ＋ p, inſtead of 4, into p, the | 
third. quantity in the ſecond ſtep will be reduced to this > hp lpp— by = 5 — 
quantry, which is manifeſtly a 5 „ „ +8 8 e jp 

7. Thus the Triplicate equality in the ſecond ſtep is reduced to a Duplicate equality in the 
fifth and ſixth ſteps z and becauſe the latter quantity in that Duplicate equality happens 
to be a Square, to wit, pp, it remains only to equate the former, that is, hb + bp — bp 
to 4 Square; which (bews that a right-angled Triangle muſt be found, ſuch, that if 
the ſumm of the Hypothenuſal and Perpendicular be multiplied by the Baſe, and from 
the Product you ſubtract the Product of the — the Perpendicular ; the 
remainder may be a Square : But ſuch a right-angled Triangle may be found out thus, viz, 


8. Form a right-angled Triangle from a - 2 a4-|- 4a +5 = Hyp. + 
and 1, ( 2 and 1 being numbers taken 8 aa 4a-}-3 = Baſle, 
pfeaſure,) ſo the three ſides will be theſe, VIZ. | TESTS = Perp. 8 


The ſumm of the Hypothenuſal and Perpendi- . 
a cular being multiplied by the Baſe, produceth aaa -I Oo, )] S. 444-27 
10. The Product of the Hypothenuſal and _ 8 „ | 


, * . * "a be . 6 dt 
11. Which latter Product being ſubtra om 2 
the former, leaves to be — to a Square, 8 aaa Bade-2 gf =. 
It. Feipn the ſide of that Square according to 12 
the Canon in the preceding Sect. III. Pare 3. 9 4 44 ＋-4 2 lie. 
and it will —4* ef the (aid G4 - * - —_ be 8 c 4 
13. Then the Square id ſide being equated to the quantity in the eleventh ſep will 
. 224, and therefore 4E 2 2 which evcre ——ů—ů— 3 
angle in the cighth ftep, ſhall be — 1 and 4, but one of theſe being negative, the work 
5 be renewed ; and now a right-angled Triangle may be confidently formed from 
1 and 4, which Triangle being uſed like the former in the ninth , renthand eleventh 
ſteps, at lengrh there will remain ##a4—4a44--644—2 6044-1 to be equated to a Square, 
the ſide whereof may be variouſly feigned , let it be 1 — 130. 4a, then the Squire 
of this fide being equated to the ſaid a- 4844-4- 644 — 26044-'r , will give 
* 266; therefore 4 — 1 and 4 the numbers forming the I ſhall be 65 and 4, 
by which if yon fortn a 7 ty — the three ſides will be found 42 4+ , 
4109, 520, char is, 5, 6, p, according to the Poſittons in the firſt ſtep; divide 
'thofe three numbers ſeverally by 4751, that is, by þ4- p — 4, as appears by the fourth 
ſep, and the Quotients 27 21 £322 , 232 ſhall be the ſides of a right-angled Triangle 
tofolve the Qgeſtion, as may eaſiſy be prove. 3 2 /f 
QUEST. 130. (Probl. 39. in cap. 1. part. 1. Dioph. tedivivi. ) ' 
To find a — Triangle, whoſe Area fabtraRed from one of dhe ſides about 
the right · angle; may leave a given number, ſuppoſe à (or Na 
RESOLUTION. ; 
1. Teth, ö, p repreſent — —_ — — — 
endicular of a-ri riangle , then multiply tho . 2 
bes ſeverally 2 put the Products for the ſides hd , ba , fa 
of the Triangle ſought, vx. 


2. The Area of which Triangle bein ſubtracted from one | 
80 — = i = 3 


2 


of its ſides about the tihu- angle, Huppoſe from 54, m 
leave a remainder equal to the given number 2, (or u, 
therefore Lb. > F.8 £44 4.4 ES 


3- Which Equation divided by zip, gives + « 2 J % i 
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ſible by a rational number, it is evident by the Canon in Sect. 10. 


4. Now that the value of 4 in the laſt Equation may be expreſ- 
Chap. 1 5. Book 1. that if the abſolute quantity in the latter 


*bb — p 


part of that Equation be ſubtracted from the Square of half” *bbpp 
the Coefficient which is drawn into 4, the remainder 'muſt 
have a rational ſquare Root, therefore 

5. And becauſe the Denominator 4bbpp is a Square, it remains only 8 26 — 2bpn 


to equate the Numerator to a Square, therefore , w 


6. Or; to avoid Fractions, let the ſaid 460 — 36pr: be multiplied es 
by 4, and then it remains to equate +» » N 1 
7. Whence it appears, that in order to ſolve the Queſtion propoſed, a right-angled Triangle 
muſt firſt be found, ſuch , that if from the Square of one of its ſides about the right- 
angle, the Product of the quadruple of the Area multiplied by the given number. = 
be ſubtracted , the remainder may be a Square: But ſuch a righi-angled Triangle may 
be found out thus , _ . 
8. Form a right-angled Triangle from two 
numbers taken at pleaſure, as from a— 1 1 _ 2 —4 
1 is _—_ 5 
— 4 ſo the _ * * theſe 8 T Perp. 
9. The Square of the Baſe is . .> 4444 — 4444 — 2644 ＋ boa 22 
2 The Product of the quadruple of the 99 p 0 
Area into — x number 2 8. 8 7 3 — 64 — 41 41-480 
11. Which Product being ſubtracted from 2 


the ſaid Square of the Baſe , leaves this > aaaa— 36444-7044 -1-476a— 255 
quantity to be equated to a Square, v3z. | | 


12. Feign the (ide of the deſired Square to be > aa — 184— 127 


13. Then the Square of the ſaid fide being equated to the quantity in the eleventh ſtep; 
will give 4 = — 4. But becauſe this value is negative, let 4 — 4 be put for a new 
Root, and according to that let all the members of the quantity in the eleventh ſtep be 
reſolved ; fo this new quantity 444 — 52444 + 59844 — 20684 1521 comes 
forth to be equated to a Square, the (ide whereof may be feigned 39 — 444. L- aa, 
whence « = 2138; therefore 4 — 4 (the new Root) ſhall be $2222, and therefore 
s— 1 and 4 the numbers that formed the Triangle in the eighth ſtep ſhall be £2422 
and 4; or in Integers in the ſame proportion, 67609 and 1560. Wherefore the 
preparatory Triangle formed from thoſe numbers, and agreeable to the Scope mentioned 
in the ſeventh ſep , ſhall be 4573410481, 4568543281, 210940080; For if its 
Juadruple Area be multiplied by the given number 2, and the Product be ſubiracted from 

the Square of the ſecond ſide, there will remain a Square, whoſe ſide is 4125146321. 

14. Now let thoſe three ſides of the preparatory Triangle be taken for the valnes of 
, b, p, and the given number 2 for n; in the Equation in the third ſtep, then that 
Equation being reſolved will give 4 Tze 74 42242 . and if this number be 
multiplied into the three ſides of the preparatory Triangle it will give the Triangle ſought, 
whoſe three fides conſiſt of theſe three Numerators, 2534795 3801344222, 


253209775 30297822, 1169127377676960, having 12046 
for a common Denominator. * mmęę 6473003. 


- 'Note. This Queſtion is very eaſily ſolved when the given number is leſ 
by the Canon of the — Bar , 100, of this Book, os is leſs than unity, 
8 | 
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2 
— af 
& 
— 


e e N n oh of2 of» ot> S of> SSE BSS eto of 
See eee 
SEP 8 : 


456 
5 
189 
485 
1 
285 
888 
182 25 
8880 
28 85 
1 85 
89 85 
— 


1 H E 1 
E L E ME 
OF THE 


ALGEBRAICAL ART: 


— — 2 1 


BOOK Fs 
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Concerning the Scope of this fourth Book, and 11 Signifcation 
of CharaSers, Abbreviations and Citations uſed ther ein. 


HE Deſign of this Fourth Book is, to ſſiew the SERIE Uſe of the 
Algebraical Art in the Reſolution and Compoſition ot Plane Problems, 
to wit, ſuch as may be ſolved or effected by drawing only Right (. r 
9 {traight Y and Circular Lines. In purſuance ot that Deligu I have divis cd 
p this Book into Ten Chapters, whereof the firſt Six are Preparatory to 
the reſt, which contain Four Claſſes or Forms of Examples, ſhewing 
how to find out as well Theorems, as Geometrical Effections of Plane problems, un 
their Demonſtrations , by the Steps of Algebraical Reſolution. All which 1 . og 
deavour'd:to render clear and intelligible to ſvch Readers as are competently exerci-'d 
in the firſt Six Books of Ekclid's Elements, and i in the Firſt and Second Books of theſe 
Algebraical Elements. 


The 2 F the Signs or Characters 
** Are. | 
. ; | Leſs, 
x — „ or By. 
| Proportional. 
Conti nual Proportionals. 
The Square Root , er Side of 4 "_ 
3 Equal 
| Greater. 
> Signifies & Leſſer. 
[| Parallel. 
A plain Angle in general. 
A Rigber angle. | 
Perpendicular. 
A Circle: 
A Square. 
LS A long. Square. 
JI. A plain Triangle in general. 
Z 


— 


Jn M 


* O CA 


Examples, 
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Examples, ſbewing more at large the Signification of the foregoing Characters. 


2440 


4224 . 


4 * b, or ab 


aa 


aa 


— 


a „ 6 
Jab 
| v/: aa -H C: 


J 44 — b: 
a=b . 
42 2 5. 
42 2 4. 
2e 
4 2 

AB HCD 
< ABC 


c 
ab 

T | * 
al 10 : 


.v Signifies the ſumm of the right lines or numbers repreſented by a ard 6. 


or number þ, or, it imports that the latter quantity is ſubtracted, 
or to be ſubtracted from the former Quantity 4. 
The Rectangle or Product made by the multiplication of the right 
line or number 4, by the right line or number 6. 
. The Square of the right line or number ſignißed by 4. 


dk right line ariſing by the Application of the Square of the right 


Jo exceſs by which the right line or number 4 exceeds the right line 


line 4, to the right line c; or, the Quotient ariling by the Diviſion 
of the Square of the number a, by the number c. 
The right line or number ariling by the Application or Diviſion of 
3 the Rectangle or Product ot à into 6, by &. 
c. 4, viz, Asaistob; ſoc to 4. 
ce ==, vis, As à is 0 6; ſo b to c. 
The ſquare Root of the ProduR of 4 into 6 ; or, the ſide of a Square 
3 equal to the Rectangle ab. 
The ſquare Root univerſal of aa -|- bb; or, the [ide of a Square equal 
3 to the ſumum of the Squares aa and bb. 
The ſquare Root univerſal of 44 — bb; or, the (ide of a Square equal 
3 to the exceſs of the Square 44 above the Square 66. 
The line or number 4 is equal to the line or number 6. 
The line or number & is equal to five times the line or number c. 
The line or number à is equal to half the line or number 4. 
he line dr,number a is greater than the line or number f. 


- << he line or number & is leſs than the line or number g. 


The line AB is parallel to the line C D. 
k 5 The angle A B C. Obſerve here, that when an angle is expreſt by 
three letters, the middle letter ſtands at the angular point. 


TA. be angle A. 
ABC is Tbe angle ABC is a right-angle. 


ABL BC 


be right. line A B is perpendicular to the right- line B C. 


ABCD is © ABCD is a Circle. Obſerye here, that the firſt letter towards 


AD. . 


the left hand is uſually ſer atthe Center, 
Signifies either the Square A D when the letters A and D ſtand at 
5 the oppolite angles of the Square; or elſe, the Square of the right- 
line AD, when A and D ſtand at the ends of the ſide of the Square, 


OA . & The Square of the right-line A. 


AB, B 


Probl. 
Suppoſ. 

Neg. 
Prepar. 
Conſtr. . 


The long Square, or Rectangle, made of the right-lines A B and BC. 
< The Rectangle of the right-lines AB and C. 

The Rectangle of the right-lines A and B. 

The Triangle ABC. 


Explication of Abbreviations and Citations. 


Problem. 

Suppoſitions. 

.< It is (or, let it be) required. 
Preparation. 
Conſtruction. 


Reg. demonſtr. 4 It is (or, let it be) required to Demonſtrate. 
Concluſ.. . Conclulion, 
Coroll. 
Annot. 
E xplicat. 
Per Prop. 11. 
Elem. 5. 


. 2 Corollary. 
Annotation, 
.< Explication, 


5 By the 110 Propoſition of the fifth Book of Fuclids Elements. 


Chap. 2. Explication of Axiom. 


"79 


Per 2 5 By the 29 Definition of the firſt Book of Zxc/za's Elements, 


ar * 8 By the firſt Axiom of the ſecond Chapter of this fourth Book. 


Note. In the handling of every Propoſition , whether it be a Theorem or Problem, 
] proceed from the beginning to the end by Steps numbred in the Margin by 1, 2, 3, 
4» 5, Ce. that by referring to preceding Steps, the riſe of the following may be apparent : 
So when tis ſaid, | Therefore ont of, or, From 4*. and 4*. ] it imports, that the thing 
aſſerted or inferr'd is maniteſt by the third and fourth Steps of the Propolition in hand. It 
any other Abbreviations occurr, their meaning will be obvious to every intelligent Reader. 


—— 


Chak 


The explication of Axioms, or common notions , upon which the force 
of Inferences or Concluſions, about the Equality, Majority and 
Minority of Quantities compared to one another , doth chiefly 
depend. 


Axiom 1. 
1. 1 F each of two Quantities be equal to a third , thoſe two are equal between 
themſelves. = 
Explicat. | 
FF. AS—EF, A ——— B83 1 
And CD = EF, — 
Then AB = CD; per Ax. 1. C— W074 | 


That is to ſay, 


If AB be equal to EF, and C D be equal to EF, then AB is equal to C D, by 


the firſt Axiom of Chap. 2. 


| Arion 2. 

2. Quantities which are equal to equal Quantities, are alſo equal between themſelves. 
| E xplicat. x 
(CS D, ST CC ——— 

1 28. 
5 B, | L—— Yo 
Then A = B; per Ax. 2. 7 
Axiom 3. 


3. That which is greater or leſs than one of two equal Quantities , is alſo greater or leſs 
than the other, 


. 


Explicat 
If B 2 C, | B — 
And A c- B, A — | 
Then ACC; per Ax. 3. C—— 


That is to ſay , | 
If B be equal to C, and A be greater than B, then A is greater than C, by Au. 3. 


Aim 4. 
4. If one of two equal Quantities be greater or leſs than a third, the other of thoſe two 
ſhall be alſo greater or leſs than the fame third. * | 
Explicat. 
If AS B, \ Ar——— 
And Ac C, | - -=G 
Then B © C; per Ax. 4. 2.8 — 


* 


>" * 
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CAxtom 5. 


5. That which is greater than the greater of two Quantities , is alſo greater than the leſſer ; 
and that which is leſs than the leſſer of two Quantities , is alſo leſs than the greater. 


Explicat. a 
H Bc, Aa — 
And AB, 33 
Then A c= C; per Ax. 5. ; Co _ ——— 
| Axiom 6. 
6. The exchanging of equal Quantities doth not alter equality. 
| t Explicat. 
If A+B = CD, A — 1 
And SZ, B — — D — 
Then AE = CD; per Ax. 6. E — 
Ariom 7, 


7. Interpretation doth not change equality. 


oAF S u C6, 


ky A AF is OG AB, 
nes} CO un 0CD, 


AB S Q CD; per Ax. 7. 


That is to ſay, 


Explicat. E F H 8 


3 C D 


The Square AF is equal to the Square CG, by ſuppoſition, 
AF is the Square of the [ide AB, by ſuppoſition. 
CG is the Square of the ſide CD, by ſuppoſition. 


The Square of the ſide A B is equal to the Square of the ſide CD, by the ſeventh 


Axiom of Chap. 


2. 


CAxt09n . 


8, If to equal Quantities you add equal Quantities, or one and the ſame Quantity, the 
© Wholes ſhall be equal. | * 


Explicat. 
47 If AB = CD, B 
—_ And BF == DG, A F 
, Then AB EBF = CD--DG, 
1 That is, AF = CG, per Ax. 8. C — — —8 
CAX1098 9. " 


9. If from equal Quantities you take away equal Quantities, or one and the ſame 
Quantity, the Quantities remaining (hall be equal to one another, | 


2 Explicat. 
If AB = CD, E 
And AE = CF, A — — B 
Then AB — AE = CD — CF, 
That is, EB = FD, per Ax. 9. C0 — —¾ʃͥ ĩ — 


Axiom 10. F 


10. If from a whole the half be taken away, half will remain; and if more than half 
be taken away, leſs than half will remain; but if one third part be taken away, two 
ö thirds will remain, Cc. 


E AC 
Then CB 
It DEF 
Then FE 


If- L 


Then LH 


| Explicat. 
= FAB, | C 
= AB, per Ax. 10. A———————B 
ADE, per As. 10. D E 
= +GH, Ks | | 


hn 
28 l, per Ax. 10. 4 — ., 


2 Ant 11. 
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Axiom 11. 
11, If to unequal quantities equal quantities be added, the wholes are unequal. 


Explicat. 
If AB — CD, * A * 4 E 
And BE = DEF, 
Then AE — CF, per Ax. 11. C 5 
Axiom 12, D 
12. If to equal quantities you add unequal quantities, the wholes are unequal. 
Explicat. 8B 
If AB = CD, —2— 
And BE — DF, 
Then AE - CF; per Ax. 12. C_————F 
1 CAX1098 113. D 
13. If to quantities unequal quantities be added, the greater to the greater; and : 
the leſs ro Ne leſs, the wholes — unequal, to wit, ror the — and the 
latter the leſſer. 
Explicat. B 
If ABc- CD, 2 — — 
And BE &= DF, D 
Then AEC CF; per Ax. 13. 6 .—— F 
Axtom Ig. 
14 If from unequal quantities equal quantities or one and the ſame quantity be taken 
away , the remainders will be unequal, | 
Explicat. | 
S AN” SV, « — dd 
And EB = FD, 
Then AE = CF, per Ax. 14. Cmu— D 
Ariom 15. F 
15. If from equal quantities unequal quantities be taken away, the remainders are unequal. 
Explicat. E | 
H Abe CD, — B 
And AE - CF, F 
Then EB = FD, per Ax. 15. C —— —— 00 
Axim 16. 

16. If from unequal quantities unequat quantities be taken away, from the greater 
the leſſer, and from the leſſer the greater, the remainders are unequal; to wit, the 
former the greater, and the latter the leſſer. 

Explicat. E 
oF ASE CD, A ————} 
And CF AE, F 
Then EB - FD; per Ax. 16. C 1 
Axiom 17. 
15. Quantities which are the doubles of one and the fame quantity, or of equal quan- 


tities, are equal between themſelves. Conceive the fame of triples, quadruples, &. 


Explicat. 
If A = 2C, A— — | 
And B = 2C, C 
Then A = B; per Ax. 17. B — — 
Ariom 18. 5 
18. The double of the greatet of two quantities is greater than the double of the leſſer. 
Explicat. „„ | 
if | 4 = 3C, | * 
B 8333 —— 383 


= 2D, 
Then A c B; per Ax. 18. 
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CAX10m 19, 
19. That which is the double of one of rwo equal quantities, is alſo the double of the other, 
Explic at. 
If B = C, B — 
And A = 2B, | A —— 
Then A = 2C, per Ax. 19. C 
rim 20. 


20. If one of two equal quantities be the double of a third, the other of thoſe two 
is alſo the double of the ſame third, 


E xplicat. 
If Ar, ＋4— — 
And A = 2C, | C 
Then B = 2C, per Ax. 20. B — - | 


CAX1008 21. 


21. Quantities which are the halves of one and the ſame quantity, or of equal quantities, 
are equal between themſelves, Underſtand the ſame of thirds, fourths , &<c, 


Explicat. 
If A =3G, A — ; 
And B = C, C —— — 
Then A = B; per Ax. 21. B 
CAX10mM 22. 
22. The half of the greater of two quantities is greater than the half of the leſler. 
Explicat. 
CD, A _ DS 
If ; A = . 
= 3D, B D — 
Then A C B; per Ax. 22. 
PN | | CAxiom 23. 
23. That which is the half of one of two equal quantities is alſo the half of the other, 
Explicat. 
If B =C, B — — 
Then A = C; per Ax. 23. ' ._ Fell. IE 
Axiom 24. 


24. If one of two equal quantities be the half of a third, the other of thoſe two ſhall 
be the half of the ſame third. 


Explicat. 
If A = B, A — — 
And A = C, C0 — — 
Then B = C,; per Ax. 24. B 5 


What hath been ſaid in the Ju laſt preceding Axioms concerning the double and 
the half, may be alſo underſtood of the triple, quadruple , quintuple , &. and of thirds, 
fourths , fifths, &c, a 

Axiom 25. 
25. Every whole is greater than its part. 
be CAX1098 26. 
26. All right angles are equal between themſelves. 
Explicat. 
reed, 
And B be J, A. B 4 
Then TA = ZB, per Ax. 26. 

That is to ſay, if che angle A be a right-angle, and the angle B be a right - angle; 

then the angle A is equal to the angle 8. * Te a 
r Axiom 27. 


—— 
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Axiom 27. | 
27. I one of two or more equal angles be a right-angle , every one of the reſt of thoſe 
equal angles is alſo a right-angle. 
ens ce, 
And od A be 4, 
Then 3 and <{ C are I; per Ax. 27. 


That is to ſay, If the angles A, B and C be equal to one another, and the angle A 
be a right · angle, then the angles B and Care alſo right-angles. Per Axiom. 24. Chap. 2. 


rin 28. 
28. Every whole is equal to all its parts taken together. 


44. 


CAX1098 29. 
29. If a quantity be neither greater nor leſs than another quantity, thoſe quantities are 
equal between themſelves. | os 
Explicat. 

If A be neither - nor = than B, 


Then A = B per Ax. 29. 


A 
| PE 


SWA 


The explication of Definitions, concerning the ways of arguing 
uſed by Mathematictans , to inferr one Analogie from another. 


HE ways of arguing about Reaſons, or Proportions, are principally ſix, which 

are explain'd in this Chapter in ſuch order as they are expreſt by the 12, 13®, 

14", 15", 16" and 15" Definitions at the beginning of the fifth Book of Exclid's 

Elements; to which (ix ways of reaſoning , ſix others are alſo here inſerted as Anno- 

tations, being the Scholies of Clavius and Herigonius upon ſuch Propolitions of Exctid's 

Elements as are hereafter cited. All which are very uſeful in Mathematical Reſolution 
and Compoſition, as will appear in the following 2, 8”, g® and 10 Chapters, 


Definition I. 


1. Alternate Reaſon is the comparing of the Antecedent to the Antecedent , and the 
Conſequent to the Conſequent. 


Explicat. 
If this Analogy be propoſed, . . . 3 G : g * - 
Then alternately , or by permutation, , 3 p Y 5 5 g 7 


That is to ſay, If 4 hath ſuch Reaſon (or Proportion) to 5, as c to d; then alter- 
nately , or by permutation of Reaſon, as 4 is to e, ſo ſhall & be to . 

But note diligencly , that in this firſt way of arguing, all the four Proportionals in the 
Analogy propounded muſt neceſſarily be Quantiues of one and the ſame kind, that is, 
either all Lines, or all Planes, &c. For although it may properly be ſaid, as the line 4 
is to the line b, ſo is the Plane c to the Plane 4; yet it cannot be thence inferr'd by 
Alternate Reaſon, that th: line 4 is to the Plane c as the line þ-to the Plane d, becauſe 
there is no Proportion between a Line and a Plane, which are quantities of different kinds: 
But in all the following ways of arguing , the two firſt Proportionals may be of one 
kind, and the two, latter of another, as is manifeſt by the Demonſtrations in the fifth 
Book of Ende Elements, * ee h „, iet aye 

106. p F - 


D 


Per Prop. 
18. Elem. 
5. 


OA. eee 


* 
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Definit, II. 


2. Inverſe Reaſon is the taking of the Conſequent as the Antecedent „ to compare 1 
to the Antecedent as it it were the Conſequent. | | 
Explicat 


ö of * b c | 4 

If . ol * . - * = * * ow * os } 6 i 4 1 2 : 8 

Per Coroll, Then inverſſ . .. . + + + + » 3 „ 13 

Fre. 4. , | Ss 2 8 12 
Elem, 5. 


Defizit, III. 
3. Compoſition of Reaſon is the taking of the Antecedent and Conſequent both as one, 
to compare it to the ſame Conſequent. 
Explicat. 
5 TEE 7 EIS, 
X08 6. - 0-151 «© 
: $a 5 61-4 . 


3. 12 . 


Per prop. 
18, Elem. 5. 


co N. & A. 


Then by Compoſition + 


Ano. 1. 


4. Compoſition of Reaſon converſe is the taking of the Antecedent and Conſequent both 
as One, iq compare it to the fame Antecedent. 
Explicat. 
| Es . & 
If * * - . * = * ou * . LY * 3 6 . 4 2 . I 2 5 8 
Per Scholl. 4 
6 


er | . 4244 12 +4 c 
. 1 Then by Compoſ. converſe, . ] Mts rn 
Z. eim. 5. Anno. 2. 


5. Compoſition of Reaſon tontrary is the comparing of the Antecedent to the Antecedent 
and Conſequent taken both as one. 


Explicat. 
4 . b 2 c © d 
If . . * . . . Þ 7:0 K 20. . 3 6 X 4 12 , 8 
P Sci J. 1 | A » 4 b 3 3 Cc = C 4 
. Ci Then by Compoſ. contraty « . + 3 ik 1 4 PF 
in prob. 18, | 
Elem. 5. N Annot. 3, 


6. Compoſition of Reaſon inverſly contrary is the comparing of the Conſequent to the 
Antecedent and Conſequent taken both as one. 


Explicat. 


| #8 'ob8 "TIER 
Per S$chol. N : 5 3 5 2 b - 1 6 4s 
2. Heri- "BF" . S. i. „ 458 2 „ c- -d. 
gon. % Then by Compoſition inverſiy contrary, '. 1 5 
prop. 18. | Es Ws: 
Elem, 5. D efinit. IV. 


7. Diviſion of Reaſon is the comparing of the exceſs. whereby the Antecedent exceeds the 
Conlequent , to the ſame Conſequent. 


1 1 r ren 
Per prop. un 8 „„ & $f md. ,&t 
OOO gi HAIR 4467 1 EIS 
” But in this way of arguing by Divilion of Reafon, tis manifeſt. that. the Antecedent 


muſt. neceſſarily be greater than the Conſequent. 


Aue. 1: 


* EY) * — 
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Ann. I. 


8. Di Reaſon converſe is the comparing of the Conſequent to the exceſs whereb 
the — — the — . ©q n N 


Explicat. 
#288 „ 


| | a 
It . * . - = * * . = * * * ] 9 4 . . 1 8 8 
A x f als 4 Per Schol, 
Then by Diviſion converſe, . . : . 3 n "a 6 1. Clavii 
$ « FT: 14 a —_— is prop. 17. 
Ant. 2. — 


9. Diviſun of Reaſon contrary is the comparing of the Antecedent, to the exceſs wheteb 
the Conſequent — Antecedent. ; ? 


Explicat. 
8 +. 6.268 4 . 
Wo 4. © 4.5, „ 4 
Then by Diviſion contrary, . . ; 3 p = wy 8 1 Clark 
in prop. 17. 
But here tis manifeſt that the Conſequent muſt be greater than the Antecedent. Elem. N 


Ont. 3. 


10. Diviſion of Reaſon inverſly contrary is the comparing of the exceſs whereby the 
Conſequent exceeds the Antecedent , to the ſame Antecedent. 


Explicat. 


| oo : 4 8 
DOSES „ 4 r 
* be Per Schok, 
Then by Diviſion inverſly contrary, . . 3 4 — : a * — 2 _ 
| 3. d. prop. 17. 
Definit. V. | | | Elem, J. 
11. Converſion of Reaſon is the comparing of the Antecedent to the exceſs by which. the 
Anteeedent exceeds the Conſequent. 
Explicat. 
s +» #:$0>& an 
If . * * * . - * . „ . ” - 6 N 4 a 12 : 8 
W " "4 Per Coroll, 
Then by converſe Reaſon HE 1% . 0 3 * 4 9 . . = 8 a * Pr OP. 1 : 


Definit. VI. 


12. Reaſon of equality is, when more than two quantities in one Rank, and as many 
in another are ſuch, that if iwo to two be compared, they are in the ſame Reaſon 7 and 
it alſo happens, that as the firſt is to the laſt in the firſt rank of Quantities, ſo is the 
firſt to — laſt in the latter rank. Or otherwiſe, tis a compariſon of the extremes 
to one another, the mean quantities being taken away. mw ; 


But there are two ways of arguing by Reaſon of equality, to wit, one when the Pro- 
portion is Ordinate, the other when the Proportion is Inordinate or Diſturbed , both 
which are explain d in the two following Definitions. | 


Deſinit. VII. 


13. Ordinate proportion is, when in the firſt rank of quantities, .as. the Antecedent is 
ro the Coniequent; ſo in the latter rank is the Antecedent to the Conſequent: and 
when in the firſt rank as the Conſequent is to ſome other, ſo in the latter rank is the 
Conſequent to ſome other. b 5 02 11 . 

Aa '_. Explicat. 


= 
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Per prop. 


22. Elem. 


Fo 


Per prop: 
23. Elem, 


5s 


Explicat. | 
; "IT . ,6 * o -D.8 
If to theſe quantities propounded , Tort 3 15 2 H. 20 
e As i 
Theſe Analogies do happen, 3B, C, 12 8.0 
| C,i>- -: Gzzo $f. . Hao: 
Then by Reaſon of equality, . 3 A, 4. D, E, o Hao 


That is to ſay, when the proportion in both ranks of quantities propounded is ordinate, 
( according to Defin. 7.) then by Reaſon of equality, as the firſt is to the laſt in the firſt 
rank of quantities, A, B, C, D; fo fhall the firſt be to the laſt in the ſecond rank of 
quantities E, F, G, H. 


Definit. VIII. 


14. Hurdinate proportion is, when three quantities ſtanding in one rank and three in ano- 
ther do afford theſe Analogies , vi. as the firſt quantity in the firſt rank is to the ſecond 
inthe ſame rank; ſo is the ſecond quantity in the ſecond rank to the third in the ſame 
rank: and as the ſecond quantity in the firſt rank, is to the third in the ſame rank; 
ſo is the firſt quantity in the ſecond rank to the ſecond in the fame rank. | 


Explicat. 
If to theſe quantities propotinded , 7851 N SE. e Fh 
7 . 5 6 5 
Theſe Analogies do happen; - 7 . — : 213 
3 * , 3 . 
Then by reaſon of Equality, 5 . 3A, « C,3 - Dao ©. Fry 


That is to ſay, when the proportion in both ranks of quantities propounded is inordinate, 
(according to Deſin. 8.) then by Reaſon of equality, as the firſt is to the laſt in the firſt 
rank of quantities, A, B, C; ſo ſhall the firſt be to the laſt in the latter rank of quantities, 
D, E, F. | 


Cu AP. IV. 


Variout fundamental Theorems frequently uſed in Mathematical 
| . Reſolution and Compoſition. 


Theorem I. 
A . Rectangle (or ng Parallelogram ) comprehended under 


any right-line and the difference of any two right-lines, is 


ual 
to the difference of two Rectangles comprehended under the fiſt ne 
and each of the two latter. 


D 
Suppe. | — 
1. AD is a right-line, 
2. AC and BC are right- lines, 
3. ABC is a right- line, 
4. AB — A — BC. A 9 
Je . Reg. deminftr. , , AD, AB = KAD, Ac AD, BC. 


Preparat. 
6. Make QA F to be contain'd under AD and AC, 
7. Make BE L AC. 5 | 
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| Demonſtration. 
8. By Conſtr. in 6?, and 7*. (and | 1 
per prop. 1. Elem 2.) | CAE + CIBF = OA 
9. Therefore, by ſubtracting OBE 3 
from each part of that Equatien , 8 AE = AF - BF 
10. That is, ( per Ax. 7. Cha). 2.) > DADAB = DADAC — DADAC 
Which was to be demonſtrated. BE 


Illuſtration oA [gebraical. 


4 
Let three right- lines be repreſented by . , , 4 
6. 
Suppoſe alſo 4 1 
Then if the firſt line be multiplied by the difference of the | 
ſecond and third, that is, 4x , the Product will be 4h —&| 18—6=12 
Which product is manifeſtly the difference between the Product of the firſt line 
into the ſecond 6, and the Product of the firſt line 4 into the third e, according to the 
tenour of T heorem 1. 


3 
6 
2 


Theorem II. 


If a right-line be cut into any two parts, the — deſcribed upon the 
whole line is equal to the Squares deſcribed upon the parts , and to twice 
the Rectangle comprehended under the parts. 


E _ 
Suppoſ. 
1. AB is a right-line, 
2. AC and CB are parts of AB, 1 L 
3. AC-+- CB = AB. af 8 
4. Neg. demonſfr. AB SU ACTA CB + 2 AC, CB. 


Prepar. 

5. Upon AB deſcribe the q AD, ( per prop. 46. Elem. 1.) 
6. Draw the Diameter E B 
7. Draw CF AE (or BD, ) and cutting E B in G, ( per prop. 3 1. Elem. 1.) 
8. By the point G draw H GI H AB, (or ED.) 

Demonſt ration. 
9. By Conſtr. in 55, - > ADs OAB. 
10, Therefore , ( per 29. Defin. 1. Elem.) > CA, AED, D, OD BA are _J. 
Ii. And out ot % 8*, and 10“ (per 39.0. CEHG, TCE FG, <HGF are l. 


prop. 1. Elem.) . » 
12. And out of 5 „(er 29.defin 1. Elem. 57 AE = AB = BD = DE 


13. Therefore out of 10, and 125 C per CAE B ST. 
prop. 5, & 32. Ele. 1.) : 
14. Likewiſe, out of 10", and 12”, - > <DEB6s2). 
15. Likewiſe out of 11*, and 13*; « Suck is 2.4, 
16. Likewiſe out of 11, and 14%; . 3 <FGEis4.), 
17. Therefore out of + „ and 157; (per HE = BG. 
prop. 6. Elem. 1.) . . a 
18. Likewiſe out of 14* ; and 16% . > EF = FG. 


19. And from 7*, and 8* * 34. Ty 
. oa prep S EF = HG. 


20. Wherefore out of 115 17 18% 190 a | 
( per 29. defin. 1. Sd. _ ie HF is QHG, or AC. 

21, And in the ſame reſpect, - „ „ „einn 

22, Therefore ftom 21, -> CG = CB. 

23. And from 22 „(ver 36. prop. 1. Elem.) ? OA (or CA AC,CG,) = DIAC,CB, 


24. But 


— 
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Cenclu. 


24. But (per 43. prop. 1. Elem.) 8 AG = GD. 
25. Therefore out of 23*, and 24 8 GDS OAc, cs. 


1 = 
. 7 Ax. 18. Chap. 2.) -> AD = HFC AGO. 


27. Wheretore, out „n, — ACI-oO CB I AC. CB. 
24% 25% 26% (per Ax.7. Chap. 2.) aA DAG * . 
Which was to be dem. 
Coroll. 1. 


Hence it is manifeſt that the Parallelograms which are about the Diameter of a Square, 


are alſo Squares themſelves. 
Coroll. 2. 


It alſo appears that the Diameter of any Square divides its angles into two equal parts. 
Iltaſtration Algebraical. 
Suppoſe a right-line to be cut into two parts, to wit, > 4 and 6. .| 6 and 2 


Then the ſumm of the parts is _ WW 5% 1 
Which ſumm multiplied by it ſelf produceth the _ q 
of the whole line, towit, . . Sm; os ol 4 24564 


Which Product or Square doth manifeſtly conſiſt of the Squares of the parts 4 and b, 
and twice the Product (or Rectangle) of the ſame parts; according to the tenour of the 
preceding Theor. 2. | 


Theorem III. 


A Square deſcribed upon any right-line is equal to four times the 
Square of the half of the ſame line, and conſequently, a quarter of the 
former Square is equal to the latter, 


| Suppoſe 
r. AB is a right-line , 
2. AC = CB, therefore | 
3. AB = AC-+CB = 2AC or 2CB. 7 B 
ce 


C 
1 =: OAB=4OAC, (or 40 CB) Alfe, 
4. Reg. d rr. 40 AB = UAC, er OCB. 
| Demonſtration. 
„„ . - - -* . 86 = CK 
6. Therefore, (per Sch. of prop. 46. EI. I) NAC = OCB. 
7. And out of 5*, (per prop. 36. Elem. 1.) p AC AC, CB. 
8. And out of 7, (per Ax. 17. Chap. 2.) % 20 AC = 2 ◻ AC, CB. 
9. And out of 6*,( per Ax. 8. Chap 2.) 20 AC o AC-- oCB. 


10. And out of 8“, and 97; (per Ax. 8.) & 4 AC = AC n CB 2(OAC, CB. 
11. But per Theor, 2. of this Chap. 9 AB = NACH CB-| 2D AC, CB. 
12. Wherefore out of 10% and 11 ? 


(per Ax. 1.) . . « * . 'C OAB = 40 AC, (or 40 CB.) 
13. And out of 125 Wan 
"Chap. 2.) 8 ba C per wee: 40AB = AC, (or GCB.) 


Which was to be dem. 
| Tllaſtration Algebraical. 
Let a right-line be repreſented by . . . . . . > 24a] 1 
The halt thereof is F 88 : > „„ % +» > RS y 
The Square of the whole line 24 is . 444 100 
The Square of the half, to wit, of «a is . „ aal 25 


The firſt of thoſe Squares is evidently equal to four times the latter, and conſequently 
# quarter of the former is equal to the latter; as is affirmed by Theor, 3. | 
e T heor . IV. 
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Theorem IV. 


A Rectangle (or long Square) comprehended under any two unequal 
right-lines is equal to four times the Rectangle comprehended under the 
half of each of thoſe lines; and conſequently a quarter of the firſt Rect- 
angle is equal to the latter. | 


E F 
Suppoſ. | | 4 
1. AB and AE are right-lines , — 3 
2. AC = CB = AB, | 
3. AD = DE = AE. a* W. a 


AB AE = 4DAC,AD. Alf, 
18A B, AE = QAC, A. 


Prepar. 


5. Make (7 AG to be contain'd under A B and AE, 
6. Draw CFI|AE, (or BG.) Likewiſe, DII|EG, (or AB.) 
Demonſtration. 
. By honey b 3”; 1 . A ͤ is AB, AE. 
» Therefore r 30, *» 0 Y 
1. Elem. ) pf 7 8 A, CB, S, <B ue 4 
And becauſe by Conſtr. 
„ „% „ „ „ „ „„es 
10. Likewiſe by Conſtr. in 6 0 DI [| EG |] AB. 
11. Therefore out of 8, 9“, | 
and 10˙; (per prop. 29.5) AH, DF, HG, CI are Q. 
Zlew, 1.) 1 
12. And becauſe by Suppoſ- 82 = 
bh OE a6 Ol Alſo AD = DE. 
13. Therefore out of 115 
and 12, (per prop. 36.6 OAH = DODF = HGS CCI. 
—_— . | 
14. And from 13%, (per Ax. * 
— : (Pp : 8 CDOAH|CODF OHGC+EACI = 40A. 
15. But (per Ax. 2 80. Ch. 2.) D AHSODF+-DOHG+OOCI = OA. 


16, Therciore out of 145 _y 
15, ( per Ax. 1. AG D 400 Af. 


17. That is, (per Ax. f = | 
Chap. 23 „A. 8 AB, AE = 400 AC, AD. 


18. And conſequently from "I, 
17, (per Az. 21.) .F $ DABAE = DAGAD. 


W hich was to be dem. 


4. Neg. demonſtr. . 


8 


. 


Peony 


Illuſtration Alegebraical. 


Let a right-line be repreſented bg + oF 24 | 6 
And another right-line by © ... © © +. oo TRY 
The haif of the former tne Þ ' , - 5 o „ „„ „ ed. 41 3 
And the het of we ner B.  o » - © @ rS 
The Product or Rectangle of the two whole lines is . qab | 24 
The Product of the half of each line i » © - Þ.Þ 4b 6 


The firſt of thoſe Products is evidently equal to four times the latter, and conſequently - 
2 quarter of the former is equal to the latter, according to the tenour of Theor, 4+ 


1e. v. 


1 
— 
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Fundamental Theorems demonſtrated. Book IV. 


Concluſ. Is 


Concluſ.2. 


Theorem V. 


If a right- line be cut into any two unequal parts, the — of the 
difference of the parts is equal to the Squares of the parts, leſs by twice the 
Rectangle (or long Square) comprehended under tlie parts: Alſo, the 
_ of half the difference of the ſaid parts is equal to a quarter of each 
of the Squares of the parts, leſs by half the Rectangle of the parts. 


uppoſ. 
1. AB is aright-line. — 1 = N 
2. AC and CB are parts of A B. | NJ| 
AC CB. 
3 - 45 * 
Prepar. 


4. Produce ABto D, fo, that AC= CD, then 'tis manifeſt that B D is the difference 
of the parts AC and CB; for CD(or AC) —CB = BD. 
5. Upon CD deſcribe the CH; ( per prop. 46. Elem 1.) 
6. Draw the Diameter E D. ; : 
7. By the point B draw BG || CE (or DH,) and cutting ED in F. 
8. By the point F draw LFK || AD, or EH. 
9. n ren 
— - __ * — 0 
10. Req. demonſtr, . 3 OzBD = ta Ac: (B-: OA, CB. 
Demonſtration. 
11. ——— 5% CH is CD or AC. 
12. Therefore (per Coroll. i. i 
Theor. 2. of this Chapt. be dry 1 
13. Likewiſe . , . .> IG is EG or CB. 
14, And ( per prop. 43-7 OCF SFR. 
LF --:> + © 
15. Therefore (per Ax. 8. 
Chap. 2.) by adding 218 686 2 ln. 
to each part of the Equa- 
tion in 841 "1 
16. Again, (by Conſtr. in 4 
nn 8 CE = AC. 
17. And * —— that . $ CB = CB, 
18. Therefore from 16“ and | 
ihe r ck, CBñ (or α = Ac. 
19. Therefore out of 15 and 1 
eee DCG+OIH = 2DAC,CB. 
20. And becauſe (per Ax. | 
28, & Chap. 2.) © BK CG TIR = C Hal. 
21, Therefore out of 190 
and 20% (er x6 Ch.)F BKH ZAC, CB = oCH+nolG. 
+ Ih e fro - 
"(per 4x. 9. Chi..) C BK = OCH-+oIG — 2 QAC,CB. 
2 3. Therefore out of 22*, 
I2% 11%, 13% (per 4x7 OBD — OAC4ncB — 2 AC, C E. 
ap. 2. 1 
Which was to be dem. | 
24. Moreover, out of 23%? , : 
. * 8 88D ={GAC +{OCB—:QOAC,CB, 
I 10 BD = BD 
6. retore out o 0 | 4 
een 8 BD = JOAC+3oOCB—4iQAC,CB. 
Which was alſo to be dem. Iluftra- 
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Illuſtration Algebraical. 
—_— * to . into two re ö: : .|16 and x0 
Suppoſe alſo —— „ . © „% OT Ea 
Then the difference of the parts is „ % „% 
And half the ditference of the parts is „ „ 6 „r 
The Square of the whole difference is e 44 - — 26. 386 
The Square of the half difference is , «> 4444-456 — tbe | 
Which two Squares do manifeſtly prove the certainty of what is affirmed in the fore- 

going Theor, Fe 


—Q ww . 


Theorem VI. 


if a right-line be cut into any two ns = parts, the Square of the 
whale line together with the Square of iffetence of the parts is equal 
to twice the Squares of the — and conſequently half the — of the 

whole line roger with half the Square of the difference of the parts is 
equal to the ſumm of the Squares of the * 


han 


Suppeſ. 
1. AB is a right-line, D c 
2. AC and CB are parts of AB, , ³ĩ] : 5" * 
3. ACC CB. ; 2 
Pre par. 


4. From CA cut of CD = CB, thence it follows that AD(=AC—C8B) is 
the difference of the parts A C and C 3 a 
: H ABTOUAD 20 +2 Q CB. Alſe, 
3 +» Joy. diner. 3 190 ABA =o AC+oCcB - 
Demonſt y ation. 
6. By Theor. 2 : of this Ci. . > GAB ACTA Aen. 


7. e hes Ml ADP = CAC+OCB—2AGCCB, 
0 


Therefore out of 6* and 7*, (per 4 
= Chap. 22) 5 . 4 OAB nA 2OAC + 20'GB. 


9. ue ( per ED 8 40 ABA AD Ae +a0h, 


Chap. 
euch w was to be dem. 1 
Illuftration Aligebraical. 


Suppoſe a right-line to be cut into two —_—_ * 1 6&4 
to wit, „ - os 

Suppoſe an; 3 4 10 * . TT . = * > A ny b | 

Then the ſumm of the parts.is 15 #0}... 6 8 A os 6 : 2 i 10 

And the difference of the parts is ->4—b.. Z 


The Square of the whole line, that is, the Square of * 
the dam pr the parts, is Lag * Ae. 100 

The Square of the difference of the parts i is > aa 4bb —2bs} 4 

The ſumm of thoſe Squares is „„ > 2444+-26b . | 104 

Which ſumm, (according to the tenour of the preceding I beor. 6.) is manifeſtly 
equal to twiee the ſumm of the Squares of the parts. 


— — 


— — 


8 VII. 


right-line be cut into any two unequal parts, the Square of the 
who Vp og is equal to four times the Rectangle (or long Square) com- 
prehended — the parts, together with the Square of the difference 
of the parts: Alſo, the Square of half the ſaid right-line , (or of half 
the ſumm of the 5 i 3 2 
with a quarter —— of the diffe | 


Suppeſ. 
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Suppe. 
1. AB is a right- line, D C 
2. AC and CB are parts of AB, A + —  } 
3. AC © CB. 


Prepar. 


4. From CA cut of CD = CB, whence AD(=AC—CB) is the difference 


of the parts A C and CB. —_ Ger oA. Ak 
U — 4 co 7 A . 0 
1 Reg. demonſtr. 0 3 O*AB —_ AC, CB +: oAD. o 


Demonſtration. 


6. By Theor. 5. of this Chapt. . AD = MAC TCB —2zQAC,CB. 
7. Therefore by adding 4CIAC, 
CB to each part of that rqus 4DAC,CB--a AD = oAC+nACB--:QIAC,CB, 
tion this ariſeth,(per ax. S. ch. a. 
8. — 2 2. of this Chap. x AB = NAC CB＋ZQA C, CB. 
Therefore from 7* and 8*,? * 
4 (per Ax. 1. Chap.2.) . = OAB = 4QAC,CB--OAD. 
Which _—_— be dem. 
10. Moreover, from 9, (per? , Wy Lu 
Ax. 21. Chap. 2) 25 0 A5 = QOAC,CBHioAD. 
11. And by _—_—_ of this Cha. > ZOaAB AB. 
12. Therefore from 10% and 115, , 
_ Fo 8 DiAB = OAC, CBA D. 
Which was alſo to be dem. 
Iuſtration Algebraic al. 
Suppoſe a right line to be cut into two parts, to wit, > 4 and b . | 
TS: i. 5 4» +» ©: & + » 6 oh @R* 2 | 
Then the ſumm of the parts ie „% 4a +6 .. | to 
rr 8 2 42 — 66 2 
The Square of the ſumm of the parts, that is, the 
Spare of the whole line is 4 TE 8 4-j-bb . 
And the Square of the difference of the parts is . > aa+- bb —2ba| 4 
To which — of the difference if you add the N 5 
quadruple ProduR of the parts, to wit, . , 8 2 * ＋ 62 | 9 
The ſumm (according to the tenour of Theor. 7.) makes the Square of the whole line, 
to wit, 44 | bb 26a. 


l 


Theorem VIII. 


If a right- line be cut into any two unequal parts, the Rectangle (or 
long Square) comprehended under the whole line and the difference of 
the parts is — to the difference of the Squares of the parts. Alſo, the 
Rectangle under half the ſaid right- line, (that is, half the ſumm of the 
parts) and half the difference of the parts, is equal to a quarter of the 
difference of the Squares of the parts. 


Suppoſ. EE 
1, AB is a right-line, L I E K 
2. AC and CB are parts of A B. | 
3; AC c CB. | * NI. 
K S B ;{;D 


Prepar. 


4. Produce A B to D, fo, that AC = CD, thence it follows that B D is the difference 
of the parts A C and CB, for CD (or AC) — CB = BD, | 


5. Upon 
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5. Upon CD deſcribe the q CH. 

6. Draw the Diameter E D. 

7. By the point B draw BG || CE (or DH, and cutting ED in F. 

8. By the point F draw I. FK || AD, or E H. 

9. By the point A draw ALICE. 

10 Reg. demonſtr CABBD = DAC—-onCB. Alſo, 
= . 7. . . . C:AB,*BD — LOAC — Cz. 


N Demonſtration. 


2 „ „ „re 


— Therefore out of 6“ and 11, 8 1 
( per Cor. 1. The. 2. of this Cha.) IG = OIF, and BK = OBD. 
13 And from 127, ( per 29. _ BF — BD. 


I. Elem.) . . 


14. By Conſtr, in 7 and 8, CF is Q. 
15. Therefore from 14*, ( per 34. _ 1 
prop. 1. Es.) BF = CI, and IF = CB. 
16. And from 35 and 15*, (pe BD = CI 
F TY . ">. 
17. By Conſtr. in 45 and 3 : DH = CA. 


18. Therefore ont L 16 and 17 


Conde prop. 1. Elem.) . 
That is, 5 (per er Ax. 7. Chap. 2. 
* 


* 
. 
" 
— Therefore by adding CI CF 5 
5 
5 
'S 
'$ 


QB D, DH = Cl, CA. 
BHS O Al. 
Gnemon, IC DH G = AF S NCAB, BD (BF. ) 


Gnomon, IC DH G 2 CH- ls. 
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But tis manifeſt (per Ax. 9. 
| Ch. 2.) that 


„ Therefore from 20® and 21” DOAB.BD = 5CH—olG 


"(i  * 2 I 
23. 47 1 from J 5 7115 OCD (or HAC ANcα ( = aCH-alG; 
* Therefore frm 22* > and 23, OA B, B D — 84020 CB. 


Which was to be tran. © 


25. Moreover , from 24*, ( per 2 
Ax. 21. Chap. 2) (? +DAB,BD = oAC—3oCB. 


26, And by T heor. 4. of this Chape. :I3ABBD = AB, 1 BD. 
27. n and 260 0 AB, 230 = AC -: aC B. 


( per Ax. 1.) 
Which was alſo to be dem. 


Illuſtration Algebraical. 


Suppoſe a right-line to be cur into two parts, to wit, 5 4 and 5 | 6 and 4 

Suppole alſo . . -: 0 © + +». 6 oa 

Then the ſumm of the parts is „„ % „% „ 10 

And the ditference of the parts is N 2 
difference of the parts is — bb | 20 


Therefore the Rectangle (or Ware of the ſumm 9 


Which Rectangle (according to the tenour of Theor. 8.) is manifeſtly equal to the 
difference of the Squares of the parts 4 and b. And by multiplying 24 ＋ £6 into 
24— 16, the latter part of the ſaid Theorem will be alſo manifcſt. 


— — — 


* 
_ ww 


Theorem IX. 


If a right-line be cut into any two un —_— parts, the greater part 
ſhall be equal to half the whole line, together with half the difference 


of the wp And , the leſſer part ſhall equal to half the whole line 
alf the difference of the parts. 


lets by 
B b Sappoſ. 
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Suppoſ. D 2 I 
1. AB is a right-line, OA —— — — } 
2. AE and E B are parts of A B, 
3. AE EB. 
Prepar. 


4. From A B cut off AD = EB, thence it follows that D E is the difference of the parts 
AE and EB; for DES AE — AD (E B.) 

5. Divide DE into two equal parts in C; therefore DC CE «= DE. 

1 eq. . . . EB = + AB—+3DE. 


| Demonſtration. 
7. Becauſe by Conſtr. in 4*, « + 2 BR 
8. And by Conſtr. in p, = CE = £DE 
tions in 7 and 8*, gives (per = CB = 3AB 


i 
10. And the ſumm of the Equations = 2AB-|:DE 

in 8* and 9“ gives * * W 
11. And the Equation in 8“ ſubtra- 1 1 

Qed from — in gives $ LD = TB OP 

Illuſtration eAlgebraical. 

Suppoſe a right-line to be cut into two unequal _ 4 and b | and 4 
 IJZVQO_— z-rr 

/ % © oh OS 

Then half the whole line, that is, half the ſumm of the 244-42 
// . '$ 3 4 

And half the difference of the parts & . . “ 4 — 26 11 

Now ( according to the import of Theor. 9.) the ſumm of the ſaid half ſumm and 
half ditference doth manifeſtly make a the greater part: And the exceſs of che ſaid halt 
ſumm above the ſaid difference is manifeftly equal to & the leſſer part. 


> AD 
> DC 
9. Therefore the ſumm of the Equa- 
AC 
8A 


ve was to be Dem; 


5 


* 


CHAP. Vo 


A Collefion of Canonical Geometrical Effectiont, frequently uſed 
in the ConStruGion of Plane Probleme; more eſpecially of thoſe 
whoſe Solutions are found out by the Algebraical Art. 


S all Arithmetical Operations are compris'd under five kinds, to wit , Adabtion, 
Subtraction, Multiplication , Diviſion and the Extraction of Roots, fo all thoſe 
Geometrical Conſtructions which are formed according to Canons deduced from 

the Algebraical Reſolutions of Problems, do principally depend upon the like kinds of 
Operations, or Effections; but how theſe Geometrical Effections, (or the Atithmetick of 
Geometry) may be 3 ſo far as is neceſſary to the Conſtruction of Plane Problems, 
to wit, ſuch as may be ſolved by drawing only right · lines and deſcribing the Circumferences 
of Circles, I ſhall ſhew in this Chapter, the Contents whereof are extracted out of the 
_ = Books of Exclid's Elements, wherein I preſuppoſe the Reader to be competently 
verſed, 


Problem I. 
To add a given right - line to a right - line given, 


Let AB and C be two right - lines given to be added B 
together, vi. let it be required to find out a rig A ————— DD 
line which ſhall be equal to both the given right-lin 8 
taken together as one right-line, ee C: 


Chap. 5. Canonical Geometrical EffeSions. 


199 


Conſtruttion. 
By prop. 2. Elem. 1. omen (or continue) the given line AB to D, that BD may 


be equal to C, fois A right-line ſought ; for by Conſtruction AD = AB-|BD, 
and BD = =C, — 2 6. Chap. 2. 4 AD = ABC, — aquited; 


Probl. II. 7 


Two or more Squares being given, to ſind a Square equal to them all. 
Sappoſ. 
8. „ © are the lids of three Squares bie. 
, to 
do. fuch , that 0DG = aA+aB+ac. 


DE = 16 = A 
— "PRE EF = 12 = B 
B 
8 3 DF = 20 
FG 2 21 = C 
DG = 29 
3. Make DE = A 
4. Make EF IL DE. 
To Make EF = B. 
6. Draw DF 
7. Make FG L DE, 
8. Make FG = C. 


9. Draw DG, which ſhall be the ſide of the Square required. 
10. * 89 "Reg. demonſtr. ” 26D — na Ao + oC: 


Demonſt r at ion. 
11. Becauſe by Conſtr. in * and 4, > DFG = _ = 2 
12. 2 208 = oFG+0o 
13. Likewiſe . . . + > DEFD = ART 


14. Therefore from 125 and 7 8 ODG=0DE+oEF4-oFG=0A+084-0C. 


( per Ax. 6. Chap. 2. 
F Which was - be done. 


After the ſame manner of Conſtrustion, as many Squares as one will may be added | 


into one. But if Planes of any other kind, as Long · Squares, Rhombs, Rhomboids, 
Triangles, & c. be given to be added, they mult firſt be transformed into Squares , which 
may be done by Prop. 1 4. Elem, 2. or by various ways delivered in the practical Geometry 
of divers Mathematicians , and then they may be added together as before. 


—— 


Probl, III. 
To ſubtract or cut off a right-line given from a greater right-linegiven. 


The —— or cutting off one right · line from another, to wit, a leſſer from a greater, 
Fogg p. 3. Elem. 1. For, if two unequal right lines be given, ſuppoſe 
B 717 bh — A the leſſer, then by 
deſcribing a Circle from B as a Center, LA. — — 
with the diſtance or Semidiameter B D equal 


to the leſſer line A, the right-line B E — 2. 
BD or A will be cut off the greater 2 
line B C, and conſequently, E C is the ex- : 


cels whereby B C exceeds A or BE, R — c 


—— 


m > 
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Probl. IV. 


Two unequal Squares being given, to find a Square equal to the 
excels whereby he greater excceds the leſs. 


F 
. D-. C==20 
1. C and AB are the ſides of two Squares given. AE * 
2. C C AB. 5 _ 
Reg. to find * Ae 
3. BE a right-line, ſuch, that q BE = ©C— - B 
AB. 4 Oe = 


Conſtruftion, 


4. Upon the point B, (one of the ends of the given line A B,) erect a Perpendicular, and 
draw it forth at length, as BE. 

5. From A as a Center, at the diſtance of the given line C, deſcribe the arch DE, to 
cut the Perpendicular B F, ſuppoſe in E; for by ſuppoſition the line C is greater than 
AB, and therefore a Circle deicribed upon the Center A, at the diſtance ot C ſhall 
neceſſarily cut the Perpendicular B F produced infinitely. 

6. 1 ſay BE hall be the {ide of the, Square required. 

7. » » Req. dani. BE = NC- AB. 

Demonſtration. 

8. By Conſtr. in 4˙ and 5*, . . ** (ABE is J, and C = AE. 

9. Therefore ( per prop. 47. Elem. 1.) .> QAB-|OoOBE = MAE Sa, 

10. Therefore (per Ax. 9. Chap. .) „ OBE = gGConAB. 

Which was to be done. 


Another Conſtruction of Probl. 4. 


Suppoſe D | 
11. AB and D are the ſides of two Squares given. "1 
12. AB C D. _ -- 
Reg. to find AN 
13. EB aright-line, ſuch, that EB UAB -D. A — B 
EE + C 


Conſtruftion. 


14. Upon the given line A B .as a Diameter, deſcribe the Semicircle CA E B, and inſcribe 
AE = D, which is poſſible to be done, for by ſuppolition AB c D. Laſtly , 
draw E B which ſhall be the fide of the Square required. 


I Jo o * Keg. demonſtr. . * . QEB = AB — id. 


Demouſt ration. 
16. By Conſtr. i „ and D 1 
= x 8 * 4 We” 1 AE E is J, and AE = D. 
17. Therefore, per prop. 47. Elem. 1. .> AE (or aD) FEB = MAB. 
18. Therefore per Ax. 9. Chap. 2. „ GEB = GAB -ab. 
Which was to be done. 


Nate. If many Squares be given to be ſubtracted from a Square given, thoſe to be 
ſubtracted myſt firſt be added together, by the preceding Probl. 2. of this Chart. and then 
ſubtraction may be made by either af the two toregoing Conſtructions of Probl. 4. But 
if Planes which are not Squares be to be ſubtracted, they muſt firft be reduced to Squares, 
by Prop. 14. Elem. 2. 


3 — — 


Probl. V. 
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Probl. v. 
Concerning Geometrical Multiplication. 


7. A right-line is ſaid to be multiplied by a right · line, when a right-angled Parallelogram, 
whether it be a Square or a Long · quare, is comprehended under one of the ſaid right- 
lines as a length, and the other as a breadth. As, if the right-line A C be conceived 
to be moved along the line AB, fo, as that | 
A C always makes a right-angle with the line C D 
AB, until the point C be come to the point D, 
and the point A to the point B, then the 
right-angled Parallelogram ACDB is de- 
ſcribed by ſuch moving of the line A C, and 


imports the ſame thing with the Product of fgets les 
the multiplication of the line A B by the line 
AC. Which Product, or right-angled Parallelogram, is alſo uſually called a Rectangle. 


2. A Rectangle is alſo implyed by the Product of the multiplication of any two numbers; 
for the Area of a Rectangle is equal to the ProdaR made by the multiplication of the 
number expreſſing the meaſure of one of 
the ſides about the right angle, by the num g _3 C F__- <6 


ber expreſſing the meaſure of the other lide * * | | | | | 

about the ſame angle. As in the Rectangſe 3 (T9 3 ls] | | 

or long-Square EG, if its length EH or | | 

FG be 5 feet, and the breadth EF or HG, 1 f I F 3 . 
3 feer, then the Product of the multiplication -> D E = 


of 5 by 3, to wit, 15 , imports the Area, 
or number of ſquare feet contain d in the ſaid Rectangle. Likewife, if AB or AD the 

' fide of the Square AC be 3 feet, the Area is 9 ſquare feet. All which evidently 

appears by the Diagrams here in view. 

a rigtu- line be to be multiplied by a whole number, it may be done by Addition, 

(by Probl. 1. of this Chart.) As, if the line B C 

AB be to be multiplied by 3, it implies , put wh. n 

only the producing or continuing of the ſaid ; | 

line to ſuch a point D, that the whole line A D may be equal to the triple of the given 
line AB. 

4. But if a right-line A D be to be multiplied by a Fraction, or (which is of the ſame 
import,) if it be required to cut off ſome ſegment, as 3 parts from A D; firſt, (per 
Schol. of Prop. 10. Elem. 6.) divide the line A D into three equal parts, which ſuppoſe 
to be AB, BC, CD, then the ſegment A C which is compos d of two of thoſe three 
parts is manfeſtiy + of the line A D. | 

„ If a Square be to be multiplied by a whole number, the ſide of the Square ſought 

1 * ö 
may de found out by addition of Squares, 
as before in Probl. 2. So if the Square of the 


right-line AB, or BC beto be doubled, - F AB= 3 
or multiplied by 2, it implies only the BC = 3 
finding of the right-line A C, (by Probl. 2. 1 

of this Chape. ) whoſe Square is equal to * = AC=y18 


the double of the Square of AB or BC. For 
if AB = BC, and BCI AB, then ( per 
prop. 47. Elem. 1.) NAC = GAB-- OQBC= HAB or 20 BC. The ſame 
thing alſo may be done by the way delivered in the following Sect. 6. 

6. If a Square be to be multiplied by a whole number, or by any Fraction whatever, 
whether it be a proper or improper Fraction, 


3+ 


that is, if it be required to find the ſide of A= 2 
a Sons that ſhall be equal to any preſcribed Ss 
Multiple, or to any part or parts of a given A 
Square, t may be done ihus: Let the right- A == 20 
line A be the fide of a Square given, and * 

let it be required to find a Square which ſhall W 


contain five times the given Square whoſe 
lide 
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ſide is A. To effect this, find (per Probl. 9. of this Chapr. ) a mean Proportional 
between the given (ide A, and a right-line equal to five times A; which mean ſuppoſe 
to be the right-line M: I ſay the line M is the Square required; which 1 prove thus, 


Reg. demonſtr. * 6 . . . . oO M — 5 A. 
Demonſtration, 


By Conſtr. theſe are Proportionals, viz. . . .>S A M:: M . 5A 
Therefore, (per prop. 17. Elem 6.) . „ AA, FA = OM 
But ( per prop. 1. Elem. 2. reſpe& being had to _ CA, 5 A 
laſt preceding Diagramm) a 
Therefore from the two preceding Equations 8 aun * 
2 5A. 
( per Ax. 1.) — So 2 4 oe 
Which was to be done. . g 
In like manner a mean Proportional between A and 3 A ſhall be the ſide of a Square 
equal to 3 N A. Alſo a mean Proportional between 34 A (or 3 A) and A ſhall be the 
ſide of a Square equal to 30 A, or 3 1 0 A. The ſame thing may be effected by 
Probl. 11. of this Chart. the proportion of the _ given to the Square ſought being 
firſt expreſt by two right-lines, by the help of the foregoing SetF. 3, or 4. of this Probl. 5. 


Probl. VI. 
Concerning Geometrical Divifion, or Application. 


That Geometrical Effection which anſwers to Diviſion in Arithmetick is called Apph- 
cation, the Scope whereof when tis exercis'd about the Conſtruction of Plane Problems is 
only this, viz. A Rectangle, (or right-angled Parallelogram) being given, as alſo a right- 
line, to find out another right-line , ſuch , that a Rectangle contain d under the line found 
out, and the line given ſhall be equal to the ReRangle firſt given, which Effection (or 
—_— is called the Application of a given Rectangle to a right-line given, and the 
right - line ariſing out of the Application is called the Parabola, or the Geometrical Quotient, 
which is found out by the Rule of Three in right-lines by the following 7® or d Problems 
of this Chapter : For as the line given is to either of the ſides about the right-angle of the 
given Rectangle, ſo is the other ſide about the ſame angle, to the line ſought , to wit, 
the Geometrical Quotient. 

This will be made manifeſt by the two following Examples, in the firſt whereof the 
Rectangle given is a Square, in the latter a long-Square, 


I 
wn 

0 

* 


Suppoſ. 1. A 
1. A is the ſide of a Square given, C A=6 
2. BC is a right-line given, 1 BC=4 
Reg. to find B D BD=g 
3. BD, a right-line, ſach, that BD, BC A. 
Conſtradt ion. 


4. By Probl. 7. of this Chap. let it be made as BC 
to A, fo A to a third Proportional, which ſup- BC . A :: A , BD, 
poſe to be the line B D, therefore 
5. I fay BD is the right-line ſought by the Probl. propounded; it remains then to prove 
— a Rectangle contain d under the right lines BD and B C is equal to the Square of 
ine A. 


Prepar. 
6. Let a Rectangle be made of the lines BD and BC, as CCD, (per prop g. Elem. 1.) Then 
1 Reg, demon ſtr. * w T4 7 cb = Oe A, 
Demonſtration. 


e e 
9. Therefore, (per prop. 17. Elem. 6) . .> QA = BC, BD. 

10. But by Conſtr. in 6%, . . . „ PCD = OBC,BD. 

11. Therefore (per Ax. 1. Chap. )) .> (D = nA, 


Which was to be done. 


Suppoſe. 2: 
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Suppoſ. 2. 
12. EG is a CO whoſe ſides EF, FG are given ſevetally. | 
13. BC is a right-line given. - 
Reg. to find 
14. BD a tight line, ſuch, that BC, BD = MEGC. 
D—— 
| | E F — = 
[ 28 | BC = 6 
| BD = 10 
E 2 C 


C onſtruction. 


15. By Probl. 8. of this Chapt. let it be 558 | | 
as BC to EF, ſo FG to a fourth Proportio-> BC ; EF :: FG. BD: 
nal, which ſuppoſe to be the line BD, therefore, 

16. 1 ſay BD is the right-line ſonght; it remains therefore to prove that a Rectangle 
comain'd under BC and BD is equal to the given Rectangle EG. 


Prepar. 


17. Let a Rectangle be made of the lines BC and BD, as CD, (per prop. 46. 
Elem. 1.) Then 
18. „ ß __a_ 


Demonſtration. 
19. By Cn. in 15%, ⁵r nr 6 3» EE 1 FOCESIC 
20. Therefore, (per prop. 16. Elem. 6.) „ EE, FG = QBC,BD. 
21. But Coufir. in 17%, & 5 OCD = DIOB0C,S0 


22. Therefore from the two laſt preceding E 2 EA n 
tions, ( per Ax. 1. Chap. 2. . þ 8 enn 


Which was to be done. 


23. From the premiſſes tis evident that Geometrical Application anſwers to Diviſion 
in Arithmetick , for the Rectangle applied is correſpondent to the Dividend, and the 
right-line to which the Rectangle is applied anſwers to the Diviſor , and the right-line 
ariſing out of the Application, the Quotient: Therefore, 
if the Area of a Rectangle and either of its ſides be F 
given, the other (ide is alſo given; for if the Area be —T 
divided by the given fide; the Quotient is the other (ide. | | fp i 
So if FG, or EH, one of the ſides of the Ret- 3 | |us| | | 
angle EG, be 5, and FE, or GH, the other | | | | 

H 


fide, 3, the Area 15 divided by 5, (to wit, F G,) E 
gives 3 for FE. Likewife the Area 15 divided by 3, 
(to wit, FE,) gives 5 for FG, or EH. 


— — — v — — 


— At. 


Probl, VII. 
Unto two right-lines given to find. a third Proportional, 
Suppoſ. 
1. A and B are two right-lines given. 
Reg. to find 
>» HE a right-line, ſuch, that A. B :: B. HE. 
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A. moms T 
B 


＋ 
2 
[| 


F X 
| Conſtruction. 
3. Make an angle at pleaſure; as CID K. 
4. Make DG = A. Alſo GF = B, and DH = B. 
5. Draw the right-line H G. 
6. By the point F draw FE || GH. 
7. I ſay, HE is the third Proportional ſought, 
8. « Reg. demonſlr. « . « « . A; B :: B « HE; 
Demonſtration, | 
9. Becauſe by Conſtr. in % 5 . , 5: , „% HG IEF (in ADEE.) 
10. — (per 7 —.— 6.) . = _ : 
11. Therefore out of 4* and 10, by exchanging __ | 
equal right-lines, . , « « + + * & tA B 3+ 3. HE. 
Which was to be done. 


"Y 


Probl, VIII. 
Unto three right-lines given to find a fourth Proportional. 


| Suppoſe 
t: A, B, C are three right-lines given. 
Reg. to find 
2. GH a righi- line, ſuch, that. « f A ; B :: C , GH 
20 * A = 27 
C B = 18 
C = 24 
| GH = 16 
D E N K 
Conſt rut ion. 


3. Make an angle at pleaſure, as CI DK. 

4. Make DE = A, alſo EF = B, and DG = C. 
5. Draw the right-line EG. 

. 6. By the point F draw FH || EG. 

7. I ſay, GH is the fourth Proportional required. 


8. 9 foto Reg. demonſtr. . e A 0 B + Wh C 5 G H, 
Demonſtration. 


9. Becauſe by Conſtr. in 6%, . 5 . „ EG || FH (in A DHF.) 
10. ——— 3 Elem. 6 » + «> DE , EF :: DG ., GH 
11. Therefore out of 4* and 10? exchangi 8 
equal right - lines, 5 © gs : my a3  «# Q', ON 
Which was to be dgne. 
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Concerning the extraction of the Square Root, 
Probl, IX. © 


Between two right-lines given to find a mean Proportional; or 
To transform a: Long-{quare into a Square. 


AB = 9 

Sappeſ. — 

1. AB and BD are two right-lines given. * — — 
Reg. to find D AC= 125 


2. BE a right-line, fuch, that: „ AB. BE :: BE ©: BD; 
3. Whence conſequently, (per prop. 17, Elem. 6. % OBE QA B, BD. 
Conſtruct ion. | 

4. Joyn the given lines A B and BD fo together ini the point B, that they may make 
one right-line, as AD. | 

5, Upon AD as a Diameter, deſcribe the Semicirdde C AED. 

6. Upon the point B where the given lines A B and BD are joyned together, ere 
a Perpendicular and extend it to the Circumference of the Semicircle CAED, as BE, 
which ſhall be the mean Proportional require. | p65 3 

7. 2 6 © Req. demonſtr. * . 2 „ 6 * AB : BE | 22 BE . BD: 


; Prepar, 
8, Draw the right-lines; AE and DE. 


9. By prop. 31 "Elem. 3332 . « .S CAED is 1. | 

10. — by _ in 6, "uy 7 11 5 BE L AD. | 

11. Thetetore from 9 and 107 (per Coroll. of RE ; 11 ain PRE 
Prop. 8. Elem. 6. Ge 2 8 AB : BE :: BB:; BD, 

Which was to be done. | 
| Corollary; | 

13, Henee tis manifeſt , that. a right-line drawn in a Circle from any point of the Dia- 
meter perpendicularly , and extended to the Circumference , is a mean proportional 
berween the two ſegments of the Diameter which are made by the ſame Perpendicular, 

13. Moreover, becauſe from the preceding eleventh: ſtep, (per prop. 17. Elem. 6.) 
OBE = CIAB,BD, theretore, if A B and BD be the ſides of a , 
a mean proportional B E between thoſe ſides ſhall be the ſide of a Square equal to 
that Rectangle or Long-ſquare. | | 

14. Hete alſo by the way, the Learner may take notice, that a mean proportional num · 
ber between two given numbers, is found out by extracting the ſquare Root of the 
Product made by the mutual multiplication of the two numbers given: As, if it be 
required to find out a. Mean between 16 (or B D,) and 9 (or A B,) the Rectangle 
or Product of 16 into 9 is 144, Whoſe ſquire Root 12, (or B E,) is the mean 
proportional ſought; for 16 . 12 :: 129. 


— 


Probl, X. 


To find a right-line, to which a given right-line may be in the pro- 
portion of two Squares given. | 


Swppoſ TRL 
1. AC is a Square given, whoſe fide is A B. 
2, DF is a Square given, Whoſe fide is DE. 
3. R is a righu- line given, | 


Ce 5 Reg, 
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Reg. to find | 
4. S a right-line , ſuch, that. AC. DF :: R S. 


3 P AB = 6 

| F AB = 36 
| DE = 4 

| | ODE = 16 
R — — T = 2 

E 
— 32 4 
| Conftrultion. 


5. By Probl. 7. of this Chapt. let it be 

made as AB to DE, ſo DE to\_ - 

© third proportional, which ſuppoſe{ * 
to be the line T, therefore . 


6. Again, (by the forging, Probl. x 
: AB 


' BEE e 


let it de made as A B to I, oRe 
à fourth proportional, which ſuppoſe 
to be the line 8, therefore 
1 fay the line $ is that required by the Problem, therefore 
7. > Reg. demonſtr. „ AC 0 DF 72 R p 
Demonſtr ation. 
8. Becauſe by ConſoulZion in 3 6d-3 a 5 OE 2 


9. Therefore, (per Coroll. _ 20. : . 4 
re a. 7 
10. And becauſe by c in 65, „ "2 a 
11. Therefore from 9* and 10* ('per a * 

Prop. 11. Elem. 5.) 3 P AB . ODE * * R „ 
12. That is, (per Ax. 7. Chap. 2.) > Bac; ö 


Which was to ** done. 


* — CCS I * U FRY 


U 
N. en *- 
| F 


ti 


Probl, XI. 


A Square being given, to find out another Square greater or leſs 
than that given, according to a Proportion given. 


Swppoſ. 
1. AF is a Square given, whoſe fide is A B. 
2. Rand S are two right-lines expreſſing the given Proportion. 
Reg. to make 
SST e . . R » © $3 WA8F .. DCE. 


F | 
þ AB = 6 
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Conſtyuction. 
4. By Prebl. g. of this Chapt. find r 
portional between the given lines R S, 
which mean ſuppoſe to be the right-line M, 
r 
5. Again, (by Probl. $. of this Chant) let it 
be made as R to M, ſo AB (the ſide of the 
iven Square, ) to a fourth proportional, whic 
— to be the right · line CD, therefore 
6. Upon the line C defcribe à Square, as CE, which ſhall be that required by the 
Problem, therefore 


7. Ts he Reg. demon fir. . . are R . S © © on AF . acE 


8 - Mw Ms 23 


R. MM © Ss CA 


9. Beeaufe by Cinftr. in 44% „ Ri M 28 
9. Therefore, ( per Coroll. prop. 20. Elem. 6.) „ OR . GM K+ ,.% 
10. And becauſe by Conſtr. in 59, . . , .> R. M AB . CD. 
11. Therefore, (per prop. 22. Elem. 6.) . .> UR. aM AAB. Cd. 
1 and 115, (per Rey -®: 8 AB. OCD. 
13. That is, (per At. 7. Chop. 2.) „ R. 8 OAF , QCE. 


Which was to be done. 


—_— 


* 


Probl. XII. 


The mean of three proportional right-lines being given; as allo the 
difference of the LIE — : 


S wppoſ.. 
1, M = the mean of three proportionals is given. 
2. D = the difference of the extremes is given. 
Reg. to find 
3. AF and FB two. right-lines, ſuch, tht A F FB = D; Alfo, that 
4 &F . M:: M FB. 


M=— 1: AF = 18 


D = 10 FB = 8 2 N 
EF = 10 AE = 8 3 
FG = 12 CA=13 / 
EC = CG=1 
g 1 


CF = 5 CB=—1 3 
Conſtructiom. 


5. Make EF = D (the given difference.) 

6, Upon the point F eret FG 1 FE. 

7. Make FG = M ( the given mean.) 

8, Divide E F into two equal parts in C. 

9. Draw the right-line CG. 

10. From C as a Center, at the diftance of CG deſcribe the Semicircle CAGB 
11, Draw the Diameter AE CFB. 

12, Lay AF and F B are the extreme proportionals required. 


AF—FB = D, 
13 - . . Reg. demnſr. . © « 3 Ap M:: M. FB, 


Cc 2 Demon- 
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Book 1V. 


Concluf. 1. 


Canonical Geometrical EffeSions. 
| nnr 
4. Becauſe by Conſtruction in 10%, CAGB/ | | 
is a Semicircle whoſe Center is C, W CA = CB = CG. 
( per defin. 15, Elem. 1) 
15. And becauſe by Conſtr. in 8s > CE = CF. 
16. Therefore the Equation in 15* being ſub- 
trated from that in 14*, gives (as is evident = FW. 
by the Diagram) . . 
17. It is alſo evident by the Diagram tha . > AF—EA = EF, 
18. Therefore out of 16* and 17*, ho Ax. 5 AF —FB EF 
Chap. 2.) — . 
19. Bur by Coſy. in 5, "RF „ „ —- - + 
20. Therefore from 15* and 19, (per Ax. 1.) ? AF—EFB = D, 
Which was to be dem. 
21. Again, becauſe ( * Coroll. Probl. * of this 2 A f FG Te FB 
Chapt.) . + is = l 
22. And by Conſty. in T . > = FC. 
23. Therefore from 21* and _ — Tn 


Concluſ. 2. 


by exchanging AF M 
equal right-lines, . p 


Which was alſo to be dem. 
Therefore the Problem propounded is ſatisfied z and out of the premiſſes the following 
Theorem is deducible , for the ſolving of the ſame Probl. 12. Arithmetically. 
Theorem. 

24. If half the difference of the extremes of three Proportionals , be added to the (ide 
(or ſquare Root) of that Square which is equal to the Square of half the difference of 
the extremes together with the Square of the mean, the ſumm ſhall be the greater 
extreme: But if the ſaid half difference be ſubtracted from the ſaid fide , the remainder 
ſhall be the leſſer extreme, Hence, 


The CArithmetical ſolution of Probl. 12. 


Suppoſ. 
25. AF, FG, FB are ==, viz. AF FG FG 1 FB 
26. AF © FB. G 
27. FG = 12, 
ien Fg. © Given, | — 
i D — 
Reg. to find / 


29, AF and FB in numbers, Fei 


Operation Ar ithmetical. 


e e xo. 
31. Therefore „ > JEF = CF 5 = CE. 
32. And conſequently , | . 5 . . 000235. 
33. Alſo from 225 „8 0 EG = 144. 
34. The ſumm of the Equations i in 32 * and 33* , 
gives ( per prop. 47. Elem. 1.) . - + + OCG = 169. 
35. The (quare Root of each part of the E ien 
in 34 gives I . GS m 13 = CA. 
36. Theretore the ſumm of the Equations in * 
and 35 gives 8 4 18. 
37. And by ſubrraRting the Equarion in 31 EA = Sought 
from that in 35, a : £ = FS = 53. 
The Proof. 
38. It is manifeſt * theſe are Proportionals , 18 3 8 
for the Product of the extremes is equal to the . 12 ' 
Square of the mean, viz. . . "2 5 8 AF FG FG . FB. 


— — — 
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39. Alſo the mean proportional is 12, and the difference of the extremes is 10, as was 
preſcribed. 
Coroll. 1. 


40. From the premiſſes it may be inferr d, That if the Algebraical Reſolution of a Geo- 
metrical Problem diſcovers an Equation ſo conſtituted , that the Square of an unknown 
right - line leſs by a Rectangle contain d under that unknown line and ſome known right- 
line, is equal to a known Plane; the ſaid unknown line ſhall be given by the preceding 
Geometrical Conſtruction of Probl. 12. Bur here is to be noted, that if the ſaid known 
Plane be not a Square, it muſt firſt be reduced to a Square, by Prebl. 9. of this Chapt. 
or by prop. 14. Elem. 2. | 

41. As, in this Equation . . . . . . « „„ — ds = ww; = 
If we ſuppoſe 44 to repreſent an unknown Square whoſe ſide is 4, allo da a Rect- 
angle contain d under the ſaid unknown ſide 4 and ſome known right-line repreſented 
by d, and that the ſaid unknown Square 44 leſs by the ſaid Rectangle da is equal to 
ſome known Square, as mm, Whole ſide is m; then the ſaid unknown fide or right- 
line 4 may be found out by the Geometrical Conſtractiom of the preceding Probl. 1 2. 

42+ For (by prop. 14. Elem. 6.) the Equation above propos d in '141* may be reſolved 
into theſe Proportionals , a | 

2680 . ® 220 - 863 


Of which three Proportionals the mean ms is known by ſuppoſition , as alſo d the 
difference of the extremes à and 4 — 4, (for 4 exceeds 4 — 4 by d.) therefore by 
the Conftruttion of the foregoing Probl. 12, the extremes ſhall be given ſeverally , the 
greater 'whereof is the line 4 iought. 
43- Morover, if in the Equation above propounded , to wit, 44— ds = mm, we ſup- 
ſe m— 12, and 4= 10, then the quantity of the line à ſhall be alſo given in number, 
2 by the firſt part of the preceding 7 heorem in 24* , 


4 = d N mm: = 18, 
Coroll. 2. 


44- Ir alſo follows from the preceding Conftruttion of Probl. 12. that if by the Algebrai- 
cal Reſolution of a Geometrical Problem, an Equation be found out, ſuch, that the 
Square of a right-line ſought, together with a Rectangle contain d under that un- 
known line and ſome known right-line , is equal to a known Plane; the ſaid unknown 
line ſhall be given by the Geometrical Conſftyuttion of the ſaid Probl. 12. But if (as 
before hath been ſaid ) the ſaid known Plane be not à Square, it muſt firſt be reduced 
to a Square. | 

45+ As, in this Equation, . . . . . , +» +» „- da = was; 

If we ſuppoſe as to repreſent an unknown A whoſe ſide is 4, alſo da a Rectangle 
contain d under the faid unknown (ide a, and ſome known right - line repreſented by 4d 
and that the faid unknown Square 44 together with the ſaid Rectangle da is equal to 
ſome known Square, as mm, whole (ide is ; then the ſaid unknown fide, or right- 
line 4, may be found out by the Geometrical Conftrattion of the preceding Probl. 1 2. 

46. For the Equation above propounded in 45* may be reſolved into theſe Proportio- 


nals, viz. 
ad. mm :: w „ 4; | 

Of which three Proportionals the mean is known by ſuppolition , as hoo d the 
difference of the extremes 4 ＋ 4 and 4, (for 4 ＋ d exceeds a by d,) therefore by 
the Conſtructiom of the foregoing Probl. 12. the extremes (hall be given ſeverally, the 
leſſer whereof is the line 4 ſought. | | 

47. Laſtly , if in the Equation above propounded in 45*, to wit, 4 - d= mm, 
we ſuppoſe m = i2 and 4 = 10, then the quantity of the line à ſhall be alſo given 
in number; for by the latter part of the preceding Theorem in 24 


2 ** zadd E um: — 14 — 8. 


_— 


Probl. XIII. 


— 
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Probl. XIII. 


The mean of three proportional right-lines being given, as alſo the 
ſumm of the extremes, to find the extremes, But the given mean muſt 
not exceed half the given ſumm of the extremes. 


| ; M =13 
Suppoſ. H AB = 26 

1. M — the mean of three Proportionals E AC =13 
is given. 2 of 9213 
2. AB — the ſumm of the extremes is given. CB = 13 
Alſo M not g AB. AD=18 
Reg. to find * 8 DB = 8 


3. AD and DB two right-lines, fuch, A F CD B DRS 

that AD DB = AB. Allo, that M CD= 5 

+ AD!./M :: M . DB CF= 5 
Conſtrudt ion. 

5. Divide A B into two equal parts in C. 

6. From C as a Center, with the diſtance C A, or CB, deſcribe the Semicircle CA HB. 

7. Upon the Center C eret CH L AB. 

8. From CH cut off CG = M, (the given mean Proportional,) which is poſſible to 
be done, for by the Determination annex d to the Problem propounded , M not c CH, 
or 1 AB. 

9. By the point G draw GE || AB , which GE will either touch the Semicircle in H , 

' when M= CHS = AB; or elſe cut the Semicircle, when M CH, (or *AB,) 
ſuppoſe then in this Example that M-2 CH, and conſequently that G E cus the 
Circumference, as in E. 

10. From the point E let fall ED L AB, then ſhall A D and D g be the extreme Pro- 
portionals required; for firſt their ſumm, in regard ADB is a right - line, (to wit, 
the Diameter of the Semicircle C A H B,) is equal to A B the given ſumm; it remains 
to prove that as A D is to M, ſo M to DB, therefore 

, A e 

Demonſtration. 

12. Becauſe by Conſtruction in 3 and 6 . > 

__ SS Cay. 2 20%... » +» © +» ob 

14. Therefore from 125 and 1 3*, (per Corel. in 1 7 

> 
7 
4 
4 


Chat)... ..c >. 2 86 09» DE. 
15. And becauſe by Conftr. in 7 9%, 16%, . .> DG is Q. 
16. Therefore ( per prop. 34. Elem. 1.) . „% DE = CG. 
17. But by Conſtr. in 8*, . . _ M CG. 


18. Therefore out of 167 and 17*, (per Ax. 1.) E 
19. Wherefore from 14 and 187, (by taking M 8 AD 
ST DE) .. . . 
Which was to be done. 
20. The reaſon of the Determination annex d to the Problem, to wit, that the line pre- 
ſcribed for the mean muſt not exceed half the line given for the ſumm of the extremes, 
will be evident by this that follows. Firſt, if the right - line M be leſs than CH, or 
2 AB, and at the diſtance of M a line be drawn parallel to the Diameter AB, as the 
parallel G E, it will neceſſarily cut the Semicircle, as in E, in which caſe the extreme 
Proportionals, to wit, the ſegments of the Diameter which are made by the falling of 
the Perpendicular EO, will always be unequal. Secondly , if the line M be equal 
to CH, or 2 A B, and at the diſtance of Mor CH a line be drawn parallel to the 
Diameter A B, ſuch parallel will touch the Semicircle in H, and conſequently HC 
which is perpendicular to A B will be a mean between AC and CB, in which caſe, 
the three Proporuonals AC, C Hand C B are to one another, for each of them 
is the Semidiameter of the Semicircle. Laſtly , if the line M be greater than C H, or 
2 AB, then tis eaſie to perceive, that a right-line drawn parallel to the Diameter A B 
at the diſtance of ſuch line M cannot poſſibly either touch or cut the Semicircle ,. but 
will lye altogether without the ſame, and conſequently ſuch line M cannot be a mean 


pr0- 
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proportional between any two ſegments of the Diameter; for a mean proportional line 

between two extremes is a right-line within a Circle, drawn perpendicularly to the 

Diameter, and extended only unto (not beyond) the Circumference : And therefore 

that there may be a poſſibility of ſolving this 13 Problem, the line given for the 

mean Proportional muſt nor be longer than half the line given for the ſumm of the 

extremes ; Which is the Determination annex d to the Problem. | 

The premiſſes being well underſtood , it will not be difficult to apprehend how the fol- 
lowing Theorem is thence deducible , for rhe folving of Prob/. 13. Arithmetically. 

| m—_ -"- 

21. If half che ſumm of the extremes of three Proportionals be increaſed with the (ide 
(or ſquare Root) of that Square which is equal to the exceſs whereby the Square of the 
ſaid half ſumm exceeds the Square of the mean; the ſaid half ſumm ſo increaſed ſhall be 
equal to the greater extreme : Bur if the ſaid halt ſumm be leſſened by the lide (or 
ſquare Root) aforeſaid , the remainder (hall be the leſſer extreme. Hence, 


The Arithmetical ſolution of Probl, 13. 


Stppoſ. : | 
2» AD, DE, DB are ==, vis. AD-. DE :: DE . DB. 
$3. BS lM dS 4 ey | 
24. AB = 26 = AD DB. 8 Gen. 


Req. to find 


25. AD and BD in numbers. 
Operation Arithmetical,, M 


26. By Suppoſ. in 24% «© +» + < + + »Þ + » « AB= 26. 
27. Theretore, . ,, + «+ » „% ABS CBS 13=CE=CA: 
>= 
2 


28. And conſequently, . . « + - «- . DCE —= 169, 
26. Ad ] ö © of © » | © s OUE =144 4 
Therefore by ſubtracting the Equation in 29“, 8 ä 

from that in 28, there will remain ( per prop. > . . . QCD= 25. 

or RES; oo 4 +040 
31. And conf. quently , by exttacting the ſquare CD — 

Root out of each part of the laſt Equation, F * * * n 
32. Therefore by adding together the Equations a 
„ of Sie roi 17 AD 18. Sous llt 
33. And by ſubtracting the Equation in 31* from bg —  s — 

BEST + +1. «4 . 8 8 * 7 


0 


Coroll, 


34. From the premiſles it may be irferr'd , That if the Algebraical Reſolation of a Geo- 
metrical Problem diſcovers an Equation fo conſtituted, that a Rectangle contain'd under 
ſome known right-line and a right-line ſought, leſs by the Square of the ſame line 
ſought, is equal to a known Plane; then the Nd righr-line ſought ſhall be given by the 
preceding Geometrical Conftruttzon of Prob] 1%, But here is to be noted, that if 
the ſaid known Plane be not a Square , it muſt firſt be reduced to a Square, by Probl. . 


of this Chapt. or by Prop. 14. Elem. 2. 
35. As, if this Equation be propoſed, . . . % aa = mm; 


We may ſuppoſe 4 in that Equation to repreſent a right-line unknown , 4a the Square 
of that line, s a right line known, and that 4a the Rectangle contain'd under thoſe lines, 
leſs by the ſaid unknown Square 44 , is equal to ſome known Square, as mm, Whoſe (ide 
is  ; then ſhall the ſaid unknown right line 4 be given by the preceding Cunſtruction 


of Probl. 1 3. 


36. For the Equation before propos d in 35, may be reſolved"into' theſe Proportio- | 


nals, vit. 
1— 4 . m 


iS FL 3 . | 
Olf which three Proportionals the mean m is known by foppoſition, as alſo / the ſumm 


ot 


— — 
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of the extremes 5— 4 and 4 therefore, by the foregoing Conſtrattion of Probi. 13. the 
extremes ſhall be given ſeverally, either of which may be taken for the line a ſought. 


37. For (viewing the Diagram belonging to Prob/.'1 3.) 8 AD . DE :: DF . DB 
let us ſuppoſe tht . . . « - + . « +» +» WI , 
38. Then putting 1 6 -» ow =—DE. 
39. Alſo . * 0 - - * . *P -  & - AB. 
„ -» - 6 = AD. 
41. It follows that „„ „ © „% „„ = DB = AB. AD, 
FE „ TS” 2350 „24 
43. Wherefore, by comparing the Rectangle of the 
extremes to the Square of the mean, this Equation > $54 — 4a = mm. 


is produced, . "I >» w- 
Which is the ſame with the Equation before propos d in 35. 
44. Again, the ſame Equation will ariſe if we put «=DB, the Suppoſitions in 37% 
38® and 39* remaining unalter'd; for, 
45. Then it will follow that 0 
46. And . 


> 5-4 = AD. 
. - «© m 1: 
47. That is, 3 5: 
48. Therefore from'46*%, . - „f - = mm. 
Which is the ſame with the Equation before produced in 43%. 

49- Whence tis manifeſt that the right line a ſought in all Quadratick Equations of the 
ſame form with that before propos'd in 35*, may be either of rwo right lines, repre- 
ſented in the Diagram by AD and DB, for which cauſe ſuch Equation is called Ambig uous. 

5o. Laſtly, if in the Equation above propounded , to wit, 24 — 4a = mm, we ſuppoſe 
m 1, and 5 — 26, then the quantity of the line @ ſhall be allo given in number; 
for by the preceding Theorem in 219, 4 

a 1; TV/ — im: 


a Es of: 45 — um: 


* 4h. 
6 DE. DB, 


18, 
8. 


Or, 


„*«ä„ —_ 


Probl. XIV. 


To divide a right- line given into two parts, ſuch, that another right- 
line may be a mean Proportional between the parts. But the line given 
for the mean muſt not exceed half the line given to be divided. 


Suppoſ. = 
1. AB is a right — tobe cut into two parts. o E 2 3 oy 
2. AC is a right line given to be a mean Pro- AD=13 
portional between the parts. DB = 413 
3. AC not c AB. 1 
Keg. to find | | FE:— 22 
4 AFandFB fuck pares of AB that AF A FF 5 —=S FEB SiS 
FB = AB; Alf, that 
$. AF jo! AC :: AC FB. 
Conſtruction. 


6. Upon A one of the ends of A B, erect AC L AB. 

7. Divide A B into two equal parts in D. 

8. From D as a Center, with the diſtance D A, or D B, deſcribe the Semicircle DA EB. 

9. By the point C draw CE || AB, ſo ſhall CE (by what hath been ſaid in 20 of Prob. 1 3.) 
either touch or cut the Semicircle D AE B, for by Suppoſ. AC not c- AB, (or DG;) 


ſuppoſe then in this Example that AC DG, or DA, and conſequent! 
8 ö ; 155 pon 


10. From the point E let fall EF LAB, then ſhall AF and FB be the deſired parts 
of AB, between which parts, AC is a mean Proportional, as 
place demonſtrate. 


9 2 Reg. demonſtr. DES 120 AF 
a Preparat. 
12. Draw the right lines A E and E B. 


I ſhall in the next 
AC 


. „ +» FB. 


Demon- 
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Demonſtration, 
13. Becauſe by Conſtr. in 8*, DAEB is aSemicircle, F 
therefore (per prop. 31. Elem. 3) '$ <AEB is . 
14. 4 — . _— „ „% » 
15. Therefore from 137 and 14, ( per Coroll. prop. 8. 3 
„ „ „ een er 
16. And becauſe by Conſtr. in 6, 9 and 10% . CF is Q. 
17. — 0. prop. 34: _ 1.) - + -» AST BH 
18. Therefore from 17* and 155, by taking AC in- E 
„„ 
Which was to be done. 
Note. This Problem may be ſolved Arithmetically in the ſame manner as the pre- 
ceding Probl. 13. = 7 


Probl, XV. 


The mean of three Squares in continual proportion being given, as alſo 

a Square equal to the difference of the —— , to find out the extremes. 
Or t : 

The Baſe of a right-angled Triangle being given, as alſo a mean propor- 

tional between the Hypothenuſal and Perpendicular, to find the Triangle. 


Sauppoſ. _—_— — — 


1. AB = the Baſe of a right-angled Triangle is 
given, 

2. M = a mean proportional between the Hy- 
pothènuſal and Perpendicular is given. 


Reg. to find out the Triangle. 


3. — given — AB the firſt of — 
Propor 8, and the given Mean Mt : F 
ſetond, find out a third, (per Probl. 5. of thisc AB M :: M . BC. 
Chaps.) which ſuppoſe to be B C, therefore, 

4- Upon B one of the ends of the given Baſe AB, make BC L AB, whence CAB C is A. 

5. Divide A B into two equal parts in D, 

6. Draw the right-line D C. 

7. From O as a Center, at the diſtance of D C, deſcribe the Semicircle DF CE having 
FADBE for its Diameter. | 

8. Upon AE as a Diameter deſcribe the Semicircle AGE. 

9. Continue CB to the Circumference in G. 

10. Draw the right lines AG and EG, | 

11. I ay AB G is the right-angled Triangle required; now we muſt ſhew that it will 
ſatisfie the Problem propounded. Firſt then, by Swppoſition A B is equal to the given 

: Baſe, but that the angle RBO is a right=angle, and that the given line M is a mean pro- 
portional between the Hypothenuſal A G and the Perpendicular BG, the following 
Demonſtration will make maniteſt. 


43 © © o& Reg. demonſtr. 7 . . 3 <ABG is ys, Alſo, 


AG .Þ M M . BG. 
Demon ſtration. 
13. Becauſe by Conſtr. in the fourth ſtep, .> CAB C is J, 
14. And by Conſtr. in « « , „% CBG is a right-line; 
15. Theretore, (per Coroll. Prop. i 3. Elem. 1.) > <ABG is |. Which was to be Dem, 
16. Again, becauſe by Conſtr. in 3”, * 5 DF — DE = DC, 


17. And Conſtr. in 5*, 10 14 © 5 DA = DB 
18. Then, by ſubtracting the Equation 8 AE = BE ' 

in 172 from that in 26% : + ed . ©, x 
7 « k Dd 19. And 
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19. And by adding AB to each part of the laſt 
preceding Equation, « + + - + » + +» 

20. Again, out of 4* and 7* (per Corell. Probl . FB , BC :: BC. BE 
Che, . © > + + + ,0 .* .» | 

21. Therefore from 20˙%, (per prop. 17. Elem 6.) 7 UF B, BE BC. 

22. And from 197, (per prop. 1. Elem. 6.) _ OFB, BE = QAE,BE. 
taking B E as a common altitude, . + +» , 

23. Therefore out of 21* and 22 (per Ax. 1.2 pe — SAE, BE. 
„„ : 47 a 

24. Again, becauſe by ( ouſtr. in 8%, , » 7 AGE i a Semicircle. 

25. Therefore, ( per prop. 3 1. Elem. 3.) . -F SAGE JJ, 

26, And becauſe by what hath been proved in 157, > GB L BA. 

27. Therefore from 25 and 26*, ( per Coroll. 2. 9 ag GB:: GE 


- .. FB = AE. 


« BE. 
8. Elem. 6. . . . . . . 89 
+ —— — RR (per prop. 17. Elem. 6.) e GE = UAB, BE. 
29. But it hath been proved in 235, that . ABC = CQAE,BE. 
30. Therefore from 2 87 and 29, (per Ax. 1.) BCS Y OGE, 
31, And conſequently , 5 BC = GE, 


32. Again, out of 25 and 26, (per prop. 8. El. 6.) S AABG and ABE are like, 
33. Therefore from 3 2, ( per prop. 4. Elem. 6.) > AB . AG :: BG . GE, 
34. And from 33% ( per prop. 16. Elem, 6.) HAG, BG = MAB,GE. 
35. And out of 31, by taking AB for a com- SAB, BC = QOAB,GE. 


mon altitude, T 

36. Therefore from 345 and 35, (per Ax. t.) 9 AB, BS = AG, BG. 

37. But by Conſir in 3*, and per prop. 17. Elm. 6. > UAB, BC = OM, a 

38. And 1 from 36“ and 37, wn c AG, 50 = OM 
ES too ts. - & 2,9; 4 b 

39. Therefore out of 3 80, (per prop. 1 4. Eeml. 6.) „ AG M :: M , BC, 


Which was to be dem. And therefore the Problem is ſatisfied, 


Coroll. 1. 


40. From the premiſſes it may be inferr'd , That if the Algebraical Reſolutinn of 
a Geometrical Problem diſcovers an Analogy conſiſting of three Planes in continued 
proportion, ſuch , chat the greater extreme is a Square unknown, the mean a known 
Square, and the leſſer extreme the exceſs whereby that unknown Square exceeds ſome 
known Square; then the ſide of the ſaid unknown Square ſhall be given by the Geo- 
metrical Conſtruction of the preceding Probl. 15. | 


As, for example, let there be propos'd the following Analogy , where as repreſents 


2 _ unknown, and 4 its fide; alſo mm and bb two known Squares, whoſe ſides are 
m and 6; 


aa — bh . mm :: mm 44. by” 4 

41. Then, ( becauſe, by prop. 2 2. Elem. 6. the ſides of proportional Squares are proportio- 
nals alſo, ) from the Analogy propos'd this ariſcth , = 4 vari 

J:iaa—bb: . m :: „ . «. 

42 · Which three Proportionals laſt expreſt being well conſider d, it will be manifeſt that 
the greater extreme, to wit, 4, may be eſteem'd the Hypothenuſal of a right-angled 
Triangle whoſe Baſe is 5, and Perpendicular : 44 — : the leſſer extreme: Now 
in that right-angled Triangle the Baſe 6 is given by ſappolition, as alſo m a tight 
line which is a mean proportional berween the ſaid Hypothenuſal and Perpendicular, 
and therefore the Hypothenuſal and Perpendicular thall be given ſeverally by the pre- 


ceding Conſtruction of Prebl. 1 f. which Hyporhenuſal hall be the line repreſented by 


4 in the Analog d. TIF 
43. Iris alſo — that if the Terms of the Analogy propos d for an Example in 40, 
be ſuppos d to repreſent numbers, then by comparing the Rectangle of the the gxtremes 


to the Rectangle of the means, this following Biquadratick Equation will thence be 
produced, viz. | | | 


aaa — bbas mmm; | 
Where, 
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where, if we ſuppoſe b = 6; alſo wn=,/:27, and à to ſtand for ſome number 
unknown, that Biquadratick Equation may be expreſt thus, viz. 
| a 64 —= 27. ; EW 
44. In which laſt Equation, the unknown number 4 may be found ither by an Arith- 
metical Operation deducible from the preceding Geometrical Conſfrałtion of Probl. 15. 
or elſe after the ſaid Equation: is reſolved into theſe three continual Proportionals , 
44 — 6 . 4/27 : 4/27... 44; | 
The greater extreme 44 may firſt be made known after the manner of the Arithmetical 
Solution of the foregoing Prob/. 12. and then the ſquare Root of that number ſound out 
for the value of 44 ſhall be the number a ſought. All which will be manifeſt by the 
following Opetation and Diagram. | 
G 


Suppoſ. 
45. AF, FG, FB =; viz. AF. FG :: FG. FB. 
46. _— 8 
. „ 
73. AF FB — bY —_—_ / yy B 
Reg. to find out E C F | 
49. AF the greater extreme, ſignified by 44 in the Analogy before expreſt in 44*: 


Operation Arithmetical. 


go. N . TS 
51, Theretore - +» - + » + +» ©» » -# S$EF= CF= 3= 0h 
52. And conſequently, . « 6 + 6: eee : 
$3. By Sappoſ. i 47, » » » 3 5 + » 8 ; '. 0s. 
54. The ſumm of the two laſt Equations gives S8 

( per prop. 47. Elem. 1.) „% ——_— 


55. The ſquare Root of the laſt Equation gives f „ CO 6=CN 
1 AF = 9 = 44. 


56. The ſumm of the Equations in 5i* and 55, 
gives „ EE. . . „ 

b IR” 9 5 Jo= 323826 : 

58. Moreover, out of the premiſſes ariſeth the following Canon, for the Arithmetical 
Reſolution of all Biquadratick Equations falling under the ſame form with that before 
expreſt in 43*, and here-under repeated, where 4 repreſents a number ſought , but 
þ and m two numbers given; viz. 


If .. . . + + 4448 — aa = mmm, | 
Ihen + + 4 = y: $6 + VN mmm: 
Coroll. 2. 


59. From the ifſes alſo it may be inferr'd, That if the Algebraical Reſolution of 
a Geometrical Problem diſcovers an Analogy conſiſting of three Planes in contingal 
proportion, ſuch , that the leſſer extreme is a Square unknown, the mean a known 
Square , and the greater extreme is compoſed of the faid unknown Square and ſome 
known Square; then the fide of the ſaid unknown Square ſhalt be given by the Geo- 
metrical ConſtruiFion of the foregoing Probl. 15. As, for example, 

If this Analogy be — RE . 
ſents a Square unknown, and à its fide, alſo, | _ 
mm ey 8 two known Squares, whoſe ſides 44-508 . wb : «ee 
Wo TP * 5 UP. 

60. Then ( per prop. 22. Elem. 6. ery * 
. „ Ye og agar} in ang 

61, Which three laſt preceding Proportionals being well examined, it will be manifeſt 
that the greater extreme, to wit, /: 4 + #6: e of 
a 2 Triangle whoſe Baſe is & , and Perpendicular 4, (the lefler excreme.) 
Now in that right-angled Triangle the Baſe 6 . by ſoppolition, as alſo m a right- 
line which is a mean Proportional between the ſaid Hypothenuſal and Perpendicalar , and 
therefore the Hypothenuſal and Perpendicular ſhall be given ſeverally by the preceding 
Conftruftion of Probl. 1 5. which Perpendicular ſhall be the line repreſented by 4 in 
the Analogy propos d in 59*. Das | & > 
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62. 


It is alſo manifeſt, that if the Terms of che Analogy in 597 be ſuppoſed to repreſent 


numbers; then by comparing the Rectangle of the extremes to the Rectangle of the 
means, this following Biquadratick Equation will thence be produced, vi. 


4444 + aa = mmmm. 
Where, if we fuppoſe bb 6, alſo mm —= 


x1 35, and 4 to repreſent ſome number unknown 8 aaan C = 135. 
that Biquadratick Equation may be expreſt thus, 
63. In which laſt Equation the unknown number 4 
may be found out OT by an ears oe — * 
ration, deducible out of the precedi metrica = 5 4 . 
Conſtruction of Probl. 1 5. — — the laid 7 s 135 3 ½37 44. 
Equation is reſolved into theſe three continual 
Proportionaass . 9 
The leſſer extreme 44 may firſt be diſcovered after the manner of the Arithmetieal So- 
lution of the foregoing Probl. 12. of this Chapr. and then the ſquare Root of that number 
found out for the value of as ſhall be the number 4 fought. All which will be maniteſt 


by 


68 


» AF FB. 
FG = 135. 


in the Analogy before expreſt in 630. 


the following Operation and Diagram. 
Sappeſ. | 
AF, FEG, FB, — viz. AF. FG :: EG. FB, 


Reg. to find our A 
F B the leſſer extreme, which anſwers to 44 


Operation Arithmetical, 


69. By Supe i 63%, 35 5b oo © 5 oÞ os » », BE= 
70. Therefore . A . "UT „ == 2 LEF = CF = 3<CE, 
71. And conſequently, . : 57 0 8 Hk 9. 5 
72. By Suppoſ. in 66“, . 8 3 „ > 44S aFG= 135. 
73. The ſumm of the two laſt preceding — " OCG= 

gives (per prop. 47. Elem. 1.) . . 8 46 


74. The ſquare Root of the Equation in 73* gives . . . CGS 12 = CB; 
75. And by ſubtracting the Equation in 70 2 33 aces 


76. Wherefore . . . 


from that in 74”, 0 uw 


- - „ of9= 32 


77. Moreover, out of the premiſſes ariſeth the following Canon, for the Arithmetical 
Reſolution of all Biquadratick Equations falling under the ſame Form with that before 
expreſt in 62*, and here-under repeated; where 4 repreſents a number ſought, but 
$ and » two given numbers; viz. fo 


If . , » . «© 4444 , bas = mmm, 
Then 2 0® . . * ka = J: /Ebbbb + mmmns — *bb : 
Cordll, 3. 


78. From the premiſſes alſo it may be inferr'd , That if the Algebraical Reſolution of 


a Geometrical Problem diſcovers an Analogy confiſting of three Planes in continual 
proportion, ſuch, that the mean is a Square known, and in each of the extremes one 
and the ſame unknown Square is found Affirmative, (that is, with the Sign + prefix: 
to it,) together with ſome known __ having either - or to it, or 
when in each of the extremes one and the ſame unknown Square is found negative, 


that is, with the ſign — ſer before it,) together with ſome known Square ha 

de ip + 22 wy it; un in CE — Caſes, the fide of that — 
re may out tricall the preceding Cen of Probl. 5. 

- as Will be manifeſt by the four following — 2 88 


| Example 1. 
1 Suppoſſe 4 s | mm 
m 


79* * * 2 And conſequently, /: 44 PI: 


727 aw . 
: via: 


[n 


— 
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In which Analogies , let 44 repreſent an unknown Square whoſe fide is 4, bur 4 
um and cc three known Squares, whoſe ſides are 6, m and c, ſuppoſe alſd that 5 is 
greater than , and conſequently 4a - bb a- ec. I fay then, that the unknown 
lide 4 (hall be given by the preceding Conſtrauttion of Probl. 15. For the difference of the 
extremes of the three Proportionals in the firſt Analogy above propos d is bb — ce, which 
by Suppoſ. is given, therefore the [ide of a Square equal to that difference, ro wit, 
y/: bb — ce: may be eſteem'd the Baſe of a right-angled Triangle, by the help of which 
given Baſe, and of the right-line , which by Seppoſition is a given mean Proportional 
between the Hypothenuſal /: a -|- 65: and the Perpendicular /: aa-|-ct : the Hypo- 
thenuſal and Perpendicular ſhall be given ſeverally (by the ſaid Prebl. 15.) and may be 
repreſented by h and p, whoſe Squares are hh and pp; then by equating hh to the greater 
extreme 44 bb, or pp, to 44-j-cc, the (ide & will be found equal to y/: hh — 6: 
or y/: pp — cc: Which Roots are given, and equal to one another. | 


Example 2. 

** c Suppoſe . „666 www :: wm {| -c, 
mn. 18 3 And conſequently, /: as -b: m :: „ . y/:aa—cc:: 

In which Analogies, if (as before in Zx«mple 1.) we ſuppoſe 44 to repreſent an 
unknown Squate whoſe ſide is 4; alſo bb, m and. cc three known Squares, whoſe ſides 
are h, mand c, and 6 to be greater than c, whence conſequently as ec =” 44 — bb; 
then/the unktaown (ide 4 ſhall be given by the — Conſtrut#ion of Probl, 15. For 
the difference of the extremes of the three Proportionals in the firſt Analogy above pro- 
pos d is $5 cc, which by S»pprſpeion is given , then the ſide of a Square equal to that 
difference, to wit, /: —cc ; may be eſteem'd the Baſe of a right-angled Triangle, 
by che help of whith given Baſe and of the righa-line , which by Sppoſetion is a given 
mean Proportional between the Hypothennſal /. aa — cr: and the Perpendicalar 
o/: as — bb: the Hypothenufal and Perpendicular fhall be given ſeverally by the faid 
Probl. 15. and may be repreſented by h and d f. whoſe Squares are hh and pp; then by 
equating i to 44 — cc { the greater extreme,) br pp to 44 , the unknown fide 
er right-line à will be found equal to / N: or y: pp $6 : which Roots are 
given, and cqual to one another. , 2 


gs wel | Example. 3. 1 
. Sappoſe q « « 4a +bb', om :: a 44 — c, 
+ And corfſequently, : 44 + bb: „: m . y/* AR ec: 
| | Example 4. \ | 


Suppoſe . * « - $b—as © mn ie ec -, 
And conſequemly , Vi - m mm Vice 44: 
By what hath been Haid in the Explication of Examples 1. and 2. it will not be dficule 
to ronceivt how to find out in like manner the unknown Rot or vight- line repreſenteti 
by 4 in the third and fourth Examples, where b, m and c are ſuppos d to be riglx- lines 
ſeverally given. 


83. Note. When more than one known Square or Rectangle is found in any one of the 
three continual Proportionals memioned in any of the three preceding Corol/arzes of 
Probl. 15. ſuch known Squares or Rectangles mult firſt of all be converted into a ſimple 
Square, per Probl. 2. Chap. 4. | 


33. * 5 p 


aA. ——_ - — 


Probl. XVI. | 
The mean of three Squares in Contmual proportion being given, 45 

alſo a Square' equal to the ſumm of the extremes, to find out the er- 

tremes, * a 


M | Or 
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Or thats; 


The Hypothenuſal of a right-angled Triangle being given, as alſo 
a mean Proportional wt rh the Baſe and Perpendicular , to find out the 
Triangle. But a right-anS ariſing out of the Application of the _ 
of the given Mean to the given Hypothenulal muſt not exceed the 


Hypothenuſal. 


Suppoſ- 
1. AB = the Hypothenuſal of a right- M C 
A E 1 


angled Triangle is given. 
2. M — a mean proportional between the 
Baſe and Perpendicular is given. 


OM not c- AB. 


3. 


Reg. to find out the Triangle. D 
Conſtruct ion. 
4. * the point A, (one of the ends of the given = AB,) eret AC 1 AE; 
and make A C = M the given mean Proportional. 
5. Let it be made (per Prob/. 7. of this Chaps.) 
as AB to AC, ſo AC to a third Proportio-> AB . AC :: AC : AD; 
nal, which ſuppoſe to be found AD, therefore, ) | 
That is, (becauſe M= AC,) „ AB. M:: M . AD. 
6. Upon A B as a Diameter deſcribe the Semicircle A F B. 
7. Upon DB as a Diameter compos d of AB and AD as one right-line , deſcribe the 
Semicircle D CB. 
8. By Probl. 14. of this Chapt. divide the given Hypothenuſal AB into two ſuch that 
the line A D may be a mean proportional between the parts; which is le to be 
0 OM 1 f 
done, for by Conftruttion in 5*, AD = IF» — Swppeſition in 3*, agreea« 
ble to the Determination annex'd to the Problem, Ag or AD not HAB; 


ſuppoſe then the line A B to be cut in E, into two ſuch parts A E and E B, that E F 
is a mean proportional between A E and E B, and that E F is equal to A D, therefore, 
* JAE _ — EF (or AD,) EZ. 
9. Draw the lines A F a t AFB bethe Triangle ſought. Now we 
ſhew that it will ſatisfie the Problem. Firſt then, by ſuppoſition A B is equal _ 
ou Hypothenuſal ; but that the angle AFB is a right angle, and that the right 
ine M is a mean proportional between A E and BF, (to wit, the Baſe an Perpeadi. 
cular,) the following Demonſtration will make manifeſt. : 
. AFB is I; alſo 
e $$ JH 1 OY „ FB. 
11. Becauſe by Conſtr. in 6%, . „„ AFB is a Semicircle. 
12. Therefore, (per prop. 31. Elem. 3.) . .> 8 Which was to be Dem. 


13. Again, becauſe by Conſtr. in 8g AD. 

14. Therefore, by taking in A B as a common 
altitude, it follows from 135, (per prop. 1. > DEF, AB = Ab, AB. 
OY RICE | 

15. And becauſe by Conſtr. in 6* and 8*, .> FE LAB. 

16. * 2 — proved in 12, „ (AFB i J. 
Therefore out of 15*a A 8. 

re _ ("0g = AAEF and AAFB are like. 


18. And conſequently, / per prop. 4. Elem. 6.) > EF , AF :: FB . AB, 
19. And from 18*, (per prop. 17. Elem. 6.) > QEF, AB OA, PB. 
20. Therefore from 14* and 19*, (per Ax.1.)> DAD,AB = Af, EB. 
21. And becauſe by Conſtr. in 3% „ AB. M:: M. AD. 
22. And conſequently ( per prop. 17. Elem. 6.) UA D, AB = OM. * 
23: Therefore oui of 20. and 22*, (per Ax. 1.) AF, FB = OM. 


24. Therg- 
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24. Therefore from 23*, (per prop.14. Elm. G.) .> AF. M :: M . EB. 
Which was to be Dem. Aud therefore the Problem is ſatisfied. 
Cool. 1. 

25. From the premiſſes it may be inferr'd , That if the Algebraical Reſolution of a Geo- 
metrical Problem diſcovers an Analogy conſiſting of three Planes in Continual pro- 
portjon, ſuch, that one of the extremes is an unknown Square, the mean a known ; 
and the other extreme the exceſs whereby ſome known Square exceeds the ſaid unknown 
— then the (ide of the ſaid unknown Square ſhall be given by the preceding 

C of Probl. 16. 
As, for example, ſuppoling 44 to repre- 
ſent an unknown Square, Whoſe fide is 4; al bh 
mm and hh two known Squares, whole ſides are 
w and h, let this Analogy be propos d, viz. 

26. Then (per . 22. Elem. 6.) the ſides of, : 
proportional Squares are Proportionals alſo, *. 4: b 25 4 
therefore 

27. Which three continual proportionale la laſt expteſt being well obſerved, it will be ma- 
nifeſt that the extremes, to wit, /: hh — aa : and a may be eſteem'd the Baſe and Per- 
pendicular of a right- angled Triangle, whole Hy pothenuſal is U. Now in that right- 
angled Triangle, the Hypothenulal h is given by Swppoſicien , as allo ma right-lane, 
which is a mean Proportional between the Baſe and Perpendicular ; and therefore the 
Baſe and Perpendicular ſhall be given ſeverally by the preceding ( onſtractaon of Probl. i 6 
either of which right lines, viz. either the Baſe or Perpendiculer ſo found out may 
be taken for the tine repreſented by 4 in the Analogy propos din 25%, For, viewing 
2 Sa belonging to rat 16. 

. > AFB = Jin AAF B. 


mm :: * m 4a. 


12 2 Soi of Tags > BA: , M .:: M . FB. 
An rr 22. Elem. 6.) N HFA. MM:: aM. FS. 

71 Thes > » „„ „ „„. Wow == nM. | 

31. = 0 r 1 "IT Wo m 5 bh = OAB. 

33. And | ->, 4 = OFB. 


34- Then from 28*, 329 and 33* it will be * * 
manifeſt ( per prop. 47. Elem. 7 that '$ bb —as =OFA (= OAB — FB.) 


35. Alſo from 30%, 31“, 38% 344. + þ þh — 44 _— Co ad. 
36. Which Analogy is the ſame with that propos d in 285 „and it will alſo b be wp Fr 
by putting 44 =O FA, (the Poſitions i in 31 and 329 remaining unalter'd ; ) 
For then it follows that „„ ob: lb = eo=DEB(= GAS—DFA.) 
37. And becauſe by Suppoſe in 30% „ FB. M:: BM UFA. 
38. Therrfone from che premiſſes > . : 44. 
Thus n appears, that from either of the se- Hines found out by Probl 1.6, one and 
the ſame Analogy may be conſlitmed, in which reſpect , —F“ | 
39. E is allo manifeſt, that if the Terms of the | 
Analogy in 25 ebe fuppos' d io repreſent num- 71 
bers, ohen by comparing the Rectangle of the d b — 4444 iin. a 
extremes to the Rectangle of the means, this n 
Biquadratick Equation will be produced, »%z. | * 
Whore, if we ſuppeſe hh c= 5,, allo , 
and 4 to ſtand for ſome number un- 2 
known that Biquadratick Equation may 5 a 7 
chus, vi dx. | 
40. * which haſt vation the unknown opm- 
ber 4 may be found out either by an Arithme-/. 
tien Operation dedncible from rhe 
Goometrical Conſtrultion of Probl. 16. 
elſe, after the ſaid Equation is reſolved into 
theſe three Continual Proporionals, +» ,V; 
The two values of 44 may be found out after the manage ef abs Abbes Goloiicn 
of the foregoing Proby. 1 3. of this Chet. and conſequently the ſquare Root of cach 


number 


£0 
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number found out for the value of 44 being extracted, there will ariſe two numbers, each 
of which may be taken for the number 4 in the Equation in 39%. All which will be 
evident by che following Operation and Diagram. 


Suppoſ. WH 


41; AD, DE, DB =>, viz. AD . DE:: DE. DB, 33 
42. DE= 2, whence ODE = 4. 
43. AD DBS = FAB. 
Reg. to find 
44. AD and DB in numbers, ( ſignified by 44 in the * 1 


Equation in 397.) 


0 Operation Arithmet ical. 
eri 
= 44 MLS >» © 0.0 Q r *AB — CE 2 21 — AC — CB. 
47. And conſequemly, 7 . . Cg. 
48. By Suppoſit ion in 42% . . +» ĩð « «Þ . « DDE =4. 
49. And by ſubtracting the Equation in 48* _ e 4 
Ts co „ 4X TR. — zo 
Fo. The " Root of the laſt Equation gives . . CDS 12 
51. The ſumm of the Equations in 46* and 50% gives 79 . . AD = 4 44. 
52. And conſequently, ))) „= 224. 
53. Again, by ſubtracting the Equation in 50, from 
D (TRY URS” 
54. And conſequently, . 3 . . « . . /I=1=4 
Whence tis manifeſt , that the number ſignified by 4 in the Analogy in 40* (or in 
the Equation in 39*,) may be either 2 or 1. 
55. Moreover, out of the premiſles ariſeth the following Canon, for the Arithmetical Re- 
ſolution of all Biquadratick Equations falling under the ſame Form with that before pro- 
pos d in 397, and here-under repeated; where 4 repreſents a number ſought, but h and m 


two numbers given, and ſubje&t to the Determination annex d to Probl. 16. wiz, 
muſt not be greater than 25, and conſequently m not greater than 1 öh. * 
If . . . hbaa — 4444 mmm. 


Then, . 4 = „Ab- „ahhh — mmm: 
Or, > 6 <6 = * 2b — „ahhh — mmm : 
Coroll. 2. 4 


56. From the premiſſes it may be alſo inferr d, That if the Algebraical Reſolution of 
a Geometrical Problem diſcovers an Analogy conſiſting of three Planes in Continual 
proportion, ſuch, that the mean is a known Square, and alſo one of the extremes is 
the exceſs of ſome unknown Square above a known Square, and the other extreme 
is the exceſs of ſome known Square above the ſaid unknown Square; or, when one of 
the extremes is the exceſs of a known Square above an unknown Square, and the other 
is the ſumm of the ſame unknown Square and a known Square; in each of thoſe 


Caſes, the ſide of that unknown Square ſhall be given by the di ſtructi 
of Probl. 16. * OY 8 


„„ DB = 144. 


Example 1. 
1 Suppoſe 4 — 4d. amm :: Am ec as; 
And conſequentiy, /r — . 2m :: 2m „ce — 44 
In which Analogies, if we ſuppoſe 44 to repreſent an unknown Square whole (ide is a; 


but dd, amm and cc three known Squares, whoſe ſides are 4, z and c , the unknown 


{ide or right line 4 ſhall be given by the preceding Conſtruttion of Probl. 16, For the ſamm 
of the extremes in the firſt of thoſe Analogies is cc — dd, which is given by Smppoſition ; 


then the fide of a Square equal to that ſumm, to wit, +: cc — ad: may be eſteem'd the 
Hypothenuſal of a right · angled Triangle, by the help of which given Hypothenuſal 
and the right-line 2m, which by Suppoſition — mean Proportional between the 
Baſe and Perpendicular , ( repreſented by /: a« — 4d: and Vice - aa : ) the Baſe and 
Perpendicular ſhall be given ſeverally by the aid Probl. 16, and may be repreſented by 


f and g. 


—_—— 
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F and g, whoſe Squares are ff and gg ; then by equating ff to a4 dd, or gg to ce — 44, 
one value of the right-line 4 ſonghc ſhall be gfven , again, by equating gg to 4 — dd, 
or ff to cc — 44, another value of the right-line 2 ſhall be given: So to lines are found 
out, either of which may be taken for the line 4 ſought, and therefore the Analogy 
above-propos'd in Example 1. and all others of the ſame kind are faid ro be Ambiguous. 


Example 2. | 
Suppoſe % —aa . mw :: mm... aa + co, 


And conſequently , /: —aa: „ :: „ +« vi aa: 

By what hath been (aid in the Explication of Example 1. tis very eaſie to conceive how 
to find out in like manner the unknown Root or right - line repreſented by a in Example 2. 
where b, M and c are ſuppos d to be right lines ſeverally given. 5 

$3. Note. When more than one known Square or Rectangle is found in any one of the 
three continual Proportionals mentioned in either of the three preceding Corollaries of 
Probl. 16. ſuch known Squares or Rectangles muſt firſt of all be converted into a ſumple 
Square , per Probl. 2. Chap. 4. | 


58. 


 CHar. VL | 
The manner of finding out ſuch Right-lines and Squares as are 
repreſented by Algebraical Fraftions, the Quantities conſti- 
tuting thoſe Frafions being given ſeverally. 
| Probl, I. 


S uppe/. 
1. 4 = LY An Equation propounded. 
2. b and c are right lines given ſeverally. 


Reg. to find the line 4. 
. Conftrultion. 


3- The Equation propos'd may be reſolved into =" fin 
theſe Proportionals, vx... . FT © .* 12 
In which Analogy , the two firſt Terms are right lines given by Szppoſition , therefore 

a third Proportional to them (hall be given alſo, ( per Probl. 7. Chap. 5. ) which third 

Proportional is the line « ſought, | 


Probl, II. 
Swppoſ. 
ba . , 
. WW ==. An Equation propos d. 
2, 6, c and d are right lines given ſeverally. 
Reg. to find the line 4. 
Conſtruct ion. 

3. The Equation propos d may be reſolved into — 1 bs; 
U 10767 6) oil h 5g 
In which Analogy., the three firſt Terms are right lines given by Ss 

per Probl. 8. Chap. 5. ) the fourth Proportional, to wit, the line 4 


Probl, III. 


4 2 4. 
, therefore 
be given alſo. 


— 


t. 4 = ——- An Equation propos d. 
2. b,c, dand F are right lines given ſeverally. 


E e Reg. 


Algebraical Fraftions | Book IV. 


Reg. to find the line 4. 
Conſtriction. 

3. The Equation ropes 'd wy be reſolved into this „ 

Analogy, « + 8 

In which Analogy the three Grlt Terms. @ are given z forfirſt, e and F being * Py by 
Suppoſition , a right line equal to e — f ſhall be given alſo, ( per Probl. 3. 
ſecondly , b and d being given by Swppoſition, a right line equal to -A ſhall . . 
(per Probl. 1. Chap. 4.) and laſtly , the tourth Proportional line « ſought ſhall be given, 
per Probl. 8. Chap, 5- 


N — 


Probl, IV. 


>- > 


a 


2.42 == al An Equation propos d. 


2. b, c,4 ond Fare right lines given. 
Reg, to find the line 4. 
Conſtratt ion. 


3. The Equation * may be reſolved into * 4. 


Analog y, p 
4. In which Analogy the three firſt Terms are even, and therefore the fourth 133 
ne à ſought ſhall be given alſo by Probl. 8, Chep.s. 
1 bi + 2bc | . 


3. Jo like manner, if ue If 
Then this Analogy will diſcover the line « for, 0 4+f .4 * =. * a 
2 1 2 e 
4 Then ſuppoſing b c- c, the lin a hall be a 
by this — Viz. » dof « be i: be 5 a 


P robl, V. . 
Seppel 
1. 4 = &TL; an Equation 2 


2. 6, e, d, f, g are right lines given. 
Regs to find the line 4. 
Conſtruct᷑ ion. 


3. Firſt reduce af to a Rectangle, which ſhall have 
b for one of its ſides, viz. let it be made ( N 4.5 
Probl. 8. Chap. 5. )asbto d, ſo f to a fourth Pro- 8 0 
portional, which may be called h; therefore , 
4. Therefore by comparing the Rectangle of the "I." 
extremes to the Rectangle of the means, . , = ＋ 
5. Then by ſetting bh in the place of af in the Equa- be * 
tion propos d, it will be converted into this, vic. 
6. Which lat __ my be reſolved imo this SV. þ | 
Analogy 5 3 8 4 . C —— * 4. 


But in the Analogy aſt more, the thees ern Terms are given by Suppoſition and Conſtru- 
tion, therefore ( — Probl. 8. Chap. . I the fourth proportional line 1 


alſo. The ſame line à may be found out divers other ways, as the Arr nt prin 


cally perceive. +5... 1 NOR 
| Probl. VI. 
Suppeſ 
= beaf . , 
1. 4 = — An Equation propos d. 


2. b, e, d, f, g, h and & are right lines given. 
Reg. to find the line 4. 
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Conſtract ian. 


3. Firſt, reduce be to a —_—— which ſhall have 
for one of its ſides, vic. let it be made (per - 
Probl. 8. Chap. 5. 5 f 10 6, dess We 
Proportional, call it J, therefore , . 
4. Therefore, by comparing the Rectangle of the Sa 
extremes to the Rectangle of the means, . * 
5. Therefore from 1* and 4*, by ſetting gl inthe Prong 422 glat _ Lat : 
of bc in the Equation propos d, it gives . . «+ ged—gbe cd - 
6. Again, reduce hk to a Rectangle that ſhall have $ ©: | 
= bt 


9 yn + a= 


d tor one of its ſides, viz. let it be made as d to þ 
ſo & to a fourth, which may be called , therefore 


7. Therefore from 5* and 6* , by ſetting dw in the | , 
place of bk in the Fraction in the latter w of — = . 
the 5" ſtep, it gives od — c—m 


8, Therefore by reſolving the latter Fraction in the 
u ſtep into Di N this Analogy ariſeth I C — I 
: LA "2 . * . 


In which Analogy 5 FR belt Col are oven by Suppoſit ion and Conſtruftion , there- 
fore the fourth Proportional, to wit, the line 4 ſought ru be given alſo, by Probl. 8. 
Chap. 5. of this Book. * r 


Probl, VII. 

Suppoſ. 
. . . An Equation propos d. 
2. 6, c, d are right lines given. 

Reg. to find the line 4. 

Conſtruttion. 
3. The Equation proporid may PIs ara into this N 
Analogy, viz. . +» 15 & „ 22 4 


In which Analogy, the on beſt — are 12 by S»ppoſition , and qualified according 
to the tenour of Prebl. to. Chap. 5. therefore the fourth Term, that is, the line 4 ſought 


„ 4. 


ſhall be given alſo by that Problem. 
Probl, VIII. 
Suppeſ. 
bed : ; 
1. & = ff . An Equation propos'd. 


4 
6, c, 4, f, are right lines given. 


Reg. to find the line 4. 
Conſtruct ion. 


3. Firſt, the Equation propos'd may be reſolved into 3 
55 at F. be :: d 
4- Then let ff be reduced to a ReQangle that ſhall 
have 6 for one of its ſides; viz. let it be made þ 
( per probl.7. pn  bercher' ſo f co a third * 
Proportional, which may be called g, therefore 
5. Then by raking bg inſtead of ff for 2 firſt Term 
of the Analogy i in the third ſtep, chat Analogy will > 8 
ny — into this, . . 5 * 
6, Whence caſting awa the common a - | 
r F 


In which laſt Analogy the three an ale aft lines given by Suppoſition and Con- 
fruthon, therefore the fourth proportional line 4 Aube ba wad poſh 
| : 


Ee 


. 4, 


Probl. IX. . 
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Probl. IX. 
Suppeſ. 
1. 4 = - Wn An Equation propos d. 


2. b and c are right lines given. 
Reg. to find the line 4. 
Conſtruct iam. 
of — > propos'd may be reſolved into = en 


4. Then (by Probl. 4. Chap. 5. ) find a Square equal x 


2 2 3 & 


bb — cc, which Square may be called 4d; this bei 
ſet in the place of i — cc, (the firſt Term of the pre- 
ceding Analogy,) will give theſe Proportionals, viz. 
5. Reduce dd to a Rectangle that ſhall have & for one of 
its ſides, viz. let it be made as h to 4, ſodto a third e bf = dd. 
Proportional, which may be called f, therefore . 
6. Then by taking bf inſtead of add, the Analogy in the 2 þ 9M | 
4® ſtep will be converted into this W +: 26 s 4 
7. Whence, by rejc&ing the common altitude 6, this Wn a 
7 0 
In which laſt Analogy the three firſt Terms are right lines given by S»ppoſition 
Conſtruction; therefore the fourth Proportional line 4 0 be gown alſo, ＋ 2 3 


bb :: 20 „ 4. 


"Probl. X. 
Suppoſ. 
„ber —daff - 
I. 4 = — = An Equation propos'd. 


2. b, e, d, F, are right lines given. 
Reg. to find the line 4. 
Conſtract ion. 
3. Let it be made (per Probl. 8. Chap. 5.) as c to f, fo 
d to a fourth ke ef N in it g, K , 8 q = 
4+ Then ſetting cg in the place of A in the tion pro- 
pos d, and expunging c out of the — 42 — bbe —gaf 
Denomin _— gives 7 5 VS . RT ens gf — be 
5. Again, let it be made as c to F, fo g to a fourthpro- }' 
8 line, call it bee ren s/o ts 4 oc & . 
6. Then ſetting ck in the place of gf in the Fraction in 
the fourth ſtep , and caſting c out ot the Numerator and > @ — . 
Denominator, there arifeth . . . . . . , . k— 6b 
7. Again, let it be made as K to b, ſo b to & third pro- 
portional line, call it , therefore, , , . . . kn = bb. 
8. Then ſetting in in the place of bb in the Numerator of? ,, . __ km — kd 
the Fraction in the 6" ſtep, there will thence ariſe . . EE en; 
9. Again, let it be made as k, —b to ms d, ſo x to a fourth N 
Proportional, which ill be the live « ſoogin, v5z, t—b.m—dcik.s 
10. From the preceding Conſtruction tis evident that the deſired line « may be f 
by theſe four following Rules of Three, vis. | ER ack. 


3 


7 E 5 I; ad x 2 
11. But the Numerator and Denominator of the Algebraical Fraction in the Equation 
propos d in this Problem do manifeſtl that the li —— 


r ber 


That 
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1 


is to ſay, if it be made as d to-, fo c to a fourth Proportional, the line f muſt 
than that fourth proportional; but if ( by Probl. 11. Chap. 5.) it be made 
as d to b, ſo cc to another Square, then the line f muſt be greater — the ſide of that 
latter Square. 
Now if the line f be given within thoſe limits, then & will be greater than 5; and m 
— than d, as the laſt Analogy in the 100 ſtep requires. The ſame limits of f may 


eaſily inferr d alſo from the four Analogies in the 10 ſtep. 
eAn Example in Numbers. 


þ = 40, = 32; 
If 375 ee = then by the Analogies in the 10. ſtep you will find : _= AI 
f = 46, a 44 7 422 24. 
. * ey cc — ff) . 5 * 
Thence it follows that 4 = 24 = F the Equation propos d. 


—— — 


Probi. XI. 


Suppoſ. 
bb 4 


1. 44 = . An Equation propos d. 
2. b, , d are right lines given. 
f Reg. to find the line 4. 
Conſtruction. 
3. The Equation 4008 may be — into 1 2 "IAN 
Analogy, . « REF : 'N 


In which Analogy , the three firſt Terms a are given, , and qualified according to the tenour 
of Probl. 1 1. Chap. g. therefore the line 4 ſhall be given alſo by that Problem. 


Probl, XII. 


44. 


2 


Suppoſe. 
1. as = A. An Equation propos d. 


2. 67e, 4 and are right lines given. 
df to find the line 4. 


3. The Fraction 2 ſigniñes a Rectangle contain d under a · right line equal to ot and 
the line 1 liars firſt, according to the Conſtruction of Probl. 2. of this Chapter, 
find a right line equal to 2 which line may be called g, therefore, 
= + = i; | 


4+ Then by Probl. 9. Gy. 5. reduce the Rectangle fg to a Square, which may be called 
mm , whoſe ſide is , · | 


ac = mm (= fx.) And conlequenily , w = 4 the line ſought 
Probl. XIII. 


3 
t. 44 = 27 Ann Equation propos d. 


2+ 6, e and d are right lines gi 


W 
reren . 


Analogy „„er V |v 

4: Bu the fide of proportional Squares areal Propo- 2 2 
tionals, therefore from 33 . .'« $456 „ « 
In which laſt Analogy the chree firſt Terms ae-right lines given , therefore the-fourth 


proporionl line 4 ſought {ball be given alſo. 
ooh 170 Probl. XIV. 


4 + 
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Suppof. Probl, XIV. 
2bcaf 


— 1 


1. 4a = 


An Equation propos d. 


2. b, c, d, f, g are right lines given. 
Reg. to find the line 4. 
Conſtruction. 
The Equation propos d may be reſolved into this 3 2 

/ / / / / OR 

4. By Probl. 9. Chap. 5. reduce 2bc to a Square, which 
may be called hh; reduce likewiſe F to a Square, which bk : 
aq may call k&, then the preceding Analogy will XR +: 44 

coavrencd into this, «- oo» „ © © » 

5. But the ſides of proportional Squares are alſo Pro- 1 p 
portionals, therefore, from 4/4. 8 En re 
In which laſt Analogy the three firſt Terms are right lines given, and therefore the fourth 

proportional line 4 ſought ſhall be given alſo, : 

Many other ways might be ſhewn to conſtruct (or effect) moſt of the preceding Pro- 
blems of this Chapter; but for brevity ſake, I leave them to be found out by the induſtrious 
Learner , who by the help of thoſe before deliver'd will alſo eaſily perceive how to ſolve 
other Problems of like nature : And now having explain'd all ſuch things as are materially 
neceſſary by way of Preparation to the Reſolution and Compoſition of Plane Problems, 
I ſhall proceed to Examples, which 1 have divided into four Claſſes or Forms, contain d 
in the four following Chapters. 


C HAP. VII. 


The fert Claſſis of Examples of the Reſolution aud Compoſition 
of Plane Problems, to wit, ſuch whoſe ConSirufiion may be 
perform'd by drawing only Kight and Circular lines. 


N which Examples, the Reſolution ends either in an Analogy whoſe three firſt Terms are 

right lines known, and the fourth gives the right line ſought z, or elſe it ends in a (imple 

Equation between the right line ſought, and one or more right lines known. What 

is meant by Mathematical Reſolutiom and Compoſition , I have hinted by Definitions in the 

beginning of Chap. 1. Book I. of this Treatiſe, and now I come to expound and illuſtrate 

the ſame by Examples, after I have recommended a few things by way of Caution and 
Direction to Learners. 

Firſt, Let the Analyſt take care to underſtand the import and meaning of a Problem 
propounded , leſt by rao much haſt he loſe his labour , rhe ins forward in cenſuring the 
Propoſer , when the fault is in himſelf, for many undertake to be Correctors of others, 
when they themſelves have indeed more need of correRion. 

Secondly, Foraſmuch as the moſt part of Problems propos d in Geometrical Figures 
have need of Preparation, let the Analyſt endeavour , before he begins the Algebraical 
Reſolution , to find out as much. as he can by the Synthetical Method, which proceeds by 
a Series of Conſequences deduced altogether from known Quantities ; and ſometimes 
it will be convenient to premiſe one or more preparatory Propoſitions to render the Reſo- 
lution of a Problem propos d, the more ſimple and intelligible. | 

Thirdly, When the Reſolution of a Geometrical Problem is begun, the like care muſt 
be taken to keep every ſtep thereof in the ſimpleſt Terms, for avoiding Equations of 
higher Powers than the nature of the Problem requires , eſpecially ſuch as exceed Geome- 
trical Dimenſions; for example, in the Reſolution of a Plane Problem, no Term of any 
Analogy or Equation ought to exceed two Dimenſians , viz. every Term muſt be either 
a right Line or a Plane, for is improper to introduce Solids in the Reſolution or Com- 
1 of a Plane Problem. * 1: : 

| Fu 


mm... / 
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out a Canon to direct how the Conſtruction of the Problem may be effected by the Qyanti- 
ties given, and then the Conſtruction being finiſh d to form a Demonſtration Synthetically, 
that may clearly prove the Problem to be fully ſatisfied. But although a Canon rightly 
found out by the Algebraick Art bids that only to be done which is poſſible , yer oftentimes 
in the Conſtruction even of a Plane Problem, ſuch objections will ſtart up againſt the 
poſſibility of the Conſtruction, as cannot be ſolved by any thing apparent either in the 
Canon, or in the propoſition of the Problem: As, it a plain Trieagle be to be made 
of three right lines, whereof one is rightly found out by Conſtractios according to the di- 
rection of the Canon, and the other two are alſo diſcovered by the help of Quantities 
given and found out , yet before a Triangle can be made of thoſe three right lines, it muſt 
be proved , that every two of them bring joyned together as one right line, are longer than 
the third; which Proof may happen to be a.more difficult work than the invention of the 
Canon : And therefore when any doubt ariſeth concerning the pollibility of any particular 
Conſtruction, and it doth not clearly appear whether ſuch Conſtruction can be done or not, 
an induſtrious Enquiry muſt be made to diſcover what is abſolutely neceſſary to be given 
or granted to make that poſſible to be done, which the Problem requires, or the Caron bids 
to be done: 2 which Search, oftentimes one or more Determinations or Cautions will 
be found neceſſary to limit the Quantities given in the Problem, that its Conſtruction may 
meet with no Impediment. Examples of Determinations will appear in divers Problems 
in this and the following Chapters. | 

Fifthly, After all neceflary Determinations are premis'd, and the Conſtruction of a Pro- 
blem is finiſh'd , it remains to demonſtrate that the Quantity or Quantities found our by the 
ConftruBtion will fatisfe the Problem: But the Demonſtration of the Solution of 4 Plane 
Problem, it irs Conſtruction be Algebraically found out in ſuch manner that no Term of any 
Analogy or GH in the Reſolution exceeds Geometrical dimenſions , may be formed by 
a repelition 


a Theorem may be formed by the of the Algebraick Reſolution in a direct order, 
that is, by proceeding forward from the beginning to the end of the Reſolurion. All which 
——————————— Reſolutions and Compoſitions of Problems in this and 
„ Ard i | deſire the Reader to take notice that in the Reſo/ation of 4 Pro- 
blem, I uſe the Hale lettets, 4, 3, „ 4, &c. aſſuming always ſome Vowel, as 45 
or e, &c. to repreſent a line ſought , and Conſonants, as 6, e, d, &cc. to ſigniſie lines 
wen or known : But in the C en of a Problem, that is, in irs Conſtruction and 
ration, I uſe the Ronan Capital letters, A, B, C, D, &. to expreſs; lines 
known, that the Reſo/xtion and Compoſition may be compared to one another withoae 


. , Py oblems I. | | Sr 

To divide a given right line into two parts which ſhall be in a given 

Reaſon , that is, one part to the other as two right lines given. 
' 10 C 6 

A — — , 1 | 2 5 

R 3 N — 

8 pe} 
Suppoſe. 
A Bohr line given to be cut into two parts. | 
- 5 the Terms of the given Reaſon of the parts fought. 


to find 
us ck ſach parts of AB, that AC4+-CB = AB, ao, 
5 & | 


C 
S . CB :: KR 
Re ſolution, 
5. For one of the pans ſought put . . + 


6. Therefore from 1* and 5* the other part is . «> | ww 
7. And according to the tenour of the Problem _ TT IT © 
pounded , e - 8. 9 . © 0 0 . k 


4. 
b — 4. 
7 


| Fuurthly , The Scope or aim of the Analyſt in ſolving a Problem muſt be, Gcſt, to find | 


the ſteps of the Reſolution in a ade order, that is, by teturning 
backwards from the end to the begjoning of the ation ; ani t Demeaſiraried of 
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8. Therefore by Compoſition of Reaſon converſe , _ FS 3: $6, « 


fin · d in Sett. 4. Chap. 3. 
Which laſt Analogy gives this 
CANON. 


9. As the ſumm of the Terms of the given Reaſon is to the firſt Term ; ( that is, whick 
of the two you pleaſe ;) ſo is che line given to be divided, to one of the parts deſited, 
which part fubtracted from the line given to be divided leaves the other part. 

10. Note. Although the Analogy in the ſeventh ſtep may be converted into an Equation, 

(iy comparing the Rectangle of the extremes to the Rectangle of the means, ) from 

which, after due Reduction, the Analogy in the eighth ſtep will ariſe , yet in Geo- 

metrical Demonſtrations , which require a Contemplation upon Schemes or Figures, 
an Analogy in right lines is more ſimple , and eaſier to be underſtood than an Equation 
between Planes, or Solids ; and therefore tis more uſual with Geometricians in their 
Argumentations, to proceed as much as is poſſible from one Analogy to another, by 
Compolition , Diviſion, and other ways of arguing about Proportions , ( defin'd in 
Chap. 3. of this Book, ) that at length an Analogy may ariſe, when there is a poſſi- 
bility , wherein the three firſt Terms are given to find a fourth Proportional , which 
gives the Quantity ſought ; but there will be very' often a neceſſity of converting an 
Analogy into an Equation , when known Quantities cannot be otherwiſe ſeparated from 
unknown, as will hereafter appear by variety of Examples. | 


Concerning the Compoſition of a Geometrical Problem. 


11. The Compoſition of a Problem conſiſts of two parts, to wit, Conſtruction, (or Deli- 
mation, ) and Demonſtration ;, the former finds out that which is required to be done 
or found out, and the latter proves that that which is done or found out will ſatisfie the 
Problem propounded. 


+ But before the Conſtruction be begun, if the Problem be not univerſal, ſuch Determi- 
nations (or Cautions) as are needful to limit the given Quantities, that the Problem may 
be poſſible muſt be annext to it, and the truth and reaſon of ſuch Determinations made 
manifeſt , for tis the Office of him that undertakes to ſolve a Problem to determine what 
can, and what cannot be done; and if that which is 7 be poſſible, then to ſhew how, 
and how many ways it may be done: Now the Algebraical Art is an excellent Guide 
to ſhew the way leading to thoſe ends; for firſt, the Canon reſulting from the Reſolution 
doth for the moſt part diſcover all ſuch Determinations as are neceflary to limit the given 
Quantities that the Problem may be poſſible, and directs alſo how its Conſtruction may 
be made by working only with given Quantities. And laſtly, if no Term of any Analogy 
or Equation in the Reſolution exceeds Geometrical Dimenſions, a Demonſtration of the 
Solution of the Problem may be form'd out of the ſteps of the Reſolution in a retrograde 
order , that is , by returning backwards from the end of the Reſolution to its beginning, 
But theſe things will beſt appear by Examples, and therefore I ſhall proceed to 


The Compoſition of Probl. 1. 
10 C 6 
— — B 


. 
12. AB is a right line given to be cut into two parts. 
13. R and 8 are the Terms of the given Reaſon of the parts ſought. 
Reg. to find 


14; AC and CB ſuch parts of AB, tha AC4-CB = AB. Alſo, 


SY I C8 :: R oo 
Conſtratt ion. 
16. Let it be made ( per Probl. 8. Chap. 5.) as R- S to R, ſo AB to a fourth Pro- 
portional line, which may be called L, therefore 


S „ AB bo 
17. From A B cut off AC L, which is poſſible to be done if A B be greater than L, 


but 
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but R -A- S the firſt Term of the laſt preceding Analogy is evidently greater than R 
the ſecond Term, therefore ( per Scho! Prop.14. Elem. 5.) the third Term AB ſhall be 
greater than the fourth L; and conſequently AC — L may be tut off from AB. 
That done, the given line AB is divided in the point C into two parts AC, CB; 
which will (atisfie the Problem For firſt, AC - CB = AB, and that AC is to 
CB as RtoS, | ſhall demonſtrate by a retrograde repetition of the ſteps of the Re- 


ſolution in manner following. 
I. . „ 8 AC. 
19. Becauſe by Confty. in 1. > RS. R :: AB 
t 
21. Therefore from 19% by taking AC inſtead of L,> R+S. R :: AB . AC. 
That is, in 89, (the laſt ſtep ot the 8 Þ „r. . 
22. Therefore trom the Analogy in 215, by Di- . 
viſien of Reaſon conver ſe,(defin'd in 8665.8. Cl. / C K. 8 AC 4 CB. 
„ 
Which was to be done. | 


. 4 22 4 = b — 4. 


Nete In forming a Demonſtration by à repetition of the ſteps of the Reſolution in 
a backward order, it muſt be obſerved as a perpetual Rule, That when in the Reſolution 
you paſs forward from one ſtep to another by Compoſition of Reaſon, in the Demonſtration 
you are to return backward by Diviſion of Reaſon; and when you paſs by Diviſion of 
Reaſon in the Reſolution, you are to return by Compoſition of Reaſon in the Demonſtration : 
alſo, Addition in the one, anſwers to Subtraction in the other. All which will be evident 


in the following P#oblems. 


Probl, II. 


To a given right line to add another right line, that the given with 
the added may have a given Reaſon to the li 
of the Reaſon muſt be greater than the latter. 


120 B 60 
A — . — — 0 
R —— — | 
8s — 
Suppeſ. 
AB : right line given to be increaſed. 


2. 3” _ 88 the Terms of the given Reaſon. 


% 10 
Reg. to find 

4. BC a right line, ſuch, that AB--BC ; BC :: R © S. 
| Reſolution. 
5. For the line ſought put 8 4. 
6. Which added to the given line 6 makes .> b-+4. | | 
7. Then according to the import of the Problem, > xr . s :: bbs. 4. 
8, Therefore by Diviſion of Reaſon, ( defin'd in 

Set. 7. Chap. 3.) 7-3 & YH TR 8 4 

Hence this 


2. „ #$ 2 © o. = 


Canon 


9. As the differente of the Terms of the given Reaſon is to the leſſer Term, ſo is the line 
given to be increaſed , to the increaſe ſought, 


The Compoſition of Probl. 2. 
B 


7 
* . 
— 
to 


Q] 
© gu rw 0 


ne added. But the firkt Term 


— Sm AIR 
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Suppoſe .. 
10. AB is a right line given. 
11. R and S are the Terms of a given Reaſon. 
12, Re S 
13. D = R—8. 
Reg. to find | 
14. BC aright line, ſuch, tht . . . AB+BC . BC :: R. S. 
Conſtruttion. 
15. Let it be made ( per Probl. 8. Chap. 5.) as 
D (or R—S) to 8, fo AB to a fourth pro- . 
portional line, call it T, therefore, . . . 
16, Let AB be continued to C, ſo, that „ BC = IJ. 

Now the line BC (or T) being found out by the help of the given lines, A B, R and 8, 
according to the direction of the Canon, we muſt ſhew that it will ſatisfie the Probl. therefore, 
17. Neq. demonſ ert. R. 8 :: AC. (AB BC.) BC. 

Demonſtr at ion. 
13, Becauſe by Conſtr. in 15˙ and 16%. , R—-S . 8 :: AB. BC. 
19. Therefore by Compoſ. of Reaſon, . . .} R <. S :: AC. BC. 
Which was to be done. : 

Note. In paſſing from the firſt ſtep of this Demonſtration , ( which is the laſt ſtep 
in the Reſolution , ) to the ſecond ; the Argumentation is made by Compoſition of Reaſon, 
becauſe in paſſing to the laſt ſtep of the Reſolution from the laſt but one, it was argued 
by Divifion of Keafon , agreeable to the Note at the end of the preceding Probl. 1. 


2 Probl. III. : 
To a given right line to add another right line, that the Difference 
of the given and added may have a given Reaſon to their Sunim. But 
the firft Term of the Reafon muſt be leſs than the latter Term. 


This Problem hath two Caſes; for either the given right line ſhall exceed the added, 
or the added the given. Firſt , let the given exceed the added. 
L 


B AB = 120 
A —— — — C FO = = 
D ——}— — H DF 83 
E = ; BC = 60 
Suppoſ, 
1. AB a right line given. 


the Terms of the given Reaſon. 


1 
2 
* 
e 


3. 7 . 
Reg. to find 
4. BC a right line, ſuch, that AB - BC . AB--BC :: FG 
Reſolution, - 

5. For the line {ought to be added put , .> 4. 
6. Therefore the exceſs of the given line b nos N 

the line ſougly ſhall be CCC 
7. And the ſumm of the given line and the _— j 

fought ſtall be . f ae, r e gs. ＋ . 
8. Therefore, according to the tenour of the Pro- | 

inn. Sf 41. boa 
9. Therefore by Compoſition of Reaſon, . . .> re. „ 2: 26 ; —4. 
10. And by doubling the Conſequerss, . . d e. 25 :: 26 . 264-24. 
11. And inverlly P <- +. + ta Air:: 26428, 2b. 
12. And by Diviſiqn of Reaſon , „„ „„ SS .. ad 
RS. - - - - - +». - > abt. tuft 22: od 
14. But a ſimple,quantity is to a ſimple, as the 

0 3 2b ; 24 


* DE. 


—4 . 


double of the fogmer to the double of the latter, 
o 
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15. And out of 13* and 14*,(per prop. II. lem. 5.) > . j—r :: 6 . a. 
Hence this | CANON. 

16. As the ſumm of the Terms of the given Reaſon is to their difference, {6 is the given 
line to the line ſought. Therefore the line required to be added to the given line, is given alſo. 

17. Note, The line — may eaſily be diſcovered by the Analogy in the ninth ſtep, 
where the three firſt Terms being known , the fourth is known by Conſequence ; and 
ſince that fourth Term is evidently compos d of the given line and the line ſought, the given 
line ſubtracted from that known fourth Proportional ſhall neceſſarily give the line ſought ; 
whence tis manifeſt , that the Argumentation continued from the ninth ſep to the 
of the Reſolution is not of neceſſity , but only to ſhew how the line ſought may be 
purely the fourth Proportional of an Analogy whoſe three firſt Terms are known, and 
conſequently the line ſought is known alſo: Which way of arguing by Analogies is 
more proper, (when it may be uſed,) than that by Equations, as hath before been hinted 
in Sect. 10, Probl. 1. of this Chapter. | | 


The Compoſition of Caſe x, Probl, 3. 
L B | 


AB =120 
A — | —] C FO 1 
D — — H DF am 383 
| SEM K = 60 
K — | BC = 60 P 
| Suppoſe 
18. AB is a right line given. | 
19. FG and DF are the Terms of a given Reaſon, 
20, FG DPF. 
Reg. to find | 
21. BC a right line, ſuch, that . AB—BC . AB+EC :: FG. DF. 


Conſtruction. 

22. Let it be made as DFA FG (that is, DG,) | a 
to DF — FG, ſo AB to a fourth proportional > DE-j-FG | DE—FG :: AB; K. 
line, call in R, Þ «- © +» + | bo 

23. Let AB be continued to C, ſo, tht ,> BC = K. 

24. Now the line BC, or K being found out by the help of the given lines AB, DF, FG, 
(according to the direction of the ¶ anou,) we tnuſt ſhew that it will ſatisfie the Problem, 
viz. that the difference of A B and BC is to their ſumm, as FG to DF; but this 
Analogy, (after I have premis'd a few things to contract the Demonſfration, ) I ſhall make 
manifeſt by a repetition of the ſteps of the Reſolution in a retrograde order ; that is; 
by returning backwards from the end to the beginning of the Reſolution. 

Prepar. 1 

25. From AB cut off AL = BC = R, which 
is poſſible to be done, for the firſt Term of 
the Analogy in 22* is evidently greater than , L = BC h : 

the ſecond, and therefore (per Schol. Prop.14. To , _ 
Elem. .) the third Term AB ſhall be greater 
than the fourth K, or BC; ſuppoſe therefore | | 

26. Thence it follows tht , . . . „ LB = AB - BC, 

27, Let DF be continued to H, fo, that „ DF = FH. 

28. From DF cut off FE=FG, which is poſli- 
ble to be done, for by Smppoſition in 20% > FE = FG, 

DF — — 8 f 

29. Therefore by ing the laſt Equation n 1 
from that in 27%, „„ 6 "> DE = GH = DF — FG. . 

30. . Req. demonſtr, . ; FG . DF :: AB-BC ; AB+BC :: LB , AC; 


31. By Conftr. in 22* and 23%, . „„ DF-+FG ; DF-FG :: AB: BC. 
Thac is in 15,*(the laſt ſtep of the Reſolution,)> Ir. , :: . 4: 
32. But there is the ſame Reaſon of the double boy 
to the double, as of the ſimple to the baute 2AB ! zBC : AB ; BG, 
Ff 2 Thar 


4 


. core, © GS SS: <A; 


= 
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36. Therefore inverſly, . . -» +» 


33. Therefore out of 31* and 32*, 


2 7 24 . 
35. Therefore by Compoſe of Reaſon, > . 2DF .DEF-|-FG :: zAB+2BC. 2AB. 


That bs Jie the 14* ep, « 5 28 o 28 „ #8 « 4. 


DF FFG. DF- FG :: AB B 
( per Prop. 11. Elem. 5.) + + B+ a «DC. 
That is, in the 130 ſtep, . «> r. gr :: 26 26. 


34. Therefore inverſly, . «. « +> DF- FG. DF-|-FG :: 2BC . 2AB. 


That is, in the 12" ſtep, | « > + 5—r 4 r 26, 

» % +. gr © 2 

DF-+FG . 2DF :: 2AB . 2AB+2BC. 
„. „%% „ „ 


That is, in the 110 ſtep, , . » 
That is, in the 10 ſtep, . . » 


quents in the 36 ſtep, . . . 


P 
” 
P 
27. Therefore by halving the _— DFG. DF :: 2AB . AB-{-BC. 
7 


39. Therefore from 38“ and 35" 2 1 0 


That is, in the 95 ſtep, nals 4 


„ | 4. 
38. Therefore by Diviſion of Reaſon, > > FG . DF :: AB-BC, AB4+BC. 


— ea 3” tp, - . -P eo#f. © # 1: ba . b+ a. 


( per Ax. 6. Chap. 2.) AG 


Which was to be Dem. Therefore the Problem is ſatisfied. 


40. Note. Under every ſtep of this Demonſtration , I have ſet the correſpondent ſtep of 


the Reſolution, that the Learner having reſpe& to the Note at the end of Probl. 1. of this 
Chapter, may clearly perceive how the Demonſtration is form'd out of the ſteps of the 
Reſolution in a Retrograde order , that is , by returning backwards from the end to the 
beginning of the Reſolution , for the firſt ſtep in the Demonſtration anſwers to the laſt 
in the Reſolution, the ſecond in the Demonſtration , to the laſt but one in the Reſo- 
lution, and ſo backwards in the Reſolution , until the Analogy that was firſt aſſumed in 
the Reſolution be politively and infallibly proved to be true. But after the Demonſtration 
is in that manner diſcovered , the Algebraical ſteps muſt be omitted: So when the fore- 
going Demonſtration beginning at the 3 ſtep, is freed from the Analogies expreſt by 
the ſmall Iralian letters belonging to the Reſolution , and contraſted by the help of the 
Preparatory Equations inthe 26" and 29 ſteps, reſpect alſo being had to the Diagram, 
there will ariſe this following | 


L B 
| A- 5 [- C 
Demonſtration, D — — .— H 
E EF 6 
K 
41. Becauſe by Conftr.in22*and23%> DG . DE:: AB . BC. 
42. And by prop. 15. Elem. 1. „ .2AB . 3BC :: AB BC. 
43. Therefore, per prop. 11. Elem. 5. > DG . DE :: 2A B ., 2BC: 
Sy, . - - o 06 2BC . 2AB. 
45. And by Compoſition, . . « .> 2DF . DG 2AC., 2AB. 
g6. And javerſly, . - . . - + DG .2DF :: 48. 348 
47. And by halving the Conſequents, > DG . DF :: 2AB AC. 


48. Wheretore by Diviſion of Reaſon, > FG , DF :: LB . AC, 


Which in 30% was Re 


dem. 
49. Thus you have ſeen the lt Caſe of Probl. 3. effected and demonſtrated Synthetically, 


or by way of Compoſition, which argues altogether with known quantities ; but the 
ſubſtance of the Compolition, to wit, the Conſtrultion and Demonſtr ation , was found out 
Analytically, or by way of Reſolution, which from an Aſſumption of the quantity 
ſought as if it were known or granted, together with the help of one or more known 
2 proceeds by Conſequences , until in Concluſion the quantity ſo aſſumed or 


eigned to be known, is found equal ro ſome quantity certainly known, and is therefore 
known alſo. 


But it may be objected „that Demonſtrations formed by the ſteps of Algebraical Re- 


ſolution are for the moſt part rude and prolix; this I grant, but experience ſhews , that 
a Bemanſt rat ia (0 found out may — be eaſily — , or, at leaſt, give light 
to find out others more ſuccin& and elegant. And fince my purpoſe is, to ſhew the Learner 
a geberal and ready way of forming the Demonſtrations of ſuch Theorems, and Solariens 
of Problems as he finds out by AI 14, when no Term of any Analogy or 


Equation 
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Equation in any ſtep of the Reſolution exceeds Geometrical Dimenſions , 1 ſhall very 
ſeldom digreſs from the ſteps of the Reſolution. 


T he Reſolution of Caſe 2. Probl. 3. 
In this Caſe the line ſought is ſuppos d to exceed the given line A B. 


50. For the given line A B put (as before) Þ. 6. 
51. And for the line fought, . +> 4. 
52+ Therefore the exceſs of the line ſought 4 
above the given is 3 
53. And the ſumm of both lines is . : > : 
54+ Therefore, according to the tenour of 1 N 241 
Probl. 3. this Analogy ariſeth, 'S: - 8 33 g—#. ao 
55. Therefore by Compoſition of Reaſon, > 3 „ 5 % . bo 
56. And by doubling che AG age > „r. 28 :: 28 . 24+ 26. 
57. And inverſly, . . 9. 28 «+» $+r :: 284-26 , 24. 
58. And by Diviſion of Reaſon , X > 8$— :: 26 ; 24 
9. And becauſe there is the lame Reaſon 
of the (imple to the ſimple, as of 0 „ ©: „ % „%% „„ 
double to the double, therefore 
1 * and 555 » (por prop. mo -r +8þr:: b 
Hence this 


* a 


CANON. 


As the Difference of the Terms of the given Reaſon is to their Summ ; ſo is the given 
eie, to = wp ſought, Therefore the line required to be added to the given line, 
a 


is given 
The Compolition of this latter Caſe 3 but little from the former, I ſhall leave it 
2s ap cxcerciſe to the Learner. 


_— — 


. Proll. IV. 


The difference of the extremes of r — right lines thing 
given, as alſo the ſumm of the mean and leſſer extreme; to find the 
Proportionals. | 


— 
—_ 


Reſolution. 
5. For the leſſer extreme Proportional put . 4. 
6, Therefore oat of 3* and 5 err 444. 
7. And from 4 and 5*, the mem is > OC —4, | | 
8. r - 4 . 44 2: £—8& +4. 
9. Therefore by Compoſition of Reaſon, . . . 6e. „ 2 „ 4 
10. And alternately, „ 5 22-4 4. 
It. Wherefore by Compoſition, d © 4 > Ac. 8 & 1 3-4 


Lience this CANON. 
ot 
12, As the ſumm of the difference Ache ene K the double ſumm of the mean and 


leſſer extreme, is to the ſumm of the mean and leſſer extreme f Þ is the laſt mentioned 
lamm to the leller extreme. Therefore the leſſer extreme ſought is given. 


13. Aſter 
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1 3. After a Canon is found out by the Algebraical Art, it may be propounded in the; — 

„f a Th a Theorem, whoſe — may be 1 a m—_— of the wy of the 

Reſolution in a direct order, (not in a retrograd —_ — from — 
beginning to the end of the Reſolution; as for — the 1 
be propos d in the form of a Theorem, and demonſtrated thus. 


THEOREM 1. 


14. If three right lines be Proportionals, the ſumm of the mean and leſſer extreme, ſhall 
be a mean proportional between the leſſer extreme, arid the ſumm of the difference of the 
extremes and the double ſumm of the mean and lefler extreme. 


G 1 
M — — 6 
L 4 
D F 
C — w— 10 2 
FE — * — ”» 35 
Suppoſe 
ts. G, M. L +>, ve. G. Mn M. I. 
16. G = L. 


Prepar. 


17. Make D = G — UL, therefore D + L = 
18. Make C = M L, therefore C — L. =— 
19. Make F =D +:C S G+z2M+L 


Reaſon, . 


26. 6 .* » Reg. demonſtr. P . 0 . wW 7 F . C 32 C L. 
Demonſtr ation. 
21. . By Sap; in 15%; 1 * 4 „ 0 
22. ore out of 17 187% 21*, by _; 1 
ie right lines D+L.C—-L:;C-L, L 
That is, in 8*, ( the firſt Analogy inthe 44. 4 8.7 
| . k * 41 — 4 : — 4 4 
43. Therefore 88“, by centre f2 Dag ESO: 1 
„ . + of ds, (nan „ © 
24. Therefore alternately, „„ %% i CEL. I. 
That is, in 10“ « > „ „% D . 4 22: „ «© &t 
25. Therefore b Compeſttion , — 5 C. C C „I. 
26. But by C d 19% 0 „„ F=DB 2 C. 
27. Therefore 25 and 26, 3 * 5 . 


Which was to be Dem. 
But that Demonſtration, after the letters of the Reſolution are caſt away, may be com- 
pendioufly reduced unto this that follows , reſpe being had to the Swppoſitions and Pre- 
paration in 155 1617, 18*, 199, 


28. |} » Reg. demonſir, , . . . GM fL. ML:: MEL; L. 


Demonſtration. 
29. —_—— __ 1 :: M L. 
30. Therhe by by Compoſitim, « . „ GM 8 
Ac. ay randy, * Le ed P S + +L 7 35 
32. Wherefore n 5 2 . L « 
Which was to be Dem. | + 
- Hence ariſeth pl 


THEOREM :. 


AA 8 8 
a mean Proportional een extreme, a aggregate of the ſumm 
of the extremes and double ſumm of the mean. , 


The 
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D pen 23-7 F 
Cc — 10 
—— 4 
M ——— 6 
G — — . 
Swppoſ. f 
34. D — the difference of the extremes of three Proportionals is given. 
35. C = the fumm of the mean and leſſer extreme is given. 
Reg. to find the Proportionals. 
Conſtrultion. 


36. Lat it be made (by Probl. 7. Chap. 5.) as 
DCC, 1 DFC. C:: C „ I. 
line, which ſuppoſe to be found L, therefore, 

37. By which Analogy, (and per Schal. Prop. 14. 
Elem. 5.) the mean C is greater than L, therefore 
find a right line M equal to C- L, thence 
1 TT /ôÄÄ r 

38. Find a right line G equal to D- L, therefore, > G — L = D. 

39. So by the help of the given lines D and C, according to the direction of the Canon 
in the preceding twelfth ſtep, three right lines are found out, to wit, L, M and G, 
which thall be the three Proportionals required, Now we muſt ſhew that they will 
ſatisfie the Problem. Firſt then, tis manifeſt by Conftruttzon in 3 87, that the di e 
ot the extremes G and L is equal to the given difference DO. Secondly , by Conſtruction 
in 37*, the ſumm of the mean M and the leſſer extreme L is equal to the given ſumm C. 
It remains only to prove that the ſaid G, M and L. are viz. that as G is 
to M, ſo M to L,; but this Analogy may be made manifeſt by a Repetition of the ſteps 
of the preceding Reſolution in a retrograde order, that is, by returning backwards from 
the end to the beginning of the Reſolution , in manner following, | 


MLS c. 


40. + - » . „ GO „ine MEL 

41. Becauſe by Cenſr. in 36%, « +» « . .» D+:C.,C:: C 
That is, in 115, (the laſt ſtep of the Reſolution,) >: d4j-2c e:: © 

42. Therefore by Diviſion of Reaſon, ..'., , > DIC . C:: C1 


That is, in the tenth ſtep, ss 
43. Therefore alternately, « . 
That is, in the nimh ſtep, sr 
44. Therefore, by Diviſion of Reaſon, . . . 


P 

* 

4 „-:: „ 
That is, in the eighth ſtep, . * 5 


. I. 
>. & 
y 3 
Te. „ 2: £8 © to 
D : . 
4＋e >. <& 
D L US . 4 
* ee 3 — Lap &. a 
45. And becauſe by Confir. in 38* and 37* R = ſo, M=C—L. 
46. Therefore ous of 44* and 45*, by exchangingg G M. u 1 
equal right lines . : ; *: Fay 


Which was to be Dem. And therefore the Problem is ſatisfied. 

| Another way of reſobving the foregoing Probl. 4. ' 

. The ſame things being ſuppoſed and given as before : 
N of this Prahl. put 4 for the men 4 = M. 

a 0 USE, 6c +9) af « 

48. herefore our of 4* and 47* 1 lefler extreme ſhall be > 6— 4 (= UL. ) 
49+ And by adding & the given difference oi the cxaremes 
+ = > ny — the greater emreme > 4. ms (= G) 
30. T herefore according to the tenour of the Probl. - this 


. ee Od dirs, 4 : 4 10-4 
Analogy ariſeth out of 47 48*, 4% 
51. 1 by Compoſition of Reaſon , . * * . 2 . a 22 C . C—4, 
52. And alternate, re. % n 4 64 
. . . 0 do 72 824 „ 4. 
8 - a vc 


53. And i 1s. © 
54+ Therefore — Rpaſon , 


* 
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Which laſt Analogy gives this CANON, 

55. As the aggregate of the difference of the extremes and the double ſumm of the mean 
and leſſer extreme, is to the aggregate of the difference of the extremes and the ſumm 
of the mean and leſſer extreme; A is the ſumm of the mean and leſſer extreme to the mean. 

Therefore the difference of the extremes of three Proportionals being given, as alſo the 
ſumm of the mean and leſſer extreme, the mean ſhall be alſo _ y the Canon laſt 
expreſt. The Demonſtration whereof , and the Compoſition of the Problem according 
to this latter way of Reſolution being very eaſie, I ſhall leave the ſame to the Learners 
exerciſe, 


Probl, V. 
The ſumm of the firſt and ſecond of three pm pr being _ 
as alſo the ſumm of the ſecond and third, to find the Proportionals. 
Suppoſ. 
1. L, M, N are ; vi. L. M:: M. . 
2. 6 = L + M is given. 
3-c = M+N is given. 
Keg. to find L, M, N. 
B - — — ä — 15 
8 — — 10. | 
L _ 
M — 6 
1 
Reſolmtion, 


4; Put @ for the ficſt Proportional ſought, viz. 5 hy 
/ A * 
5. Therefore out of 2* and 45, the mean is .> 6 — 4 ( M.) 
6. And by ſubtracting the ſaid mean b — & 
from the given ſumm c, the remainder gives E- (g= N.) 
the + op nn 3 1400 * 
7. Therefore ( according to the Prob/.) t 8 Yn 
„ „ . 4 
8. Therefore inverſ . . . . . 4 


9, And by Compoſition of Reaſon 3 5 b s 6-7 c b — &. 
10. And alternately, . DES . * . . b 2 6E 33 4 . þ = & 
TE ⁰ PPP 
12. Therefore by Campeſition of Reaſon, . .> be . 6 b 6 oh 


Which laſt Analogy gives this CANON. 


13. As the aggregate of the ſumm of the firſt and ſecond Proportionals and ſumm of the 
ſecond and third, is to the ſumm of the firſt and ſecond; ſo is the laſt mentioned ſumm 
to the firſt Proportional. | 5 | 

Therefore if the ſumm of the firſt and ſecond of three jonals be given, as alſo the 
ſumm of the ſecond and third, the mean ſhall be alſo given by the ſaid Canon, whence alſo 
= THEOREM. | 

14. If three right lines be Proportionals , the ſumm of the firſt and ſecond is a mean 


Proportional, between the firſt , and the aggregate of the ſumm of the firſt and ſecond, 
and ſumm of the ſecond and third. 


Which Theorem may eaſily be demonſtrated by a repetition of the ſteps of the Reſolution 


in a dicect order, atter the manner of demonſtrating the Theorem in 14* of the foregoing 
Probl. 4. but for brevity ſake I ſhall leave the Demonſtration to the Learners practice, 
and proceed to the Compoſition of Probl. 5. 


The Compoſition of Probl. 5. 
Suppoſ- ba 
= the ſumm of the firſt and ſecond of three Proportionals is given. 
16. C == the ſumm of the ſecond and third Proportionals is given. 1 
04+ 
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Reg. to find the Proportionals. [ In the preceding Diagram, ] 
17. By Probl. 7. Chap. 5. let it be made as B - C to B, ſo B to a third Proportional, 
ſuppdſe it be L, therefore an 
Denen 10006 4G 
18. Make M= B—L, whence LM B, but that BL, as that effeRion 
requires, is manifeſt by Conſtruction in 17*; for B- C the firſt Term of the Analogy 
in 17* is greater than B in the ſecond, and therefore ( per Schol. Prop. 1 4. Elem. 5.) 
the third Term, which is alſo B, ſhall be greater than L the fourth, therefore 'tis pollible - 
to cut off from B the right line L, and a right line will remain, which may be called M. 
19. Make N=C|-L—B, which is poſſible to be done if C LB, but that 
CTL, I prove thus, 
„„ - a +. e EEE 
Therefore (per Schol. Prop. 25. Elem.5.) B+ C|-L = 2B. 
And conſequently, by equal ſubtraction of B, C+L & B. 
Which was to be proved. Therefore tis poſſible from the ſumm of the right lines 
C and L tocut off the right line B, and a right line will remain, which may be called N. 


20, I ay L, M and N are the three Proportionals required. Now we muſt ſhew 
that they will ſatisſie the Problem. Lf 
21. Firſt then, the ſumm of the right lines L and M is (by Conftrution in 18˙,) equal 
to the given ſumm B. | | 
22. Secondly , that the ſumm of the right lines M and N is equal to the given ſumm C, 
I prove thus, 
By Confir. in 18%, ... „ MEE B-L | 
And by Cenſtr. in 19. NS C+L—B. 
Therefore by adding the two laſt Equations together, MN = C. | 
Which was to be proved. It remains to ſhew that the ſaid three right lines L, M and N 
are Proportionals , but that will be made manifeſt by the followi monſtration, which 
is formed our of the preceding Reſolution by a repetition of the ſicps thereof in a retro- 
grade order, 2d. by returning backwards from the end to the beginning of the Reſolution. 


„ | - - KR 33 ee 35 bo BUR TzSS 
Demonſtration. 


24. Foraſmuch as by Contract ion in 19% e BEC. B :: B . I. 
That is, in 125, (the laſt ſtep of the Reſolut.) > be. 6 +. = 

25. Therefore by Diviſion of Reaſon, . ©. C X B-L.. I. 
Son iu BE... © +. o oe » i 63— 34. & 

26. Therefore inverlly, . - . „58 „„ & = L . BI. 
That is, in „„ 5 29 0 8 PN 

27. Therefore alternately, . . , -» - © as C . B—L, 
TTV 4 828 & Bon 

28. And becauſe by Conſtruttion in 18%, . .> . » M = B-L 

29. Therefore out of 27* and 38%, . . 3 . I. 8 

30. And becauſe it hath been proved in 180 that . . . B c L. 

31. Therefore out of 290 by Divsſion of Reaſon, > B-L . I. CM. M 
That is, in 8*, WW in. 4 — 4 A 


32. Therefore inverfly, . . .' , » R 
c „ 5 oo bd ot ” 
33. But by ( onſtr. in 18˙ 50.71 8 -P . . a M — A 
34. And by what hath been proved in 22, N= C— M. 
35+ Therefore out of 32*, 33* and 34*, . >. L « M:: M. N. 
Which was to be Dem. and therefore the Problem is ſatisfied: 


Another way of reſolving the foregoing Probl. 5. 


36. The ſame things being given and ſuppoſed, as before in 15, no 
2*, ;* , put 4 for the mean Proportional ſought, viz. . 8 eng 
37. Thereiore out of 25 and 36*, the firſt Proportional ſhalfbe > b — 4 (= L.) 
38. And out of 3*® and 367, the third Proportional (hall be .> c—#4 (= N.) 
a r G g 39. There- 


— 
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39. Therefore out of 36*, 37* and 3857 according to = "Tp 


A 52 4. C4. 


tenour of Probl. g. 3 KY 
40. Therefore inverſly, . . 5 + «© © - + ©» «> 4 . b—4:: c—4. 8 
41. And by Compoſition of Reaſon, « « . „ b . b—a:: c . a 
EE + - +» 0. © + -. o® © o.C b—a. 4 
43. Wherefore by Compoſition of Reaſon, «© . „ e. c b . 4 


Which laſt Anal ives this 
NY CANON. 


44. As the aggregate of the given ſumm of the brit and ſecond Proportionals, and the given 
ſumm of the ſecond and third, is to the ſumm of the ſecond and third; ſo is the ſumm 
of the firſt and ſecond, to the mean Proportional ſought, 


Which Canon, if it be propounded in the form of a Theorem, may be demonſtrated by 
a repetition of the ſteps of the Reſolution in a direct order. But leaving that and the 
Compoſition of Prob. 5. according to the latter Refolution , to the Learners exerciſe, 
I thatt demonſtrate the following Theorem by a repetition of the ſteps of the Jatter 
Reſolution in a retrograde order. 
THEOREM. 


45. If three right lines be ſuch, that the aggregate of the ſumm of the firſt and ſecond 
and ſumm of the ſecond and third, is to the ſumm of the ſecond and third; as the ſumm 
of the firſt and ſecond, to the ſecond : thoſe three lines ſhall be Proportionals, viz. As 
the firſt is to the ſecond , ſo is the ſecond to the third. 


Suppoſ. 
46. L, M, N, are three right lines. 
47. B = LM, whence B— M= L. 
48. C = MN, whence C—M = N. 
235 


49. 34 C . C :: M. 

L — — : 9 — 

M — — — 6 

1 4 

B —.— — * — 8 

1 — — 10k 
50. +» Reg. demomffr. L, M, N are , vis 1. M:: M. N. 

Demonſtr atmox. 

51. Becauſe by Sappeſ. in 199. , BYE. C B . M. 
52, Therefore by Diviſion of Reaſ n „ CBM. M. 
$3. Mr es. BM: C. M. 
54. Therefore by Diviſion of Reaſon, . S M. B-M:: C-M. M. 
Za eren 
56. But by Suppoſ. in 47* . "WEE" > or 5 4 * L — B— M. 
57. — be 4 EST co oo + «os ot a N= CM. 
58. Therefore out of 55 56* and 35% „ L. M :: M. N. 


Which was to be dem. 


Probl. V "1 


The difference of the greater extreme and mean of three Proportianals 
being given, as alſo the difference of the mean and leſſer — to 


find the Proportionals. But the firſt diſſerence muſt be greater than 
the latter. 


n 8 
Ts 2 9 are =, Uh » Rt 2 KR oe 8. 
2. De R. 1 
3. b = Q—R is given. 
4 £ = R — 8 is given 
Reg. to find Q., R, S. 


— — 
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— — 25 
KKR Uü᷑ͤ— RI — 'N 
8s ————_p_On__—" 
B 1 5 
6 — 
Reſolution. CF 
5. Put à for the mean Proportional ſought ; vid. 5.4 R 
6. Therefore out of 3* and 5*, the greater extreme ſhall be > 4-|-. b-(= Q.) 
7. And out of 4* and 5*, the leſſer extreme ſhall be. . 4 — (= S. ) 
8. Therefore out of 6*, 55 a , this Analogy will —_— 1 | 
— to the import of the Problem, ) . ab. a 4244. 
9. Therefore by Diviſin of Reaſon, nm, ( 4 :: . Ac. 
10. And alternately, . > +. © :oe ef Q 
11. And by Corverſan of Reaſon, „„ 520. of ER ne 31S 6 
12. And inverſly , „ „ne recs. «ES 


$$. 
— Which laſt Analogy gives this | 
CANO N. 


1 25 As the exceſs by which the given difference of the greater extreme and mean exceeds 
the given difference of the mean and leſſer extreme, is to the difference of the greater 
extreme and mean; ſo is the difference of the mean and lefler extreme, to the mean o: 
portional ſought , whence the extremes will be eaſily diſcovered. 


Which Canon, if it be pr pr opounded in the form of a' Theorem, may becaſily demon- 
ſtrated by a repetition of the ſteps of the Reſolution in a direct order; but leaving that 
to the Learner's practice, I ſhall demonſtrate the following Theorem by a retrograde repe- 
tition of the ſteps of the Reſolution. 

THEOREM 1. 


14. If three right lines be ſuch , that the exceſs by which the exceſs of the firſt above the 
ſecond exceeds the exceſs of the ſecond above the third, be to the exceſs of 
above the third, as the exceſs of the firſt above the ſecond. i is to the ſecond ; then thoſe 
three right lines ſhall be Proportionals, viz. As the firſt is to the ſecond , ſo the ſecond 
to the third. 

Suppoſe | 

15. Q, R, 8 are three right lines. 

16. Qcc . 

I7-R © 3 

18. 'B3=>: QW = R, whence Q = B R. K 

19. C=R—S, whence 8S = R — C. d 

20. B — C . C 2 BD R. 


21194) | Regs dente R, S are , vi] W R 21 R 2 8 
Demonſtration. ys. 
21. cBecauſe by Suppoſt in 20 „ i» B-C.:C :: 3. R 
23. Therefore — 4 + „ „ | 6: GT rs 
244% * And inverſly, „„ „%% 0@& iW-4 > B * B--C * © R. 10. 
25. And by — of Reaſon, I :> B.. : Gaze . 
e 1 1 „„ „„ * 3. 1 $4 3 2 
2 4 And C fe. Reaſon, „ © © B+R * g 22 = | 
18 by See n 18. Ty 8 x - £Q = B +R 
— +— by ' Suppoſe in 1975 c is 8 R-. 
30. Therefore out of 277 , 28 and 55 * 7 Q RN R: 8 
of equal right lines , =. „ & VY of” ker | 


Which was to be Dem. 
, The Determination. annex d to Prob/. 6. to wit, That the given difference of the 
extreme and mean muſt be greater than the given difference of rhe mean and leſſer 
e is diſcovered by the preceding .Canon in 137, and js neceſſarily to be-preſcribed 
for limiting the la the laid differences, that they may be * of W the Frablem, 
28 will be manifeſt by the ſubſequent | 


Ge 2 | LEMMA. 
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LEM A. 
32. If three right lines be Proportionals, the difference of the greater extreme and mean, 
is greater than _ difference of the mean and leffer extreme. - 
Ss | 
33. Q R, * vs. R :: R 8. 
34. Qc R, and conſequently, R c= 8. 
35. B Q. whence r 


36. C = R- 8, whence R — C 8. 
Cy ach 3 25 
KR — — 90 
323 — — 16 
B 5 
37. » * Reg. Amer. „45 C. 
. Demonſtration * | EI 
8. Becauſe by S. in 335, 5 *» % « 22 . 
— And 6 Sppſ 35? and 36%, . . + « .> B -R = Q. And R-C=S 
40. * out of 38 and 39*, - „ ow R :: R. R-C. 
41. And by Diviſion of Reaſon 3 - ® . «> N . = 27 C „ R. 
42. But Rr R — C, therefore from 41* ; » (po — C 
Schal. prop. 1 4. Elem. 5.) 7”) has - 


Which was to be Demonſtr. 
The Determination being demonſtrated , I ſhall procecd to 


The Compoſition of Probl. 6. 


43- B = the ret ifference of the greater extreme and mean of three Proportionals is n 
44. C the difference of the mean and leſſer extreme is given. 
45. B C. ( Determination. ) 

1 Neg. to find the Proportionals. 

B — — 5 

C 4 
* —_— 
R 8 
8 


uw _— 20 
— 16 


eee 
46. By Probl. 8. Chap. 5. let it be made as B—C to B, fo C tou fourth Propertiona 
which may be called R, 1 8 
V2 
which hunk Projiertions R (ball be preater chanthe third 0. becauſe the ſerond B 
is greater than the firſt BC. 
47. Make Q = R + B; whence, Q — R'= B. 
48. Make S = R—C, whence, 282 6. which edge is pollible, for 
by the Analogy in 46*, ie is manifeſt that RC CGS. 
49-1 ay Q, R and 8 are the three Proportional quired : Nom we mult ſhow tha 
Risequal to the given difference B; ſecondly, by Conſir. in 48*, the exceſs of R above S 
i equal to the given difference C. So it remains only to prove that Q, R and $ arc Pro- 
prnpaye ln ih coker , vic. Q. R:: R. 8, bur that manifeſt by the 
Demonſtration , which is form'd out of the preceding 
dition of the ſteps thereof wer eau 


» by repe- 


50. Reg. demonſn, . «. « « + „ 
51. Becauſe by Car. in 46* , which anf he 
eee wi tn w ny, CB ©. 


53. Therefore innerſly, mort Bong ob a C2 
Aril by Carverſion of Reaſes, , 9 nn . 
5+ And ternately , > '2 0 ©» © „ „„ Þ 11S :23 Cizher Co 


x 35. There- 
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55. Therefore by Compotion of Aſs ox BTR. R:: R. RC. 
56. Bur by Confty. in 47”, 9 . „ Geenen 
$7. And by Conftr. in 49 P77 RS 
55. Therefore out of 55, $69, 57 . 5 N :: R. S 


2 
Which was to be dem. therefore that is done which was required by Probl. 6 
Another way of reſolving the foregoing Probl, . 


59. The lame things being given and ſuppoſed as before 
— nf * 3,4 of — — for the leſſer extreme > 4. 
of the three Proportionals ſought , put 
60, To which lefler extreme you add the givendil-2 
ference e, it makes the mean, - _ . x re. 
61. And by 8 the given difference þ to the mean 4446 
it gives the greater extreme , to wit, 2 ; 
62, Therefore according to the import of the Problem, 


theſe muſt be Proportionals , viz. . 4. e e. eil. 
63. Therefore inverſſ ., . . . A 41 4 2: a+i+Þ . Ac. 
64. And by Diviſion of Reaſon, .. . « « . . & tt: b a6. 
65. And by altern and inverſe Reaſon, . . . .þ b e :: e. 4. 
66, Wherefore by Diviſion of Reaſon, . « . «+ b-c. e „ & 


Which laſt Analogy gives this CANON. 


67. As the exceſs whereby the given difference of the greater extreme and mean exceeds 
the given difference of the mean and lefler extreme, is to the difference of the mean and 
leſſer extreme; ſo is the difference laſt mentioned, to the leſſer extreme ſought : whence 
the mean and greater extreme are ealily d diſcovered, 


Probl, VII. 


The difference of the extremes of three Proportionals being given, 
as alſo a right line whoſe Square is equal to the difference between the 
Square of the mean and the Square of one of the extremes, to find the 


Proportionals. 
Suppoſ. 
1. N, M, L are ; we N. M:: M . I. 
2. Ne- I. | 
3. 4'= NEE: is given, | 
4 © = Ne M-: is given, and conſequent ; 
5. DOM—DL is given. 
Reg. to find N, M, I. | | 
N — — 25 
M — — — 20 
L — 16 
D — -.9 
C - 12 
Re ſolution | 
6. Pur «ffor the leer. extreme fg, vis. . . 1 — 


4 Therefore out of 3* and 6*, the Min aid hell be . -> ad (= NJ) 
8. And out of 6* and 7*, the Rectangle contained under the 9 2 
tremes, or the Square of the mean, is equal to 

9. And ous of 6“, —— 32 LI he 

10, Which being ſubtraſted from 44. - da, (to wit, 7 
from-the Square of the mean) the remainder ſhall be the dite. d. 


the aid Squares, viz 
1. W . difference laſt mewioned mult be equal to the given? 4 = K. 
12. Wii £ Equation may be reſolved imo this Analegy:, , be 4 
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Hence this CF Pp CANON. 

13. As the given difference of the extremes, is to the given right line whoſe Square is equal 
to the difference of the Squares of the mean and lefler extreme; ſo is the ſame right line 
to the lefler extreme ſought. yy” 

r thus , 


'As the given difference of the extremes, 1s to the given right line whoſe Square is equa] 

to the difference of the Squares of the mean and greater extreme; ſo is the ſame right 
line to the greater extreme ſought. 

Hence this THEORE AM. 

14. If three right lines be Proportionals, the difference of the Squares of the mean and 
leſſer extreme is equal to the Rectangle contained under the difference of the extremes 
and the leſſer extreme. 

Or thus, 


The difference of the Squares of the mean and greater extreme, is equal to the Rectangle 
contained under the difference of the extremes and greater extreme, 


The Compoſition of Probl. 7. 
Suppoſ. | | 
15. D = the difference of the extremes of three Proportionals is given. | 
16. C = aright line, whoſe Square is equal to the difference of the Squares of the mean 
and leſſer extreme is given. ns 
Reg. to find the Proportionals. 


N — . . 
M — — 20 
L a — — 16 a 27 1211 
D 2— 9 0 11400 Sf! 
C 3 — oe 12 

Conſtrultion. 


17. By Probl. 7. Chap. 5. let it be made as D to C, ſo C io a third Proportional, which 
ſuppoſe to be the right line — , therefore , * < x 
C . © > 


18. By Probl. 2. Chap. 5. find a right line, as M, ſuch, that its Square may be equal to 

the Square of L together with the Square of C, therefore, IG: 
MS OLC; 
And conſequently, OM—oL = oc. 

19. Make N= LD; whence, N —L —D. | 

20. I ſay N, M and L are the three Proportionals required. Now we muſt ſhew that 
they will ſatisfie the Problem. = 

21. Firſt then, by Conſtruction in 19, the exceſs of N above L is equal ro D the given 
difference of the extremes. ; 

22. Secondly, the exceſs by which the Square of the mean M exceeds the Square of the 
leſſer extreme L, is (by Conſtr. in 1 8®, ) equal to the Square of C, to wit, the given 
difference of the Squares of the mean and lefler extreme. | 

2 3, It remains only,to prove that the ſaid three right lines N, M and L are Proportionals, in 
this order, viz. As N is to M, ſo M to L; But that is made manifeſt by the ſubſequent 
Demonſtration , which is formed by a retrograde repetition of the ſteps of the preceding 
Reſolution. | 

18. 22 Req. demonſtr. F 

| tration. 

25, Becauſe by Conſtruction in 17%, '. 
That is, in 125, (che laſt ſtep of the Reſalat.) 


N „Mrz M . L. 


26. Therefore, per 17. prop. 6. Elem. . . :. 
LEES ©: 0:5 0:oodd 
27. Again, becauſe by Centr. in19%, . . «; «+ 
28. Therefore (per prop. 1, Elem. 6.) by drawing L as 

a common altitude into each part of the Equation in 2 7*, 
29. And conſequently out of 2 8* and 26*, by exchange 

of equal Recangles, . ow . <a) e 


eVV 
0 -0 
"i :3-% ->&- 
p r — 

[ 

o 

| 

+ 

U 

J 

I; 
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30. But by Conſtr. in 1, +. - „„ 

31. Therefore out of 297 and 30“, per 1. Ax. Chap. 2. > ONL = uu. 

32. Therefore out of 31* , per 14. prop. 6. Elem, N. M:: M. I. 
Which was to be Demonſtr. therefore the Problem propounded is ſatisfied. 


Having by the preceding Examples of Reſolution and Compolition given the Learner 
a taſt of the manner of arguing by Analogies, which is the beſt way when the nature 
of a Problem will admit the ſame , I ſhall now proceed to Examples of arguing partly by 
Equations , and partly by Analogies. But it muſt be remembred , that when in the Reſo- 
lution you paſs from one ſtep to another by Addition, in the Demonſtration of the Problem 
you muſt return by Subtraction: For Addition in the Reſolution requires Subtraction in 
the Compoſition , and Subtraction in the one, Addition in the other; alſo Compoſition 
of Reaſon in the one requires Diviſion of Reaſon in the other, as before hath been ſaid 
in che Note at the end of Probl. 1. of this Chapter. 


— 


Probl. VIII. 

A right line equal to the ſumm of three proportional right lines being 
given, as alſo a right line whoſe Square is equal to the ſumm of the 
— of all the ſaid Proportionals, to find out the Proportionals ſeve- 

y. But the firſt of thoſe lines given muſt be greater than the latter, 


yet not greater than the right line ariſing out of the Application of the 
triple Square of the faid latter line to the firſt. 


— — 8 
— 4 
N — 2 | 
B — — 14 
C A j— 84 
Suppoſ. 
. I, M. N 2. nt 
2. 6 =L-- M—+N is given. 
3-c =y4:0OL -+ OM -+ ON: is given; therefore, 
4. cc = OL +0 T ON is given alſo. 
Reg. to find L, M, N. 


Reſolution. 
5. Feecha mean Proportional ſought put 2, ay - = M 
e . . "= 


u a . > 20679 owe 
6. Therefore from 2* and 5*, the ſumm of the £6 
——_—_—_— "I $—6 0 TIER 
. Square of the ˙— . 1 4=0L+0N4-2DLN; 
8. And the Square of the mean Proportional, or 
the Rectangle of the extremes isn 
9. Which Square or Rectangle in 8“, being ſub- | 
traced from the in 7*, leaves the ſummy bb— 264 = © L- OM © N 
of rheSquares of all the threeProportionals,v;z. 
10. But by Swppoſition in 4%, . . . . .» cc = OL +Oo MON 
11. Lag from 9* and 10*, (per Ax. 1. 2 % _ 264 ce 
C ap. 3. þ > © "xs . Ss 7 $4.46 2 : 
12. And by adding 26 to each part of the E- 1 
— — „ $ = 654-266. 
13. And by ſubtracting cc from each part of they j — e 2 264 
„„ „ „ | 
14. And becauſe (per T heoy. 8. Chap. 4.) « > -e = Ie 
15. Therefore from x3* and 14*, (per Ax. BY »o mm $30 


TS cc -.«a £05 N 
16, Therefore by reſolving the faſt preceding s 2 5; b+c : bs 


$ as = OM = QLN. 


Equation into Proportionals, it ſhall 0 " 


From 
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From the ninth ſtep ariſerh | 
THEOREM 1. 

17. If three right lines be Proportionals, the exceſs whereby the Square of their ſumm 
exceeds twice the Rectangle made of that ſumm and the mean proportional, ſhall be 
equal to the ſumm of the Squares of all the three proportionals. 

From the laſt ſtep of the Reſolution ariſeth 

THEOREM 2. 

1 8. If three right lines be Proportionals, then this Analogy will attend them, viz, As 
the double ſumm of all the three Proportionals is to the {imple ſumm increaſed with the 
ſide of a Square equal to the ſumm of the Squares of the three Proportionals ; ſo is the 
exceſs whereby the ſumm of the three Proportionals exceeds the (aid ſide, to the mean 
Proportional. 

Therefore the ſumm of three Proportionals being given , as alſo the ſumm of their 
Squares, the mean Proportional ſhall be given alſo by the preceding Theor. 2. whence the 
ſumm ot the extremes is conſequenily given. And laſtly , the ſumm of the extremes being 
given, as alſo the mean, the extremes thall'be given ſeverally, by Probl. 13. Chap. . 

But to ſolve this Probl. 8. Arithmetically, the following Canon, ( deducible from the 
1 zu ſtep, ) will be more ready than Theor, 2. | | 

bo CANON. 

19. From the Square of the given ſumm of three Proportionals , ſubtrat the given ſumm 
of their Squares, and divide the remainder by the double of the firſt given ſumm; ſo 
ſhall the Quotient be the mean Proportional; which ſubtracted from the ſumm of all 
three, leaves the ſumm of the extremes. And laſtly, the ſumm of the extremes being given, 
as alſo the mean, the extremes ſhall be given ſeverally, by Theor. in 21 of Prebl. 1 3. Ch. 5. 
But for the greater evidence, I ſhall demonſtrate the truth of the preceding Theor, 1, 

and 2, and conſequently the Canon, by the ſteps of the foregoing Reſolution in a direct 

order, viz. by proceeding from the beginning to the end of the Reſolution, 


.. we. L.. M:: M , I 


1 — 8 
M a. 
N 2 
B I 
C 984 y 
24: K Reg. demonſtr. i. 8 Theor, 1. OB —2 COBM = oC. 


Theor, 2. 2B. B-|-C :: -C. M. 
Demonſt ation. | 
B = L- M+N. 


25. By — . 
B-M = LAN. 


26. Therefore by ſubirafting M from each 
EL ⸗ - »- - + 1 
27. And by ſquaring each part in 26*, this 
1 * _ ariſe, (per Theor. 5, and 2, >. OB4OM—2DBM = OL4ON+:DEN, 
of Chap. 4. „„ a é . of 
28, And ko 20%, ͤ (per prop. 17. Elem.6.)> OM = CILN. 
29. Therefore by ſubtracting the Equation 4 ? a 
in 28 from that in 22, this will mani- > B- 2 OBM=oL-oM+oN, 
felt, ( per Ax. g, & 6. Chap. 2. a * 
30. — by Suppeſ- in 3. - »- 4+ OC = nLEoM+oN, 
31. Therefore from 29“ and 30? er R ok 
_—_ SC)... » 5 9 1 O8B—2OBM.= dN 
Which was T heor. 1. to be demonſtr. 


32. Again, by adding 2 UB M to each part Wy THT 
of the Equation in 31*, this arifeth 25 DOB = CTR. 
| "EF . 33; And 


LY 
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33. And by ſubtracting © C from each part of the | NF * 
Equation in 32*, » . 8 AB — CS 2QA BM. 


34. But by Theor. 8. Chap. . . - „% OB-OC=DOBCx«B-C: 


35. Therefore from 33* and 34, (per Ax. 1.) % 21 BMS 3: b-þ-Cx B-C: 
36. Therefore, ( per prop. 14. Elem. 6.) ., . .> 23. BC :: B-C. M. 


Which was Theor. 2. to be dem. Therefore the truth of both the preceding Theo- 
rems is made manifeſt z alſo the Canon in 199 is evident from the Equation in 3 3*, by 
Application of each part thereof unto 2 B. 


37. I ſhall in the next place, in order to the Compoſition of Probl. 8. before propounded, 
demonſtrate the Determination annex d to it for limiting the lines given, that they may 
be capable of effecting the Problem. 

Dee, 


Determination. 0 300C 
B not r NR 
That is, the line given for the ſumm of three Proportionals muſt be greater than that 
given right line whoſe Square is equal to the ſumm of the Squares of all the three Pro- 
portionals, yet not greater than the right line ariſing out of the Application of the triple 
of the ſaid Square, to the right line given for the ſumm of the three Proportionals. 


38. The Scope of the Determination is, to remove two Objections that may be brought 
againſt the Conſtruction of the Problem ( in the following 76 and 87 ſteps, ) unleſs 
the given lines be limited as the Determination prefcrides , whoſe firſt part, to wit, that 
BC C is diſcovered by the laſt ſtep of the Reſolution , and already demonſtrated. 
The latter part of the Determination, to wit, that the given line B ought not to be 
greater than * 

in either of the Theorems reſulting from the Reſolution; but that it is a property 
adherent to three Proportionals , I ſhall demonſtrate by the following Lemma, and 
| afterwards thew that it is neceſſary to make the Problem poſſibſe. 


LE MM A. 


39. If three right lines be Proportionals, their ſumm ſhall ſometimes be equal to the 
right line ariting out of the Application of the triple ſumm of all their Squares to their ſaid 
ſumm ; ſometimes leſs, but never greater than the right line ariſing by the ſaid Application. 

40. Two Caſes are to be demonſtrated to prove this Lemma, for three Proportionals are 
either equal between themſelves, or unequal, In the firſt Caſe, tis eaſie to perceive 
that the Square of the ſumm of three Proportionals is equal to the triple ſumm of their 
Squares; for ſuppoling N, N, N to repreſent three Proportionals, their ſumm is 3N, 
the Square whereot is gON , wnich is manifeſtly equal jo 3ON + 39N + 30N, 
to wit, the triple ſumm of the Squares of the ſaid three Proportionals ; and therefore it 
90N, che triple ſumm of the Squares of the ſaid three equal Proportionals N, N, N. 
be applied to (or divided by) 3 N the ſumm of the ſame Proportionals , the line 
(or Quotient) ariſing by that Application ſhall neceſſarily be 3 N, (the ſumm of the 
ſaid Proportionals.) Therefore the firſt Caſe of the Lemma is manifeſt. 


Suppoſ. in Caſe 2. 


41. L, M, N — vis. b > 2. 2 M's 
42. Lc M, and conſequently Mc N. 


» Is neither apparent in the propoſition of the Problem, nor 


Prepar. 


43. By Probl. 1. Chap. 5. make B = LE M+N. 

44+ By Probl. 2. Chap. 5. make C = /:OL+aM+on: 

45- Thence it follows, that QC = QL+aM+DON. | 

46. By Probl. 8. Chap. 5. let it be made, B. C:: 30 (tos fourth) T. 

47. Thence it follows, that T = 200, — 
8 

H b 
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. — — 8 
NM + 
—2 
, B 8 14 
ho | — = 84 
T — 18 
30 C 
48. 92 10 Reg. demonſtr. Sd @a4 8. B __ 1 or 4, we 
— 
49. Becauſe by Suppoſ. in 41*, . + © 8 


by reaſon of the common altitude L 
51. Likewiſe by reaſon of the com- 2 iv N 
mon altitude N, 8 


* Therefore out "of 50® and 51 5 SNN ON :: aL. OLM. 
( per prop. 11. Elem. 5. 'F # 


53. And out of 42*and52 "by * VNN. N:: LCLM . CLI. 
viſion of Reaſon, , . 


54. And inverlly , - + +» + ob ON , OMN-oN :: OLM. oL-QLIM 
55. But from 41 and 42%, , . .} ON > COLM. 


56. Therefore from 54 and 5 5 * (per COMN--ONDOL-OLM 
prop. 14. Elem. 5.) 


57. And by adding LLM, roeach c LM l. 
part in 56*, , 


58. And by adding bre c LM + OMN —aL-+oN. 
in 


59. And by addin OM to each part 
TW Pa 8 OLM+OM-OMN = 0L+oM--oN. 
60. Bur by Confer in 45. „„ „„ DC = OL TUN TN 
61. Therefore from 59* and 60˙ 
er '& DLM + OM + OMN oC. 
62. And becauſe by Conftr. in 43 "2:9 L+ MN = B. 
63. Therefore from 625, by reaſon 'T ® _ | 
—— neeuy M, OLM + OM + ZN 
64. Therefore from 61* and 63" 
( per Ax. 4. Chap.2.) . 'F IBM 0G | 
65. And coniequeniy 1 2 200BM 2:0C, 
66. And by adding C to each part 2 
bon.” £ P '© OC + 2DOBM e. 
67. Bur it hath been proved in 32 
(in the preceding Demonſtration 


:: M. N. 
50. Therefore, (per prop. 1. b 05 OL , old :: L. M:: M. N 
M. N 


C2 BM = oB. 
of 2 CE Fray 4, = 
68. Therefore out o 92 57 
N 7550 OB 3c. 
69. Therefore by pplicaion of _ B — 309 C : 

A 


part in 68 to B, 5 
70. But by Conſtr. in 466, T = 2 = 
Therefore from 69 and 70* ,( per oC 
Ax. 3. Chap. 2. ) d ; 5 BOT or 19 B 


Which was to be ab 


71. Now becauſe every three Proportionals whatever, are either equal or unequal between 
themſelves , and it hath been ſhewn , that when they be equal to one another, their ſumm 
is equal to the = line ariſing out of the Application of the triple ſumm of their 
to their ſumm; but when unequal, the fumm of the three Proportionals is leſs than the 
right line ariſing by the ſaid Application; it is manifeſt that the ſaid ſumm can never be 
greater than the ſaid right line : And therefore the truth of the preceding Lemma, and con- 
ſequently the reaſon of the latter part of the Determination annext to Prob/.$, are 

7 
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The Compoſition of the foregoing Probl, 8. 
8 


— 4 


— — 18 
e — 


10 


 EOHOWZ Er 
| 
8 
— 
+ 


' Suppoſe 

72. B = the ſumm of three proportional right lines is given. 

73. C = a right line, whoſe Square is equal to the ſumm gi the Squares of the ſaid three » 

Proportionals, is given. | 
288 

— 


74. BC; yet B not c- ( Determination. ) 


Reg. to find out the three Proportionals. 


Conſtrultion, 

75. By Probl. 1. Chap. 5. find a right line, as G, 

equal to the ſumm of the given right lines B and C, 

therefore . . . 
76. By Probl. 3. Chap. 6. nd a right line , as H, 

equal to the exceſs of B above C, which effectionꝰ H = B — C. 

is poſlible, for by Sappoſ. in 74*, BC, therefore, 
77. By Prall 8. Chap. 5. ler it be made ns 25 to G; B 8 » We 1 

ſo HN to a fourth proportional line, call it M, therefore 1 1 H. M. 
78. Find a right line F=B— M, which is poſſible to be done if B exceeds M, but 

that BCN. M | prove thus, 


B | C. 


A 


79. By Conſftrution in 75%, . + + + +> B-EC = G. 
380. And b n 8 E B—-C.=.H. 
81. ( per T heor. 8. Chap. 4. y comparing « 
the ReQtangles made of the two! © as —oC Ot. 


$2. — 1 —u =_ the laſt — tis :0B = QB — QC. 
$3. Therefore from 8 17 and 82 * (per Ax.3.Chap.2.) 208 - G. 
84. But from 7, (per prop. 16. Elem. 6.) „ 2COBM= OGH. ( 
85; Therefore from 8 3* and 84* % Ax. 3.Chap.2.) > 20 BC 2 BM. 
86. Therefore by 1 of each ak in * '8 . 

to 23, ea 

Which was to be ſhewn. 

87. By Probl. 14. Chap. 5. divide the line F { before found in 78*) into two ſuch parts, 

that the line M may be a mean Proportionab between the parts; which is poſſible to be 

done if M be not greater than 2 P, but that M is not greater than 3 F, I prove thus, 

88. By Suppoſition in .. . B nor S 8 | 
$9. Therefore by drawing B into each part.. . „ 5 not 38. 

90. And by adding 2 0 B to each part in 89, . 386 * 
91, And becauſe y Suppoſe in 74 *. + « 44 
92. And gently, . . .> 30B œ 30. 
935 * ſubtraQting EE zu B-30C not =208. 


94. - Ibth been proved i $1* R oB—oC = 8H. 
95. And in 8 . , 2 OBM = QO. 

96. Therefore Thereore rom the to ft preceding quan, oOB—OC= :2OBM. 
97: And conſequently , . 30B—30C = 6QOBM. 
98. Thivefore (ima 948 and 97 "por Ax. Chop * s BM not © 208. 

99. And conſequently, , „e 300BM not B. 

" Hh 2 100. There- 
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100. Therefore by Application of each part in 997 to B, > 3 M not c B. 

101. It hath been proved in 86*, that - .> BC M. 

102. Therefore by ſubtracting M from each part in 100%, „ 2 M not g B— M. 

103. But by Conſtr. in 7% « + , FE = B—M. 

104. Therefore from 102 and 103%, +» « „ 2 M not C F. 

105. And conſequently, . . « . + +» „ M not C HE. 

Which was to be Dem. 

106. Therefore tis poſſible (by Probl. 14; Chap. 5.) to cut the line F into two ſuck 
parts, that the line M may be a mean Proportional between the parts; ſuppoſe it 
therefore done, and that the ſaid parts are found L and N, therefore, 

El. %% 0 4 | 

107. I ſay the right lines L, M, N are the three Proportionals ſought : Now we muſt 
ſhew that they will ſatisfic the Problem pro ed; Firſt then, by Conſtruction in 
the laſt preceding ep they are Proportionals. Secondly , that the ſumm of the (aid 
L, M, N isequal to the given ſumm B, I prove thus, 

108. Becauſe by Conſtr. in 1. +» ++ & 2 88 

109, Therefore by adding M to each part, , . . „ LEM+N=F+M. 

110. But by Conſtr. in 78%, ... «. « + © + B- M= F. 

111. And conſequently, . . . .,. + + + + > B = FAM. 

112. Therefore from 109 and 111% (per Ax. 1. Chap.2.) > L+M+N = B. 

Which was to be proved. 

113. It remains only to ſhew, that the ſumm of the Squares of the faid right lines L, 
M and N is equal to the Square of the given line C; but that is made manifeſt by the 
following Demonſtration, which is formed out of the ſteps of the preceding Reſolution, 
in a retrograde ( not in a ditect) order. | 

114. » Req. demonſeirtlkl. « OL + EM ON = oC. 

Ts: | Demonſtration. 5 

115. Becauſe by Conſtr. in 77% „ „ 2B , G :: H o M. 
That is, in 165, (the laſt ſtep of the Reſolution,) > 26 e:: 60. @ 

116. Therefore from 1155, (per prop. 16. Elem 6.) >. 2 OBM = OGH. Te 
M5, . © ci. - -- + > Sd ae #6-0n boos 

OB — oC = G. 

bb — cc = ern. 


8 
EST. 444 ft tid 
That is, in 14*, 0 EE ůãgn 1 g I .'> 
11 5 I Saf trom 116* and 117*, (per Ax. 1. 2 
Chap. 2. 0 . . o . . * . . . „ 

Ine, „ e 
119. And by addition 6f © C to each part in 118% nB = ©C | 2 CBM. 

yy JW », > „ „ „ F : 0 n= @ 4 oks ? 
120. And by ſubtraction of 2 CI B M from each 

part in I19*, = A oy . o - „ . - 8 OB— :zQEBM C. 

Thar is, in 11%, . . > bb — 2ba = ce. 
121. By Canſtr. in 106*, r ee 
122. eee, e 112% that r LIM TL N= B. 
123. Therefore out of 121“ and 122 | 

T heor. 1. in 17* of this Probl. 8. 1 (2 B- M= OL-+oOM-ON. 


124. Therefore from 12 07 and 1235, (per Ax. 8 aL + OM + ON Sac. 


Chap. 2.) ® .* 6 : 8.  @#- 'o: 4 
Which was to be Dm. 


: Thus up . ſeen the preceding Probi. 8. effected and demonſtrated Synthetically, 
that 1s, by Working and arguing with given Quantities only; but the ſubſtance of the 
Effection and Demonſtration i out Analytically. ww hol of 


125. But me. thinks I hear the Learner object, That although the preceding Reſolution 
of Probl. 8. be clear and eaſie, yet the preſcribed COR " — ity latter 
part, and the reaſon thereof ſeems hard to be found out: For anſwer to this, I fay, 
That the firſt part of the Determination is apparent. in the laſt ſtep of the Reſolution , 
in which alſo the latter part of the Determination is racitly implied, and may thence be 
eaſily inferr'd thus; ; 


126. Sup- 
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126. Suppoſe (as before in the Reſolution,) 6 to repreſent the 
given ſumm of three Proportionals, and cc a given Square mn 
equal to the ſumm of the Squares of thoſe Proportionals , .. 
then the mean Proportional, (by the Canon in the 19. ſtep,) 26 
will be found equal to . IS 

127. Which mean Proportional ſubtracted from & the given c bb + cc 


ſumm of all the three Proportionals, gives the ſumm of the 26 
ennene, Ow, . co » » oe RES 334 
Therefore half the ſumm of the extremes is . . , . .> . . . 


128. Now there is given the mean of three Proportionals, as alſo the 1 of the ex- 
tremes, to find out the extremes ſeverally, which may be done by Probl. 13. Chap. 5. 
of this Book, provided that the mean doth not exceed half the ſumm of the extremes; 
that ſuch Effect ion therefore may be poſſible , this following Determination is neceſſary 
tor limiting the given lines (ox numbers) 6 and c; viz, | 

bb — cc 2bb — 2cc bb += cc 
* * not =Y b 

129. Therefore, each part being multiplied by 4b, . „ 266 2 ce not cb Acc. 

130. And by adding : ce to each part in 129... . +. > 2bb not -U 3c. 

131. And by ſubtracting bb from each part in 1 30*%, « . .> bb not = 3cc. 


z ec J 


132. And by Application of & to each part in 131%, « «F 6 not c 


Which is the latter part of the Determination added to Probl. 8, for limiting the lines 
given, that they may be capable of effecting or ſolving the Problem. If therefore any 
one neglecting this Determination, ſhould raſhly give 10 2 for the ſumm of the 
three — Proportionals, and 32 = cc for the ſumm of their Squares, the ſaid De- 
termination ſhews that Tis impoſſible to find out three ſuch Proportionals: For although 
10 c, that is, (ce, as the firſt firſt part of the Determination requires, yet 
100 C 96, that is, bb is greater than 3cc, which contradicts the latter part of the Deter- 
mination: But the beiter to ſhew the impoſſivility , let the Canon in the forgoing 190 ſtep 
be uſed to find out a mean Proportional by the we of 10 given for the ſumm of three 
continual Proportionals, and of 3 2 given for the ſumm of their Squares, ſo you will find 
33 for the mean Proportional, which ſubtracted from xo the ſumm of all the three Pro- 
portionals, leaves C for the ſumm of the extremes; but tis manifeſt by Probl. r 4. Chap. 5. 
that 64 cannot poſſibly be divided into two ſuch parts that 35 may be a mean Proportional 
between the parts, becauſe the mean 3; exceeds the halt of 64 the ſumm of the extremes. 
This may ſuffice to ſhew that Determinations are neceſſary to be added to ſuch Problems 
as are not univerſal , that is, ſuch as cannot be ſolved or effected by numbers or right lines 
given at random, but with due reſtrictions or limitations. 3 1 


Probl. IX. > : 

The Baſe and leggs of a plain Triangle which hath unequal acute 

angles at the Baſe being ſeverally given, to find the ſegments of the 

Baſe which are made by the falling of the Perpendicular trom the angle 
oppoſite. to the Baſe. | | 0 


Note, The Geometrical effection of this Problem is very eaſie, for if ( by. prop. 1 2. 
Elem. 1.) a Perpendicular be let fall upon the Baſe from the oppoſite angle, it will 
divide the Baſe into the two ſegments required , but the ſcope of the Problem is to find 
ont a Theorem whereby the ſaid ſegments, and conſequently the Perpendicular and Area 
of the Triangle may be diſcovered Arithmetically. * 


Fe Suppeoſ. 1 | 
1. EDCisa A, whoſe angles E and D are acute. 
2. 5 1 therefore, PSI 
3. CDC, 19. 1. 
4. CB 1 ED. e 
5. BE and BD are the ſegments of the Baſe E D. 
6, BE = BD. | 


7. BAS BD. 
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7. BA = BD. 
8. AE = BE — BD (BA) the difference of the ſegments. 
9. S ED the Baſe is given. 
10. c = EC the greater legg is given. 
11,4 = DC the leſſer legg is given. 
Reg. to find B E and BD. 
ED = 63 
a C EC = 60 
DC = 39 
| I EA = 33 
| BA = 15 = BD 
BE = 48 
2. K 
— 211 
r 34 


Reſolution. 


12, Put a for the difference * the Ir of the Baſe, vix. > 4 = AE. 
13. Then ( per Theor. 9. Chap. 4. ) the greater ſegment 2 % l. 

3" the Bale ſhall be I _ '$ . 
14. Likewiſe by the ſame T heor. the leſſer ſegment ſhall be > 3b — 34 = BD. 
15. Therefore the Square of the greater ſegment ſhall be > 6b4-$ba-{-ias (= QBE.) 
16. And the Square of the leſſer ſegment ſhall be . *bb—*ba+%as (= .) 
17. By 47 « prope t. Elem. het io 4s @4 > DOEC = DOBE - oQBC. 
18. Therefore by equal ſubtractĩon of QBE, : „ QEC — QBE = BBC. 
19. That is, in the letters belonging to the Reſolution, > cc- 6-44-44 = OBC- 
20. In like manner, (per 47. prop. 1. Elem.) ., „ QDC—oODB = noBC. 
21. That is, in the letters of the Reſolution, . , .> dd-*bb+;iba—*aa = UC. 
22. Therefore out of 19“ and 21*, (per 1. Axiom. 2. Chap.) 

; co — 30 — 204 — 44 '== dd — Ebb 3ba — 44. 

23. Threfore from 22*, by equal addition and ſubtraction, > cc — dd = ba. 
24. Therefore from 23*, by Application of each part 2 cc — 4d 

of that Equation to 6b, 88 . '$ * 
25. Moreover, becauſe by Ther. 8. Chap. 4. f co—dd CA 
26. Therefore out of 23* and 2555, . . . 1. PAN 4 = ba. 
27. Which laſt Equation may be reſolved into this Ana- 

© Se ain 7 © TOY 


Out of 24* ariſeth 


= 4. 


THEOR. 1. 


28. If the difference of the Squares of the leggs of a plain Triangle which hath unequal 
acute angles at the Baſe, be applied to, (or divided by) the Baſe ; the line or number 
ariling ſhall be equal to the difference of the ſegments of the Baſe which are made by the 
falling of the Perpendicular from the angle oppoſite to the Baſe. | 


Out of 27 ariſeth THE OR 2. 


29. As the Baſe of a plane Triangle which hath unequal acute angles at the Baſe. i 
thy 22 8 the e ; Le, is 9; er orte to the difference of the 8 
of the which are made alling of the icul 
2 y | g erpendicular from the angle oppolite 

30. Then the Baſe being given, as alſo the difference of the ſegments of the Baſe , the 
ſegments themſelves ſhall be given ſeverally; for (by T RY Chap 4.) half the Baſe, 
together with half the difference of the ſegments ſhall be equal to the greater ſegment; 
and halt the Baſe lefs by half the difference of the ſegments (hall be equal to the leſſer 
ſegment. Laſtly, the ſquare Root of the exceſs of the Square of the greater 
above the Square of the greater ſegment of the Baſe, or the ſquare Root of the 
of the Square of the leſſer legg above the Square of the leffer ſegment , will give the 
Perpendicular , which multiplied into half the Baſe, gives the Area of the Triangle. 

| | Probl, X. 
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Probl, * 


The Baſe and leggs of a plane Triangle obtuſangled at the Baſe being 
ſeverally given, to find out Arithmetically the diſtance from the foot 
of the Perpendicular _—_ withqut the Triangle, to each end of the 
Baſe : And conſequently the Perpendicular and Area of the Triangle. 


Suppoſ. 

1. ABC is a A obtuſan- 

gled ar B, therefore C - 4 * 
2. A0 C BC. mo 
3- ABE is a right line. Pee * 
4. CD 1 AE. N | 

—_ | BD = 15 = DE 

5 DE=DB Wy E 
6. AE = AB 2 BD, | . : 

(2. 2 * 1 E AABC S 594 
7. 6b = AB the Baſe is given. 
8.c = AC the greater legg i is given. 
9. 4 = BC theleſler legg is given. 

Reg. to find DB, and DA. 
Reſolntion, 
.... + ois:.cints „ 6 = AE. 
11. Then becauſe „ BE= AE—AB. 
x2. Therefore the halves of all in 11 being taken, « „ BE (or BD) ==+AE—SAB, 
I 2 That is, in the letters belonging to the I > 14 — 66 = B 
And becauſe 5. „ AB+ BD S AD 

a My Therefore in the letters of the Reſolution, 1 «> b-|-ta—% = AD 
16. That is r aA = AD 
17. The Square whereof is . „ 2aa-f-tba-ltb = AD 
18. And the Square of the Equation i in 13* is „ taa—bal+bb = BBD 
19. By 47. Lay 1. Elem. . . AC = nAD--aDC. 
20, Therefore by equal ſubtraction of ci Ab, . DAC-OAD= abc. 
21. That is, in the letters of the Reſolution, . > cc—$44-3ba—*bb = oDC. 
22. In like manner, by 47. prop. 1. Elem. .> OBC-oBD = qDC. 


23. That is, in che letters of the Reſolur. "IKE. A rb. -a C. 
24. Therefore out of 21 and 237, (per 1. Axiom. 2. Chap.) 

| ce — fan — iba — 3bb = di — 444 6. — 4. 
25. Therefore out of * » by equal addition and ſub- 2 


traction 66 — dd = ba. 
26. Therefore each par of the laſt Equation bing ap-2 222 

plied to 6, 9830 . — 1 
27. Moreover, becauſe by Theor: 8. Chap. 4. 5 er — dd = b-j-cxb —c. 
28, Therefore om of 2; and 27% > +4 x'c—d = ba. . 
29. Which laſt Equation may be reſolved inc o this Ana-2 . 4. * e—d . of 


logy , 
Our of 267 a ' THEO Rt; 


30. If the difference of the of the leggs of a plane ring ſrt Bi Baſe, 
be. divided by) the Baſe, the line 9: pumber) ariGng ſhall do the 
2 and W x af the he ine (ou ee angle to a 


— falling upon the, Baſe produced wichow the FOR 
Out of 29* atiſeth 


THE OR. 2. 25 5 ae 
31. As che Baſe of a plane Triangle cbrulingled at the Bale, Ha is to the Gone of the 2 
to is the difference of the leggs, to a fourth Proportional, which is d of the 
bee double of the af fot, the ot i gle to the foot of 1 Papen, 
ng without the Triangle upon the Baſe prolonged. 


32. Then 


— 


.- 
4 
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_— 


32. Then the Baſe, and the line compos'd of the Baſe and the double diſtance from the 
obtuſe angle to the foot of the ay gy being ſeverally given by either of the ſaid 
Theorems , the diſtance from the foot of the Perpendicular to each end of the Baſe ſhall 
be given alſo; for out of 13* and 16* of the preceding Reſolution it is manifeſt , that 
half the ſaid compos'd line together with half the Baſe, is equal to the diſtance from 
the foot of the Perpendicular to the remoter end of the Baſe ;z and half the ſaid com- 
pos d line leſs by half the Baſe , is equal to the diſtance from the foot of the Perpen- 
dicular to the nearer end of the Baſe. Laſtly , the ſquare Root of the exceſs of the 
Square of the leſſer legg above the Square of the diſtance from the foot of the Perpen- 
dicular to the obtuſe angle, (or nearer end of the Baſe,) will give the Perpendicular, 
which multiplied into half the Baſe, gives the Area of the Triangle. 


Here it will not be improper to add the following 
THEOR. 3. 

33. If the difference of the Squares of the Hypothenuſal and Perpendicular of a right- 
angled Triangle be applied to the Baſe , the line ariſing ſhall be equal to the Baſe. Gr , 
As the Baſe is to the ſumm of the Hypothenuſal and Perpendicular, ſo is their difference 
to the Baſe it (elf, | 

This may be demonſtrated in manner following. 


Suppoſ. 
34. h the Hypothenuſal of a right-angled Triangle. } 
35. p = the Perpendicular. 7 
36. 6 = the Baſe. 

Reg. demonſtr. — 


38.6 . b4-p :: bk—p:. 6. 
Demonſtration. 

39. By 47. prop. 1. Elen. « +> bh = bb + pp. 
40. betete f " 
41. Therefore by Application of each part of the ale bh—pp 

Equation to b, Eo 0:4. a Fa — 

Which was to be dem. 3 

42. Moreover, becauſe by Theor. 8. Chap. 4. 8 hh—pp = 23}; P's 


43. Therefore out of 40˙ and 4z*, (per Ax. 1.4 % __ —$S bp, 
—_ EIS „ ED — h 
. Therefore , from the laſt Equation this Anal W 
TT GO Eb . bp :: bop. 6. 
Which was to be dem. 
From Theor. 1. in 28* of the foregoing Probl. g. and from Theor. 1, and 3. in 30* 
and 33* of the preceding Probl. 10. we may deduce the following 


COROLLARY. 


45. If the three ſides of any plane Triangle be ſeverally given in numbers, the kind of 
every one of the three angles is given alſo : For ſuppoling any one of the three ſides 
to be called the Baſe , and the other two the leggs : - Firſt, it the | be — to one 
another, the angles at the Baſe are equal acute angles; ſecondly, if leggs unequal, 
and the Quotient that ariſeth by dividing the difference of the Squares of the leggs by 
the Baſe be leſs than the Baſe , then there will be unequal acute at the Baſe; 
thirdly, if the ſaid Quotient be greater than the Baſe , then that angle at the Baſe which 
is oppolite to the greater legg ſhall be obtuſe, and conſequently the other two angles 
acute; and laſtly, if the ſaid Quotient be equal to the Baſe, then the angle at the Baſe 
oppolne to the greater legg is a right angle. 

Or more eaſily , thus , 


I the Square of one of the three ſides of a plain Triangle be equal to the ſumm of the 
Squares of the other two, then the angle ct to that [ide is a right angle; if er, 
obtuſe; if leſſer, acute; as is manifeſt by prop. 8. Elem.i. and by prop.12,and 13.Elem.:. 

A Lemma 
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Lemma, «ſefu! in the following Probl, 11, and 12. 


II within a plane Triangle a right line be drawn parallel to the Baſe , the Perpendicular 
falling upon the Baſe from the oppoſite angle, ſhall be to the Baſe, as that ſegment of the 
Perpendicular which is intercepted berween the ſaid parallel line and the ſaid angle , is 
to the ſaid parallel line. 


Suppoſ. 
1. CE G is a A. 
2. NM ICE. 
3. GL L CE. | 
4.5 . Keg. demonſbr. . . 0 LG » CE 22 OG * NM. 
Demonſtration. 
5. By Suppoſitien in 225, - -> NM II CE. 
6. Therefore ( per 29. prop. I, Flow) . < GNM = < GCE. 
7. Likewiſe . . . 5 EGMN = < GEC. 
8. Therefore, (per Coroll. prop 312. Elan. I 35 A CLG and A NOG are equiangular. 
9. Likewiſe . . - +, AELG and A MOG are 88 


10. Therefore (per prop. 4. Elem. 6) .> LC . LG : ON OG. 
11. Therefore alternately, , - - > re. SG Coos 
12. And by the like ar mentation, » o > LE , OS I 30 a6 


13. Therefore out of 11* and 2 *, (pe LC . Ot 3 


op. 5. Elem. ) . 
14. "- Therefore (per 74 « prop. 5. Elem. ) + .4, IC. ON :: LC+LE , ON-þOM. 
15. rer 11%that, LE . ON :: LG. OG. 
16. T ore our 14* and ty , ( A 

W 2 LC -LE. ON--OM :: LG . OG. 

17. T at is, (viewin the Fig.) » + + «eo, CE :; NM :: L. OG, 
18. Therefore alktermly, , , . . . +5 - LG :: NM. OG. 
29. Theefere inverlly, . » ob LG ;, CHER ESTES 

Which was to be Dem, | 


— — — 


Probl. X I. 
To inſcribe a Square in a Triangle given. 
Note. If the on Triangle be obtuſangled, one of the ſides of the Square to be in- 


ſcribed muſt neceſſarily be a ſegment of that lide of the Triangle — is o — — the 
obtuſe angle, for otherwiſe, (as may eaſily be perceived) all the — — 
cannot lye in the ſides of the Triangle; but if the Triangle given be rig — — neue: 
angled , the Square may ſtand upon G 
any one of the three ſides as a Baſe. 
CE —= 182 
Suppeſ. : CG 195 
1. CEG is a A given. : —— 
2. < GCE is not obtuſe. * er — 
3. < GEC is not obtuſe. : 222 
$ CL... | Ny * 
5. 6 — CE the Baſe is given. 3 4 
6. p = LG the Perpendic. is given. 3 NM= 84 
7. Reg. to inſcribe — 
oO PNMH inthe a CEG, © FP La E 
Reſolution. 


8. Suppoling PN MH to be the Square ed, a 
. — ies ſide, _— VWs: s = LO, * — an 
10. ay 7 : OG , NM. 


9. It is manifeſt by the foregoing ſy 
20, That is, in che leners belonging co the: Beſoke: 7 7 „ © „% 
+ pth . 6 :t p + 4 


I i CAN Ox. 


11. Therefore by Compoſition of Reaſon, . . 
Hence this 
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CANON. 


12. As the ſumm of the Perpendicular and Baſe is to the Baſe, ſo is the P icular 
to the fide of the inſcribed Square ſought, > erpendicular 


The Compoſition of Probl, 11. 
Suppoſe G 
13, CEG is a A given. 


14. CG CE is not obtuſe. 


15. < GEC is not obtuſe. NOM A 
Reg. : 
To inſcribe © PN M H : 
in A CEG. C P E 
Conſtruttion. 


16, Firſt, make GL L CE. 

17. Then making LG + CE the firſt of four Proportionals, CE the ſecond, and 
LG the third; find (per Probl. 8. Chap. 5. ) a fourth Proportional, which ſuppoſe 
to be the line A, therefore, 

LG - CE . CE : LG .. & 

18. From LG cut off LO = A, which is poſſible to be done, for in the Analogy 
in 17* the firſt Proportional is manifeſtly greater than the ſecond , therefore the third 
Proportional ſhall be greater than the fourth, (per Schol. prop, 14. Elem. 5.) that is, 
LG cg A; therefore tis poſſible to cut off from L G a ſegment equal to A, as LO. 

19. By the point O draw NOM || CE. 

20. Alſo draw NP and MH || OL. 

21. I fay PN MH is the Square required. 


— ade. . . .:.. - - > an PNMH is a 04 
Demonſtration. 
L GCE. CE :: LG A. 


25. Therefore out of 230 and 24, > LG＋LCE. CE :: LG . LO. 
r err # 3 # - 4 
26. Therefore from 25*, by * LG CE 

viſion of Reaſon , 1 0 


23. By Conſtr. in 17% 7 2 
24. And by Conſtr. in 18%, . 4“ 
8 


That is, in 1 o, „ > P . b * 2 P — 4 0 4. 
27. It is manifeſt by the Figure that > LG — LO = OG. 
28. Therefore out of 26* and 27%, > LG . CE :: OG " LO. 


29. By the Lemma prefixt to this | 
mo 40 = 8 '$ LG . CE OG +» NM. 
o. Therefore out of 28* and 29“, | > 

; ( per 11. prop. 5. Elem, ) 8 OG . LO 08 © NM. 


31. A 14-prop.5-EL.) R. „ AS a Rs 
32. By Conſtr. in 19* and 20*, 
and by defin. 35. Elem. 1. © PNMH , PNOL and LOMH are Parallelograms. 


33- Therefore per prop. 3 4. EI. 1. ) > PN = MH = LO. Alſo, NM = PH. 
34. And from 31*and 33%, P PN = NM = MH = PH. 
35. And 2 by Conſtr in 16%, LC = _) = GLE. 
36. Therefore from 32* and 35, wn, OY Ml 

rn % I = e eee r -x. 
37. Therefore from 347 and 36“, ; 

( per defin. 2.9. Elem. 1) * PNMH# a0. 

Which was to be Dem. 


Probl. XII. 
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Probl. X 11. 
Within a given Triangle to inſcribe a long Square, whoſe ſides ſhall 


be in a given Reaſon, 


Suppoſe | G- | 
1, CEG is a Triangle given. : — >a 
2. < GCE is not obtuſe. N ig NN 1 
3. < GEC is not obtuſe, | *1 | . 
4 GL 1 CE. 4 _ 
5. 6 = CE the Baſe is ajven. : | 13 9 
6. p = LG thePerpendicular is given. ? -|þ PN— * 
7. r and 5s are the Terms of a given : NM = 7 
Reaſon. | Cp Ha F * = 4 
Reg. to inſcribe * 
8. PNMH a © withinthe a CEC, 2 _ T= 65 
and (ſuch, that 8 ” =" A $84 
S- PR , EM :: Re. & T — — 
Reſolution, 


: a= =-PN, or LO: 
11. Therefore out of 6•% and ro . p—4 = OG. 
12. It is manifeſt by the Lemme bear to the —— LG . CE :: OG: NM. 
P 
*e 


10. Suppoſing PNMH to be hy * fought, 2 


going Prob/. t1. that | 

x3. That is, in the letters belonging to the Reſo- bp—be - 
lution, . . . 

14. It is required in 9, that „ „% „ 


„ . 1 1 — 
16. Therefore the two latter terms of the laſt Analogy 


being drawn into p , this Analogy will ariſe, . . 8 „„ 1: pa i „4. 
17. Now to avoid an Equation between Solids, (for tis . ; 


p « b 5: p—4 « > 
K: 8 :: PN. N 
r 


improper to introduce Solids in a about a plane 
Problem, ) let it be made as y to 5, fo p to a fourth 
Proportional, which ſuppoſe to be :, therefore T 

18, Therefore from the Analogies in 16* and 7 ; 
this will ariſe, (per 1 1. prop. 5. Elem.) + 

19. And by drawing 4 as 2 common altitude into ; 

and t ſeverally , this * will be manifeſt , 5 % 3 as 
2 prop. 6. Elem.) | 

20. > from 18* and 195 this Analogy will ; ot; 

„(per it. prop. 5. Elem. ) __ S - © Y 7. a 764 77 p 2 t. 

21. * — 20%, ( per 14. prop 5. Elem. )% by — ba'= ta. 

22. Therefore out of 217, by addition of . bp = ws 

23. Which laſt — gives this A bÞs £; 5 
( per 14. prop. 6. Elem.) , . . ty 


Out of 17* and 23* ariſeth this CANOX: 


I 
U 


. 
of 
= 

2» 
« 

* 


pe 659 64 


p 275 : 


24+» Let it bemadeasRtoS, ſo the P GL to a fourth Proportional T, alſo 
let it be made as the ſumm of the CE and the — T tobe Bak 
CE, fo the Perpendicular G L to a fourth Proportional A » Which ſhall be 
the altitude PN of the ReGhngle required to be nel, 1 Laſtly, as R to 8, 10 
A to NM, o wi, that ide of the ReAangſe which mult be parlll yp the Baſe CE 


N. The 


262 Mathematical Reſolution and Compoſition. Book 1V. 
The Compaſition of Probl. 12. 
Suppoſ. | Ge 6 AN N 
25. C EG is a A given. : 88130 
26, < GCE is not obtuſe N (2M EG=150 
; GL =120 
27. < GEC is not obtuſe. : > Jo 90 
23. R and S are two right lines given. : | PN = * 
i 1 NM = 
Reg. to inſcribe | Rm > 1 ** * 
ithin the A CEG, X S = 1 
29. PNMH a C7 within the RN 3 18 a 
and ſuch, that 8 — A= 84 
PN. 12 1 ＋ 
30. PN NM | R = 
Conſt rudt ion. 


31. Firſt, make GL 1 CE. 


32. Then making R the firſt of four Proportionals, S the ſecond, and GL the third, 
find a fourth Proportional, which ſuppoſe to be T, therefore 
„ 
33. Again, making; CE- T the firſt of four Proportionals, C E the ſecond, and GL 
the third, find a fourth Proportional , let it be A, cherefore 
CE ET 2 SE 23 A. 


34. From G L cut off LO = A, which is poſſible. to be done; for in the Analogy 


in 33* the firſt Proportional is manifeſtly greater than the ſecond , therefore ( per Schol. 
of 14. prop: 8. Elem ) the third ſhall be greater than the fourth , therefore G LC A. 


1 the point O draw NOM || CE, alſo by-the points N and M draw NP and 


|| OL. 


36. I fay P NM H: is the right-angled Parallelogram required to be inſcribed, Now 


we muſt ſhew that PN is to NM as R to S; alſo that the angles N PH, MH, 
NMI and P NM are right angles. Firſt , that the ſide PN is to the fide NM, 
as the line R to the line 8, 1 ſhall make manifeſt by a retrograde repetition of the ſteps 
of the foregoing Reſolution of Prebl. 1 2. 
=. » | | 4 RT, co + «+ ee Be 8 $50Y NN. 
Demonſtration. 
38. Becauſe by Comſtructian in 33% d CE-ET . CE :: GL . A. 
That is, in 2 3*,(the lalt ſtep of the Reſo/ut.) Tr. be «- b :: „ ., 4 
RE, . -. + v 
40. Therefore out. of 38* and 39% . r CECT. CE :: GL . LO. 
41. Therefore (per 16. prop. 6. Elem.) . >} CE, GL CE, LOTTO. 
R SLIT, n * -'» 00 = b a ia. 
2. Therefore our of 41, by equal fu 
RR Sci io To 8 QCEGL — QCELO C0. 
neee ba = 74 
43. From 4z*, (per 7. prop. 5. Elem. ) this ſubſequent Analogy will be manifeſt , 
061, LO. CE, G- CELLO :: CL, LO. r, LO. 
That is, in 20”, pa . bp — ba = = tA. 
41. And by reaſon of the common altitude LO this Analogy is manifeſt, (per 1. prop. 6. El.) 
er: OGLLQ , COLL 
"IS m19% > :: p . t 4. 
43» Therefore from the Analogies in 43 and 44*, ( per 11. prop. 5. Elem. ) 
| GL: . T. :: Q3LLO. CCEGL- OCELO. 
That is, in 18*, nn t :: p 4 . bp — 64. 
SS . - „ GL .  $© EMS 
ET Jo c-a:b +. Þ «© ®F © © 2. 
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47. Therefore from 45* and 46*, ( per 11. prop. 5. Elem. ) 
R . S :: L, LO . COCE,GL-CCE.LO. 
That is, in 16%, 7 . „ :: pa . * bp 64 
48. It is manifeſt by the Figure, that . .> GL. LO = OG, | 
49. Therefore by — CE as à common 1a eB 
altitude , F DCE,GL— caCE, loca CF o. 
50. Therefore out of 47 and 499 k by ex- au : 
changing equal vans \ wav this 3 R 82 en CZE, OG. 
why maniteſt , » ba 
- By the — placed next "before 92 „Wa 
1 11. it's: manifeſt that 8 GL . CE :: OG . NM. 


52, And conſequently, (per 16 prop. 6.EL.) > GL 1 = QCE, OG. 


changing equal Rectangles, 
54. Therefore, the common alrirude G L "He 10 Nb . 
being caſt awa 11 8 . 2 8 


55. And becauſe by Conſtr. in 35 . (and by | _——- .. 
35»defin. 1. Ekm.). PNOL is a Parallelo- mM. HC. TR 
ot herefore (per 34. prop. 1. Elem.) m | = 

56. Therefore out of 54* and 5 5 * * RF 1 
PN in the place of LO, 7 R nne s N. 

Which was to be Demonſtr. * 


But that the angles of the inſcribed Paralldogtam PNMH are right angles, is eaſie 
to prove out of the Conſtruction, after the ſame manner as in the preceding Probl. 11. 


from 31“ to 37%. 1 


Probl. X III. * Ps 


Within a given Square to inſcribe a long Square, bot daes mall 
be in a given Reaſon, and parallel to the Diameters of the Squate; 


Suppoſ. ** a T 
1. ABCD is a © given. AB—28 = BE 
2. b = BC * BA) 2 — BF = 82 BE 
3. rand s are the Terms of a gien DG = g'= 
Reaſdn, * bk FC= z0,= 
| Reg. to inſcribe — AE= 20 Ati 
. EFH « ta withinthe © ACD, , — D E 4/8=HG 
fo, as that the pores E, F, G and . ©- . 0 14818 
may lye in the ſides of the ABCD, R — 
alſo , that 8 
5. EE ACN HG; Rewiſe, FG || BD IH EH. Alſo; | 
&GBF', 0-7 Fo & 2 
| Preparat. | 
+ Suppoſe EFGH to be the CI required, then | 
; — to the tenour of the problem, . 8 8 . AC, 
8. Therefore (per 29. prop. 1. Pry »- 6, < BEF = © BAG 
9. Likewiſe, . . » © o od « BFE = © BOA. 
IO, Therefore equiangular are — . > » A BEF and A BAC. 
11. Therefore (ger 4. prop. 6. Elew. ) » + '. > BA , BC» 22 (BE! BF; 
12. Therefore — th . „ BA. BE 25 BOC. 
14. But by Sappoſicies in 1%, s . - © of <, «© | B&"ww-DQo! + 
14. Therefore ( per 1 4. prop. 5. Elem.) ? «- . «+ BE: a=» BE?) 
15. And becauſe by Sxppo/. in 15 . .. <BRE-2=2+ unn 
e ud 15*, (per 47 Pipe 20 F S 9 


r7, And by che like argumentation, . « . « 20 FCW FG. 
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Reſolution. 
. „ + „ 86 = BE, of BE. 
19. Therefore out of 2*and18*, . . „ b—a = FC, or CG. 
20, The Square of the ſegment in 18* is > a«a = OD BE. 
21. The Square of the ſegment in 19* is . .> bb — 26 ＋- A4 = Q FC. 


22. Therefore out of 20* and 16%, « . «» „„ 244 = EE. 
23. Alſo out of 21* and 17%, « « «+ „„ 266 — 4ba--244 = DEG. 
24. Therefore out of 22%, - « - 5 » „ 4/244 = EF. 
25. And out of 23%, . +» « +» +» + +» + «> 4/2bb —qba+2a8a = FG. 
26, Therefore according to the condition in the Problem, 
8 r. „ :: a/248 il — gba + 244. 
27. But their Squares alſo are Proportionals, therefore 
97 nin „ 2bb — 464 ＋L 244. 
28. And becauſe the two latter Terms of the laſt Analogy are in the ſame Reaſon as their 
halves, therefore f 
2 44 1 bb — 2ba + 24. 
29+ But the Roots of the four laſt Proportionals are ms 5 
Proportionals, therefore . 


5 224 . b—4« 


—_———— 


30. Therefore inverſly, . . . + + *- .& 
31. Therefore by Compoſition of Reaſon, . . „ r. 7 :: 4. «(BE.,) 
32. Alſo out of 29*, by Compoſe. of Reaſon, er.: . :: 6. FC. 


From the premiſſes ariſerh this CANON. 


33. By Probl. 1. of this Chapt. divide the ſide of the given Square into two ſ 
that may be one to the other in the given Reaſon , then find out the (ide of a Square 
equal to the double Square of the greater ſegment, alſo the {ide of a Square equal 
to the double Square of the leſſer ſegment; ſo ſhall thoſe ſides be the length and bredth 
of the deſired Rectangle, (or long Square,) which may be inſcribed within the given 
Square by this following | 
| Conftrultion. 


34+ Firſt divide B C into two parts in E, that may 
be one to the other as RtoS, (per Probl. 1. o „„ e. 
this Chat) viz. ſuppoſe it be made as . «> : 

35. Then tet BE = BF, allo DG=DH=BF, and draw the right lines E E, F G, 
GH and HE, ſo ſhall EF GH be the long Square given to be inſcribed : Now we 
muſt ſhe w that it will fatisfie the Problem propounded ; firſt, that EF is to FG as R to 8, 
I ſhall demonſtrate by a retrograde repetition of che ſteps of the preceding Reſolution. 


36. 9 Lo Reg. demonſtr. * S SY. Ron R * 8 22 E F . F G. 
Demonſir ation. 


37. Becauſe by Conſtr.in 34%, . „ R. S :: BF , FC. 
38, —_— — 3 6. ) * S OR. OS :: a. na FC. 
39. y taking the doubles of the two latter wit 

Terms of the Jaſt preceding Analogy, . 8 —— sur. 0c 
0 * * 3 BE — BF. 


40. By Conſtr. in 32», 5 
| S < EBF —_). 


—_——Y , * * 83 
42+ Therefore from 40% and 417, ( per prop. 47. * 
. +. DEF =20BEF. 
S. * * S „ QOFG = 30 FC. 
44. Iherefore out of 397 42* and 43*, by ex- Ye . 
chapge of equal quantities 8 8 AR. 08 EF: FS. 
45. Therefore from 44“, (per prop. 22. Elem. 6.) T R. S :: EF {; FG. 
Which was to be Dem. 


It remains to demonſtrate that the quadrilateral Figure E F G H is right-angled at 
E, F, G and H. . 1 

46. » » Reg. demamfr. EFG FOH CHE = <HEF. 

N Demon- 
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Demonſtrat ion. 


47. Becauſe by Conſty. in „ 1 # > BF — B E. 
48. And by St.. „ < EBB = I. 
49. Therefore (per Corol.. prop. 32. Elem. 1.) .@ <T BbE = +)... 
50. — "MIS ROGER AT - -@ < CFG 3.1... 
51. Therefore from 49“ and 5o*, (per Coroll. 2 8 
D | $ <EFG- = 4. 


52. And by the like argumentation , «4 
Which was to be Dem. Therefore the Problem is ſatisfied. 


Probl, XIV. 


In a right-angled Triangle, one of the ſides about the right angle 
being given, as alſo the ſumm of the other ſide about the right angle 
and the Hypothenuſal, to find out the Triangle. But the ſaid ſumm 
muſt be greater than the given ſide, as is manifeſt by prop. 22. Elem. 1. 


Suppoſ. 
1. A AK F is right-angled at K. 
2. b = AK is given, 
3, c = AF-+FK is given, * 
4 6 2 & 


Ng. to bad A AKE. 


Reſolmtion, 

5. For the differente between the Hypothenuſal A F and the Per- 
R oo a os + = ns 
G. Then from 3* and 5®, (per Theor. g. Chap. 4. ) the Hypothe- 


naſal ſhall be „% % 02-4. & * on oEoRmRmAS 8 36 ＋ 44. 
7. And by the ſame Theorem, the Perpendicular K F ſhall be .> 1c — 4. 
8. Therefore from 6* the Square of the Hypothenuſal ſhall be. > Lee ＋ 444 + ca. 
9. And from 7“ the Square of the Perpendicular is . .> acc + Zap — 14. 
10. The difference of thoſe Squares is . . . . „ 66. 
11. But (per prop. 47. Elem. 1 ) the difference of the Square of 
the Hypothenuſal and the Square of one of the ſides about the 
right angle is equal to the Square of the other ſide about the 
right angle, therefore from 10* and 2%,  . . . . . 
12. — by reſolving the laſt preceding Equation into Pro- FI" BY 
SS. „% „% of „ „% „% ee RAS —— OE 
13. Therefore out of 12® and 6*, the Hypothenuſal is now given, 7 4 c + bb = AF. 
VIE. * 1 7 . . 6 „„ 'F 7 2640 
14. And from 12* and 7* , the deſired ſide about the right angle * „ kr. 
= é en 
Out of 12 ariſeth this | | * , 
THEORE AF. | 


15. One of the ſides about the right angle of a right-angled Triangle is a mean Pro- 
portional between the ſumm and difference of the Hypothenuſal and the other ſide about 
the right-angle. And conſequently ( per prop. 17. Elem. 1.) the Rectangle of the ſaid 
ſumm and difference is equal to the Square of the firſt mentioned ſide, or mean Pro- 

rtional. 1 ä 

16. Therefore, the Baſe of a right-angled Triangle, (that is, which of the two ſides about 
the right angle you pleaſe, ) being given, as alſo the ſumm of the enufal and 
Perpendicular ,- the difference of the Hypothenuſal and Perpendicular ſhall be given alſo. 
For by the Theorem above expreſt, (which is the ſame with Prop. 36. Elem. 3. * 

| t 


64 = bb. 
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the line there mentioned to cut the Circle paſſeth through the Center,) the ſaid dif- 
ference is a third Proportional proceeding from the ſaid Baſe and Summ. 


Therefore allo, the ſaid Hypothenuſal and Perpendicular ſhall be given ſeverally, (pe- 
Theor. g. Chap. 4. ) for tlicy (hall be equal to the given Quantities Before expreft in 13. 
and 14? of this Problem. | 

The Compoſition of Probl. 1 4. 


B AK=12=B 
* 414 
FA=13 
AH=2r8 
D= 82100 


Suppoſ. 
17. B = the Baſe of a right-angled Triangle is given. 
18. AH = the ſumm of the Hypothenuſal and Perpendicular is given. 
19. AH c B. 


Reg. to find out the A. 
ConſtruF1on, 


20. Let it be made as AH to B, ſoBtoathird > | 
Proportional, call it D, therefore al. * 8 + . 
21. From AH cut off AG D, which is poſſible to be done if AH &= D; but by 

Suppoftion AH c B, therefore from the Analogy in 20%, AHD. 

22. Divide G H into two equal parts in F, therefore FG = FH. 

23. From F as a Center, at the diſtance of FG or F H deſcribe the Circle FGKH, 
and (per prop. 17. Elem. 3.) draw the right line AK to touch the ſaid Circle in K; 
draw alſo the Semidiameter F K; then ſhall AK P be the Triangle ſought, Now we 
muſt ſhew that it will ſatisfie the Problem. 

24. Firſt then, by Conſtrattion in 23%, FH = EK, therefore AF FK = AH the 
given ſumm of the Hypothenuſal and Perpendicular, It remains to ſhew that AK 
is equal to the given Baſe B, and that the angle A K F is a right angle; therefore, 


2. Req. demonſir. ARK = B. Alſo, Wt AKF = A. 
Demonſtration. 


26, Becauſe by Conſtr. in 20* and 21%, . .5 AH. B :: B . D (AG,) 
27. Theretoie , ( per prop. 17. Elem.6.) . AH, AG = 0B. 
28. And becauſe by Conſtr. in 23*, AK roucherh AH.AG 
—_— — pn (per prop. 3 6. Elem. 3. 58 — . = 0 AK. 
29. Therefore out of 27* and 28% ( per Ax. 1. 

a 4; 30 OA huge » O ARK = aB. 
30. Therefore, (per Schol. prop, 48. Elem. 1.) > . AK = B. Which was to be dem. 
31. And becauſe by Conſtr. in 235, AK toucheth 

OFGKH in K, and FK is Radius, therefore, > FK L KA. Therefore, <AKF = A. 
(Per prop. 18. Elem. 3 
Which was alſo to be Dem. Therefore the Problem is ſatisfied. 


| Probl, X V. 
The Radius (or Semidiaineter ) of a Circle being given, as alſo the 
Tangent of an arch , to find the Tangent of the double of that arch. 
But the given Tangent muſt be leſs than the Radius. 


S Ppo/. 


Chap. 7. Mathematical Reſolution and Compoſition. 25 7 


Suppeſ. 
1. A ABC is right-angled at B. 
2, < BAD = << DAC= 4i<CCAB. | 
3. r = AB the Radius of a Circle, whoſe Center is A, is given. 
4. t — BD the Tangent of the arch BG, or angle DAB, is given. 
5 BD wy A B. 

A 
Reg. to find BC the Tangent of the angle CAB, chat is, the Tangent of 2 DAB. 
Reſolution, ; | 

GD 5 4 = BC. 


7. THIS of 4* and 69 N - - „„ 

„ A =" d 6? . . p I 
„e e fra = AG 
9. And becauſe by S»ppoſition < BAD = 5 | 
2 «mall 3T DC -, »D"3 ASGSS 
10. That is, in the letters of the Reſolution, > .. 4 —- . t. :: „rr: rv. 
11. But their Squares alſo (hall 1 

nals, ( per 25 prop. . = _ 
12. Therefore from the Analogy in the 11 | YL 

ſtep, by Diviſion of Reaſon , : s k $ 44 — 214 t:: 44 © . 
T9. Ur oc. ..c-.:.0 
14. And by reaſon of the common altitude &, 

in the two firſt Terms of this Analogy , it is ? - 44— 2t4 44 :: 4—2t , 4. 


AA—2taktt , tt :; rrdaa . ur. 
„ n:: 58 ; m 


manifeſt (per 1. prop. 6. Elem.) that 
15. Therefore from the two laſt preceding 
Analogies, ( per 11. prop. 5. Elem.) . + 8 
16. Therefore .inverſly, , 0 8 
17. And conerſly, , of & & ot Sad rr | 
18, And by doubling the Antecedents , (per 
Schol. Clavii in prop. 22. Elem. 5.) R | 
29. And inverſly,- . ,. „% 
20, But (per 15. prop. 5. Elem.) . —_— n 20 . 
21. Therefore out of 19 and 20% ( per * 8 
. - £6 nx 
Hence this 


* 


„ 27 . 7Tr—tt :: 24 . 27. 


THEO RE A. 


22. As the exceſs whereby the ſquare of the Radius exceeds the ſquare of the Tangent 
of an arch leſs than half a Quadrant, is to the double ſquare of the Radius; ſo is the 
ſaid Tangent, to the Tangent of the double of that arch. | 


Therefore the Radius being given, as alſo the Tangent of an arch leſs than 45. degrees, 
the Tangent of the double of that arch is given alſo , without extracting any Root. 
+, This Theorem, was. found out by the Learned DF. John Pell, who thereby hath clearly 
ſhew'd the falſuy of Longomontenx's pretended. quadrature of the Circle, as appears by 
the Comroverlie between them, (printed at Amſterdam in 1647.) where the Demon- 
ſtrations of divers eminent Mathematicians to manifeſt the truth of the Theorem are 
inſerted , which may alſo be eaſily demonſtrated by the ſteps of the preceding Reſolution, 
by proceeding in à direct order from the beginning to the end thereof; but leaving that 
Demonſtration to the Learner's practice, I ſhall give another which here follows. 


K k S upprſ. 


* 
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F 


Suppoſ. 
"Tr" — 


23. <<ABC and AEF are right angles. 
24. ACF and AB E are right lines. 
25. << DAB leſs than half a right angle. 


26. <DAB = < DAC=4<FAE. A 


E 


27. . Reg. demenſlr. . . . - QAB—-QBD. zOAB :: BD. BC. 
Demonſtration. 

28. By Smppoſition, . « «- + f QT ABC = | = < AEEF. 

29. By Suppoſ. alſo, e < FAE = 3< DAB. 


3 3 1 ( per Theor. 2. _ AE. EF :: ABD. 2QABBD. 


31, And beczuſe from 23 and 2 4 
AE. EF 


0 


A AEF and A ABC are like, it's ma- 
nifeſt ( per 4. gem _ ow 
32. Therefore from the two Jaſt prece- A 

ding Analogies, (per 1 T. prop. 5.Elem ) CAB-QGBD . 2COAB,BD :: AB. BC. 
33. But by reaſon of the common altitude 
2 AB, this Analogy is manifeſt, (per 200 AB, BD. 20 AB :: BD. AB. 
1. prop. 6. Elem.) vx. 
34. Wherefore _ the two laſt pre- 
ceding Analogies, (per 23. prop. 5.Elem . BK 
agreeable to Definze. 8. of Inordinate DAB-OBD nB :: BD. BC. 
proportion in the foregoing Chap. 3. ) Which was to be dem, 


Wuſtration by Numbers. 


AB . B C. 


e ¶ũ ff „„ 00000. 
36. Then ſuppoſing the arch B G or angle DAB to be 15. de- 6 
grees, its Tangent B D ( by the Trigonometrical Canon ) 58 _— 
37. Now to find out BC, the Tangent of 3 o. degrees, (the 
double of the given angle,) according to the preceding Theo- 
rem, multiply the given Tangent 26795, by the double Square(” * 20; pda 
of rhe Radius , viz. b „ „ %% 
38. The Product is to be reſerved for a Dividend, to wit, . > 5 35900000000000. 
39. Then from the Square of the Radius, viz. from > «+ » 10000000000. 
40. Subtract the Square of the given Tangent 26795, vis. .5 . , . 717972025, 
41. The remainder is a Diviſor, to wit... . « « 9282027975. 
42. Laſtly , divide the Dividend in the 38" ſtep, by the Divi- | 
ſor in the 41, and the Quotient, negleRing the remainder, 55 XV. 
Which 57735 is the deſired Tangent of 30. degrees, the double of the given angle or 


arch 15. degrees, and exactly agrees with the Trigonometrical Canon, the Radius being 
aſſumed 100000. 


Probl. XVI. 


The Radius of a Circle, and the Tangents of two arches being given 
ſeverally, to find the Tangents of the ſumm and difference of thoſe 
arches. But when the Tangent of the ſumm is required, the Rectangle 
of the given Tangents mult be leſs than the Square of the Radius. 


In finding out the Demonſtration of the Theorem in the 22% ſtep of the foregoing 


Probl. 1 5. | diſcovered the two following Theorems, to ſolve this Probl, 16, which I have 
not met with in any Author. 


THEOR. 1. 


— —— 
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THE ORA. 1. 


. | 
As the exceſs whereby the Square of the Radius exceeds the Re le of the Tangents 

of two arches, is to the Square of the Radius; fo is the ſutum of thoſe Tangents . 

Tangent of the ſutntn of the ſaid arches. | 
Therefore the Radius of a Circle, and the Tangents of two arthes whoſe ſanim is leſs 


than a Quadrant, being given ſeverally, the Tangent of the ſumm of thoſe arches ſhall be 
given alſo. | 
928 


Je 
1. CA iv the Radl of a Circle whoſe Center is C. 
2. AL an arch leſs than a Quadrant. 
3. Arch LK = arch Al, therefore 
4. Arch AL = arch AK -þ arch AI. 
5. AD L CA. 
6. AB the Tangent of the arch AK, or < BCA. 
7. AE the Tangent of the arch Al, or < ECA., 
8. AD the Tangent of the arch AL, or of 
< BCA + < ECA. 
9. CAH and CDG are right lines. 
10, HG L CAH. | 
11. BM — AE, therefore AM = BA + AE. 


Reg. demon ſtr. 
12. OCA-CDBAAE . CA:: AM . AD. 
BA-AE C 
Demonſtration. 


13. Becauſe by S»ppoſition , .> <CAD=.J= < CHG. 


14. Alſo by S»ppoſe in the ri ht-angled Triangles | 3 | 
GCH, BCA md ECA, >, Bs <GCH=<BCA+ <ECA, 


15. Therefore, (per Theor. 2. «Angular. ſettion. Vigh ) 
CH . HG :: CA - BA, AE. GAM, CA. 

16. And becauſe by Szppeſ. in 5*, 9* and 10˙% A CAD and A CH are equiaogular, 
re, (per 4. prop. 6. Elem, ) 
CH . HG :: C&aA:c. Ak. 

17. Therefore from the two laſt preceding Analogies, (per 1 t. prop. 5. Elen.) 

| CA - BA, AE. AM, CA:: CA . AD, 

18. But by reaſon of the common altitude C A this following Analegy is manifeſt , 


er 1 prop. 6, Elem. | 
8 AM. CA CA:: AM C. . 
19. Therefore from the two laſt preceding Analogies ; ( per 23. prop. 5 · Elem. agreeable 
to Defis. 8. of Inordinate proportion, in the foregoing Chap. 3.) | 
oOCA— 8 BA, AE. CA:: AM AD. | 
Which was to be dem. | BA-+AE - 


Illuftration by Numbers. | * 


20. Let the Radins Ci be ! o: dh oe Chit ©» 
21. Then ſuppoling the arch A K to be 3 o. degrees, its Tangent 
A B by the Trigonometrical Canon is 
22. Likewiſe ſuppoling the arch Al to be 20. degrees, its | p 
L/ 
Now to find out A D the Tangent of the arch A L, 5c. degrees, i, the Tangent of the 
ſumm of the given arches A K, 30. degrees, and A.l, (or K L.) 20. degrees, the Ope- 
, ration, according to the pteceding Theor. 1. will be as it here follows, vit. 
23. Multiply the ſumm of the given Tangents 57735 and?” AD 
TS of hoe ta. wy, . . . un. 
24. By the Squarè of the Radius, viz. by ß . .. 10000000900. 
22. The Product ſhall be a Dividend, to wit, , .. . g41320000006000. 
36, Then from the ſaid Square of the Radius in the 24% ſtep, OS. 
ſubtract the Product of the given Tangents, to wit, © 67 636, eee 
Kk 2 17. The 


ii 
„ 57735. 
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27. The remainder is a Diviſor, to wit... 7898619205. 
28. Laſtly, divide the Dividend in the 25" ſtep , by the Divi- 
ſor in the 27 and the Quotient, (neglecting 8 n. 
Which 119175 is the deſired Tangent of 5 0. degrees, the ſumm of the given arches 
©, and 20. degrees, and exactly agrees with the Trigonometrical Canon, the Radius 
being aſſumed 100000, THEOR x 


29. As the ſumm of the Square of the Radius and the Rectangle of the Tangents of two 
atches is to the Square of the Radius; ſo is the difference of thoſe Tangents, to the 
Tangent of the difference of the ſaid arches, | 
Therefore, the Radins and the Tangents of two arches being ſeverally given, the Tan- 

gent of the difference of thoſe arches ſhall be given alſo, 


Suppeſ. G 


30. CA is the Radius of a Circle whoſe Center is C 

31, AL is an arch leſs than a Quadrant. \ 
32. Arch AI = arch LK, therefore D 

33. Arch AI = arch AL — arch AK. 


34. AD L CA. | 
35. AD the Tangent of the arch AL or < DCA, M 
36. AB the Tangent of the arch AK or BCA. , 


37. AE the Tangent of the arch AI, viz. of * 


< DCA — < BCA. 
38. CAH and CE F are right lines. 
39. HE L CA H. 
Reg. demonſtr. | 
40. DACA+COAD,AB . CA:: BD. AE. 
DA—AB 


a Demonſtration. 


| 41. Becauſe by Swuppoſition r CAD S A SS CG. 


eee ee eue are. 


43. Therefore, ( per Theor. 1. Angular. ſectian. Viet.) 
CH . HF :: CAAD, AB. BD, CA; (chat is, DA - AB « CA.) 
44. And becauſe by Suppoſ. in 34“, 38% and 39˙ A CAE and A CH F are equian- 

gular , therefore, ( per 4. prop. 6. Elem. ) 
„ 2: SS «- a= By 
45. Therefore from the two laſt preceding Analogies, (per 11. prop. 5. Elem. ) 
CAAD, AB. BD, CA:: CA AE. 
6. But by reaſon of the common altitude C A, thi i i ifeſt , 
4 *. = * _ s following Analogy is manifeſt , 
3 122 » O Ca > BD HA 
Therefore from the two laſt preceding Analogies, , R : 
2 Defwn. 8. of Inordinate — 0 8 Bite Coy 23 * 1 
| CA Ab, AB. CA:: BD . AE. 
Which was to be dem. DA-AB 
Illuſtration by Numbers. 
48. Let the Radius CA be A 6 +» 300000 


49. Then ſuppoling the arch AL to be 50. de rees, its Tangent > © 
AD by the —— Canon is * ; . * n 
5o, Likewiſe, ſuppoſing the arch A K to be 30. degtees, * 


Dre » © J7733. 
Now to find out AE the Tangent of the arch AI, 20. degrees vis. the 
difference of the given arches AL, go. degrees, and Tx. 82 pe, 4 
according to the preceding Theer. 2. will be as followeth, vid. a | Spe 
51. Multiply the difference of the given Tangents 1101 "mY — 
and 57735, to wit, * a 2222 » 61440. 


$2, By 


— 
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52. By the Square of the Radius, vir. by „ 1 ki *' « 10000000000, 
53. The Produtt ſhall be a Dividend, to wit, » * 614400000000000., 


54: Then to the faid Square of the Radius, add che product 
ye” the given Tangents 119175 and 57735, vid. « +» 6880568625. 
5 0 16880568625. 


55. The ſumm is a Diviſor, to wit, 
56. Laſtly , divide the Dividend in the 5 35 ſtep by the Diviſor 
in the 5 , and the Quotient, neglecting the remainder, will Y * + + + + + 36396, 
Which 36396 is the deſired Tangent of 20. degrees, the difference of the given arches 
50, and 30. degrees, and nearly agrees with the Trigonometrical Canon, the Radius bei 
aſſumed 100000. Bur for more exactneſs, the Radius and Tangents given ought to conſi Gi 
of more places than thoſe before expreſt in 48*; 49* and 50% _ 


— 


Probl. XVII. 
To find the altitude of a Tower, when the foot thereof is inacceſſible; 


Suppeſ. 
1. EA = AC-|-CE is an horizontal line. 
2. CA part of E A is acceſſible only at C. 
3. AE the height of a Tower. 
4. CD and EF two ſtaves perpendicular to E A; and at ſach a diſtance one from the 
other, that FDB is a right line. 6 | 
5. FA a rightline cutting CD in G. 
6. BH a right line cutting CD in G. 
7. Fl = and || EA, and cuts C D in K. 


9. d= C E, : are given ſeverally. 
H, 
Reg. to find AC and AB. 


B 
DG = 24 
FH = 25 
#2 S SS 44S # SS „eee * a > F 
1 AC S 720 
H AB = 600 
1 e 


Preparat. 
Becauſe in A BFH, DG || FH, therefore, A BFH BE 1 t | 
" I ABDG are like, therefore (per prop.4. Elem. 6. 3D :: FH 
12. Likewiſe becauſe in A FBI, Dek, therefore P BF. B :: IF 5 IK. 


I 3. Therefore out of 11 *and 12*,(per pro.1 l. Ele 5.)> FH. D : IE 1K. 
14. That is, (becauſe AE = IE, and AC=1IK)> FH, DG :: AE. AC. 
| Reſolution. 

15. Pu.. ele „ A e 

16. Therefore from 9 and 153 K > 3 

17. Then from the 8, 10®, 14 +15 and 16% fp Ne, 
this Analogy ariſeth, viz. . . F 4 "I « #4, 

18. Therefore by Diviſs ton of Reaſon, . + #-6 4 


as 0 
to fr ( which by the 18 ſtep is maniſeſtly 


equal to 4, ) that is, AC, and it makes 
20. Then becauſe A FBA and A FDG are Cy a 1 
KR. G0 


19. Again, in order to find A B, add d, that is, C E, 2 


DG || BA,) this Analogy will be manifeſt ( by the 
2 prefixt to Probl, 1 1. of this Chapt.) viz. 


2: FI. AB. 
21. That 


—— — —— —— — — — — 2 —ñ— - 
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21. That is, by exctrange of equal right lines, > CE . GD :: AE . AB, 

22. That is, in rhe letters belonging to the Re-7 4 5 :: _ : 2 (As) 
/ ĩ % ⁵ ĩ „„ HEOES 5 — — 

—— the 18th , 21th'and 22th ſteps ariſeth this 

| CANON. 

23. As the exceſs whereby FH exceeds DG, is to DG, ſois CE to AC]; and ſo is FH to AB. 

The Demonſtration of this Canon being very eaſie to be deduced from the premiſſes, 


I ſhalt only illuſtrate it by An Example in Numbers. 


| DG = 6 = 24 
Suppoſe . . . 3 CE = &4= 30 | Inches. 
EFHazf = 2s 
Then by the Canon, 
"Ie Dd . D@ nun CT We 
: } I —_ ©  - 3 
I FH — DG . DG 2 © FH . AB. 
L 3 I » Wu © om oe ns 


Probl, XVIII. | 


To find the length of a right line AB, when there is acceſs to one 
of its ends , ſuppoſe to A. 
L 


GC = 51 
CA = 26 
AF = 34 = GE 
FG=3a5 = AE 
AH = 24 
AB = 52 
FB = 50 
CE = 17 
ala 7 

_ HC = 10 


Preparat. 10 
1, From the given point A meaſute two equal diſtances, as AC = CD, and ſo, as 
DC AB may be a right (or ſtraight) line; meafure likewiſe DE and E E, fo as DE 
1 e 10 E md DEF à ſtraght line, making an angle ADF at pleaſure: then 
' mieafure Þ A; which ſhall be parallel to line drawn from C to E, (per 2. prop. 6. Elem.) 
DC ; CA:: DE. EE; then meaſure CEG, that is, rhe parallel CE produced 
to ſuch a Station G, that GFB may be a ſtraight line, meaſure alſo G F. Now of the 
Trapezium CA E G the two ſides AF and CG being parallels, and every one of the four 
ſides CA, AF, FG, GC, given by meaſure as above, in Yatds or whit equal parts you 
. pleaſe, the 1 AB, alſo of F B may be found out in the ſame kind of parts, by 

g Re 7 


the followin dlution. 

| Suppe. | * 
CAB and GFB ate tight lines. 
AF H CG: | 

Ba 2 . #&C . * 893 o * . b * CG 

| q | p = + given ſeverally. 

f = FG 
Reg. to find AB and F B. 


Reſols- 
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Reſolution. 
wo, FD 
4. Then becauſe A BCG and A BAF are equi- h 

angular, for AF||CG, this Analogy is mani- 
teſt, ( per 4- prop. 6. Elem. ) h 
5. That is, in the letters of the Reſolution , > 
P 
* 


. b „64 4 PR 
6, Therefore alternately, a oÞ'z 4 c+ 4 4. 
7. Therefore by — a of Reaſon , . b--S.: £ c 4. 
8. And by the like argumentation chis Analogy . | 
will ariſe, . 3 f FB 
The Analogies in the ſeventh and eighth ſteps afford this 
THEOR. 1. 


9. In a Trapezium CA F G having two parallel ſides AF, CG; As the difference of 
thoſe two parallel ſides is to the ſeſſer of them; ſo is each of the two other ſides * 
parallels, to its continuation to the point of their concurrence, viz. As, CB 
:: CA, AB :: FG. FB. 

10. The Demonſtration whereof is manifeſt ; for drawing AE. || FG, the Triangles 
CAE and AB F ſhall be like; and becauſe A E I FG and AF || EG, it follows 
( per prop. 34. Elem. 1.) that AE = FG, allo AF = EG, and CE = =.CG 
— AF. Wherefore CE . AF :: CA. AB:: FG. F B, as the Theorem affirms, * 


An Example in Numbers. 


AF || CG in the Trapezium CAFG; alſo; 
CG = 5. 
CA = 286. 
Bl. % „ MEE 
FG = a3 = BA 
CE = 17 = COA 
12. Then by the Theorem before expreſt in g*, | 
”- Ci a5 
CE . (c - AF. ) AF i: I 36 52 


Here by the way, the Learner may obſerve, that the four ade of a Tra zium having 
two parallel ſides * ſeverally given, the Area of that Trapezium jhall be given * 


a this * THEO ER 2. 
. If a Tra — hath two parallel ſides, the Rectangle or Product made by the multi- 


8 of half the ſumm of the parallel ſides, into the ſhorteſt diſtance between the 
ſaid Parallels, ſhall be equal to the Area of the Trapezium, 


AF It CG inthe Trapeziaa CAFG. 
3 CG © AE. 
AC not || FG. 


Prepar. 
15. Make AHL CG; alſo GE = AF, and draw AE. 


| AH x 3zCG-+FAF = Trapez. CAFG. 
16. . + Req, drwwonſftr. . Ine. 


1 4 ⁴öUür Szppoſ. a 19 


AHx EG 3CE = Trapez. CAFG. 
Demenſtr ation. 
17. By Suppoſtion in 14% 5 - . AF ICH 
18. And by Cenftr. in 5%; » I „ GE = AF and AHLHC. 
19. Therefore out of 17 * and 18%, (per 33, 35-2 1 


20. Aud ( per Schel. 41. prop. 1 1. Elan) . + AHA ACE A CAE 
21. Theretore from the two laſt Equations , 

AH x EG-+ 3CE = EAFG + 4 CAE = Trapez. CAFG. 
Which was to be Demonſtr. Þ 
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An Example in Numbers. 

Let the ſame things be given before as in the 11th ſtep, whence the three ſides of the 
Triangle CE A will be 17, 26, 25, and by the help of theſe, the Perpendicular A H will 
be found 24, (by Theor. in 297 and 30* of Probl. 9. Chap. 7.) which multiplied by 42, 
that is, halt the ſumm of the parallel ſides AF, CG, gives 1020 for the Area of the 
Trapezium CAF G. 


Probl. XIX. 
Another way to meaſure a diſtance, when we can come to one end thereof. 


B 


Suppeſ. | 
4 
"AB a diſtance acceſſible 
only at A. 
1 CAB a right line, : . 
CA : AD = 210 
Lian | | CD = 253 
; C4 „% : AE = 90 
. AT - *% * :F 5 7 K BY = 250 
FA Ws =; CK = 354} 
you! —2 ; 8 AB = 2047* 
| H“. IE 
[81 TO D, * . L 
BEP a right line. 1 
Reg. to find A B. * 
Re ſolution. 1 
2. Put TE ny. 921, 4 DE . . . > SS = A B. 
3. Then becauſe A ADC and A AEG are 
equiangular, (for GE || CD,) it ſhallbe, > AD. AE DC. GE. 
( per prop. 4. Elem. 6.) ., . . « . of 
4. That is, in the letters of the Reſolution, .> c 7 1 4 — 
5. Likewiſe in the ſame AADC and AEC, > AD. AE : CA. G 7 
6. That is, in the letters of the Reſolution, > c , f 5 , K. 


7. Again, in the 
and G B E, 
s. IMs, 


equiangular MA CF . CA AB :: 


c 
GE. GAA. 


. .> bl-s :: 2 . L + 4 


g 


9. Which Analogy gives this Equation ,viz. > E + ga = baf 4 2 0 
c c c 


10. Therefore by ſubtrating ofa 
c 


from each 


d ba 
part, (for g, or CE, is greater than 2 or 4 ＋—. * - * 4 , 
E G 5 ) * * — - - o * * . 
11. And by ſubtracting EZ. from each part F . bit —bfe 
c 0 g—— into 4 = . 
of the laſt Equation, this ariſeth , 4 


12. That is, 


1 4 e—L ino + 


A. into 5. 
c 


13. There- 
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I 13. Therefore by reſolving the laſt preceding Equation 

* Proportionals, this 1— ariſeth — R Te . A : ba 

14. And by multiplying each ot 2 two firlt Terms 5 

of that Analogy by c, this ariſeth, viz, . 8 5 4 An. 4. 
15. Let fv be made equal tO gr, viz. As froc fo) 

to a fourth , which may be called , then letting 4 F 5 

in the place of ge in the firſt Term of the Analogy( . -A 5. a 

in the — ſtep, this ariſeth, viz. . . | 

16. Therefore by dividing the firſt and ſecond Terms of 4 5 
1 — 1 x f, this ariſeth, wit. © © d-g tb. 4. 

Which Analogy laſt before expreſt affords this 
CANON. 

17. Let it be made as f to c, ſo g to a fourth, which may be called ; (that is, in the 
Diagram, as AE to AD, or as CHt CI, ſo CF co CK %) then let it be made, | } 
as w—d4to d—g, fo 6 to 4 the diſtance ſought ; ( that is, in the Diagram _— 

K D to DF, or as ID to DB, ſo CA to AB.) 


The Demonſtration whereof, (in regard Cl is parallel to AD, and IK to HF B,) 
is maniſeſt (per prop. 2, & 4. Elem. 6. ) the Proportionals in the Canon being compared 
to the reſpective lines in the Diagram belonging to this Problem. Which Canon may be 
demonſtrated alſo by proceeding according to the > of the Reſolution, in a direct order, 
viz. from the beginning to the end ; and alt the Demonſtration in this way be 
prolix , yet ſince tis certain, and may ſerve to m_—_ the younger Analyſt's skill in che 
Reſolution of Plane Problems = ſhall here form it at large. 


Prepar. 
18. La it be made , . „ AD AB ; CF , CR. 
„ . 7 72 N 4. 


„. 

Then the ſame things being ſuppoſed and made as in the firſt and ſeventeenth ſteps, 

19. denn, , Þ . « KD . DEF © C4: alt 
— A ADC and A AEGp p 

10. Fora as. A and A * = T5 

ng: AD . AE :: DC . UE: 


That is, in the fourth ſtep, . . -> e 2 = 22 " £. 


1. Again, in the fame AADC and — N * 
AEG, 3 N AD . AB t -CA 2 
hat is, „„ „ . — 

22. And becauſe a and * F 
ide killa, cr. CA-+AB :: GE. GA+AB, | ' 


4 L „„ © © „ „ „ 3 © O—_—_ s . ＋ +4. 


+ Therefore from the 2 2th ſt Sh MP (per 16. 1 Flew. 6.) vis. 
. A CAGE '+ DO GEAB.. 
"Ta, 5 . * + go = * + 2. 
24+ And by fubrrafting Q GE, As from each den of the Equation in the 23th ſtep z 
this remains , viz. 
DOGA,CF + QCF,AB — MAGE, AB = QCARE, 


That is, dfa — 2. 
1285 . + * W 15 ; 
25. And ſubtrating (I GA, CF from each part of the Equarion in the 246k ſtep, 


this remains, viz. 
CI CF,AB — BE, AB = CA „SB — OA. 


ted. e=L e ee. 
c_ | i "= | 
Pf . = LE io 
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Now that UCR, CA may be ſet in the place of HGA, CF in the latter part of the 
Equation in the 25th ſtep, I ſhall by the four following Reps prove that CR, CA 
= GA, CF. Firit then, 

26. By the zich ſNiep, . © - + „ AD AB :: CA. GA. 
27. And by the 1 8th ſtep, . . . . +» » -e AD. AE :: CF. CR 
48. Theniore from the 26h und x5 he, r Ca, Gaz: CF... en 
29. Therefore from the 2 8:b ſtep, (per 1 6. prop. E1.6.) > Ca CR, CA = A, CF. 
30. Therefore by ſetting CR, CA in the place of CA GA, CF inthe latter part 
of the Equation in the 25th ſtep, that Equarion will be converted into this, vid. 
Cf, AB — GE, AB = CA, GE — UCR, CA. 
That 58 Lm Kn 


rr 


C Cc 
31. Theretore by reſolving the Equation in the 3oth ſtep into Proportionals , this Analogy 


ariſeth , viz. 

CF GE. GE — CR :: CA. AB, 

11% 4 . LL 1 6 4. 

7 c 
32. And by drawing AD into the brit and ſecond Terms of the Analogy in 317, this 
will be manifeſt, (per 1. prop. 6. Elem. ) 
OC, AD - CI GE, aD. GB, Ab - CR, Ab:: CF- GE. GE-- CR. 
33. Therefore out of 3 1 and 32*, ( per 11. op. 5. Elem. ) 
C, ab — HGE, A. COGE,AD - COCR,AD :: CA. AB. 
That is, in 14, ge — df df — fg 8 „ 
34. And becauſe from the Conſtru#tion in 17%, , „ CK, AE = CICF,AD, 
35. And out of 20%, , . . . + +> ODCGAE = OGE, AD, 
ECT”, , . . - - eee 
37. Therefore out of 33*, 34, 35* 36* by exchange of equal Rectangles, this Analogy 
ariſeth, vi. _— 
 _CIGQKAE-CIDCAE . ODC,AE-CICFAE :: CA. AB, 

That is, in 15*, fm — df . af — of 257 b g 4. 

38. And this following Analogy, by reaſon of the common altitude A E, will be manifeſt 

by prop. 1. Elem. 6. 

T_T OA » ODC,AE -CF, AE :: CK - DC. DbC CE. 
39. Therefore our of 37 and 3 8, ( per 11. prop. 5. Elem. ) . 
CR— DC. bet. CA. AB. 

That is, in 16˙% m — 4 » dog 13 2&2. 

40. Therefore from 39“, reſpeR being had to the Diagram, A 
KD . DF :: CA. AB. 
Which was to be Dem. 

Divers other Canons might be deduced from the premiſſes, which for brevity ſake I ſhall 
pals over; but to ſatisfie ſuch Artiſts as delight in lems of this kind , becauſe they may 
be practically applied to meaſure diſtances in the field without any Mathematical Inſtrument 
to obſerve angles, I ſhall illuſtrate the preceding Canon (in 27) by ; 


An Example in Numbers, 


CAS 6b = 210 

85 7 = 1 
Suppoſe 4 CD = d = 252 Feet, 

[AT Yn 90 

CF =7£ = 52 


Then by the Canon in 17 of this Probl. 
x $0 0B AD C8 - CE. 
90 o 


: 3543s 
5 J » DC-CF :: EA . AB. 


WM, 0. , DF «nn 6&6 Fas 
1027 100 z* 210 - 20475. 


Probl, XX. 
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Probl. XX. 


To find the length of a right line AB, when neither of its ends 
A or B is acceſhble. | 
B 


M 


A \ 


J 


Make choice of ſome ſtation C, where you may both ſee, and have liberty to meaſure 
towards A and B; then meaſure two equal lines C D and DE, in Yards or Feet, &c. 
ſo as CD E A may be a right ( or ſtraight) line; likewiſe meaſure CF and E G equal 
to one another, and ſo as Ek GB may be a ſtraight line, Meaſure alſo EG, which 
ſhall be parallel to a line drawn from D to E, ( per 2. prop. 6. Elem.) for CD. DE 
:: CF. FG. Then ſuppoſing DF to be produced to H and I, to wit, ſuch ſtations 
that HE B and I A may be right lines, meaſure HE and GI; alſo HF and D]. 
Now there are given ſeverally the four. ſides of the 2 HE GE, having two 
parallel ſides E & and. HF, therefore the length of G B ſhall be given alſo by the preceding 
Probl; 18. In like manner, the four ſides of the Trapezium DEGI havink two parallel 
ſides. EG, Dl, are given ſeverally, therefore the line E A ſhall: be given alſo by the ſaid 
Probl. 18. Then E A and GB, alſo CE and CG being given (as before,) the lines 
CA and CB ſhall be given alſo, by Addition. Then take ſome Aliquot part of CA, 
ſuppoſe one third part, and meaſure it from C to K; meaſure likewiſe one third part of C B 
from C to L ,-ſo'ſhall K L. be parallel to the inacceſſible line A B ſought , ( per prop. 2. 
Elem. 6.) Then meaſure KL. Laſtly, as C K to KL, fois CA to AB, or as 
CL to LK, fois CB to BA; but CK, KL, CA, CL, CB are given in Yards 
or Feet; &. (as beſote,) and therefore A B the diſtance ſought is given alſo in ihe ſame 
kind of meaſure. * 
- If you deſire to find the ſhorteſt diſtance from C to A B, to wit, the Perpendicular C M, 
it may be found by the help of the three ſides of the Triangle C A B, whoſe meaſures were 
before diſcovered. Or if you would draw a line in the field from C towards the inacceſſible 
line AB, that ſhall fall perpendicularly upon the ſaid A B produced infinitely, you may by 
the three ſides of the Triangle CK L, and by the Coro. in 45* of Probl. 10. of this Chapt. 
diſcover whether a Perpendicular from C will fall within or without the Triangle CKL, and 
alſo find the diſtance from either end of the Baſe K L to the foot of the Perpendicular,which 
diſtance being meaſured in the field accordingly, the Perpendicular C N may be drawn, which 
being produced, (hall be alſo perpendicular to the inacceſſible line AB.” But how this Problem 
may be ſolved by meaſuring only five riß ines. [ ſhall hereafter ſhew in Probl. 20. Chap. . 

& | wt i LI 2 g f CHAP. VII, 


| 


| 
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CH AP. VIII. 


The ſecond Claſſis of Examples of the Reſolution and 
Compoſition of Plane Problems. 


N which Examples, the Reſolution ends either in an Equation between the Square 

of the right line ſought, and one or more known Planes; or elſe in an Analogy 
whoſe three firſt Terms are known Planes, and the fourth gives che Square of the right 
lice ſought. | 


; \ ol © 


To cut a given right line into two ſuch parts, that the ſumm of the 
Squares of the parts may be to the Square of the difference of the parts 
in a given Reaſon, But the firſt Term of the Reaſon muſt exceed the latter. 

D E F | g 

B | — C BCS ISDF S 6 

R 2 R= 5 | BF =12 

S8 — | S= 11 FC= 6 

Smppeſ- 
1. 6 BC a right line given to be cut into two parts. 


2. 37 d the Terms of a given Reaſon. 


s\= S 
3. 4E 
Reg. to find 


4. BF and FC ſuach parts of B C, that BE + FC = BC. Allo, 
5. 0 BE + g FC. © :Br — FC: WE © 
Re ſolation. 

6. Put a for the difference of the parts ſought, vis. .> 2 = BF FC. 
7. Therefore the Square of the difference of the parts is > 44. | 
8. And from 1* and 6*, the ſumm of the Squares — 2664. 

parts ( per Theor. 6. Chap. 4.) is 8 ＋ 244. 
9. Therefore according to the tenour of the Problem e 

theſe muſt be Proportionals, vi cx. . , 8 * * 
10. Whence, by doubling the Antecedents, this Analo * 

ariſeth , FRE, . a Welt WT 4s - as. 
11. Therefore by Diviſion of Reaſon, . . . . .þ 27—84 « 5 :: bh . as. 

Which laſt Analogy gives this CANON. 


12. As the exceſs whereby the double of the firſt Term of the given Reaſon exceeds the 
latter Term, is to the latter Term; fois the Square of the line given to be cut into two 
parts, to the Square of the difference of the parts, Therefore the difference of the parts 
is given, and conſequently the parts are given ſcverally by Theor. 9. Chap. 4. 

The reaſon of the Determination annex d to the Problem is evident by T heor. 5. Chap. 4. 
which ſhews, that if a right line be divided into two unequal parts, the ſumm of the Squares 
of the parts is greater than the Square of the difference of the parts, by the double Rectangle 


of the parts, 
The Compoſition of the foregoing Probl, 1. 
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Swppeſ. 
13. BC is a tight line given to be cut into two parts. 
14. R and S are the Terms of a given Reaſon, 
15. R= S 

Reg. to find | 
16. BF and F C ſuch parts of BC, tha BF -þ FC = BC. Alf, 
17. GBF + QaFC.. a: pF CC: : R S$. 


Conſtrułt ion. 


18. Find a right line T that may be equal to the exceſs of 2 R above 8, which is poſſible 
to be done, for by Sappoſition Rt S; ſuppoſe therefore T = 2R —S. 

19. By Probl. 11. —_ 5. let it be made as T to 8, ſo the Squate of BC to another 
Square, whoſe (ide ſuppoſe to be A, therefore, 

S ˙‚˖·˙  $- 552 RS LR 

20. Divide B C into two equal parts in E, therefore EB = EC. 

21. From E C and EB cut off E F and E D, ſuch parts, that each may be equal to 4 A, 
which is poſſible to be done, if EB (EC) be greater than + A. But that EB 
or EC is greater than 3 A, I prove thus; | 


th A 1; .. . . oc oh  Rwx6Eo 
%% "FF _—  ____ 
Therefore by ſubtracting 8 from each part, . . . . « . 2R—Sc<S. 
Bu by Caf im u8%, «© « co rd 
Therefore from the two laſt preceding fteps, (per Ax. 4. Chap 2.) T = S. 
Therefore from the Analogy in 195, and from the laſt preceding ſtep, BC c A. 
And Conngatntly, . - < often oe 6 00 RSA 
Bu by Cafe. in 200, + 5: 6 » & © | © © © © .» SBCEERB=EC. 
Therefore from the two laſt preceding Reps, . . . . EB or ECA. 
Which was to be Dem, | 


22. I fay BF and FC are the deſired parts of B C. For firſt , their ſumm is manifeſtly 
equal to BC; and by Confty. in 20“ and 217 the difference between the ſaid parts B F 
and FC, that is, BF FC (BD) is equal to DF, Bur that the ſumm of the Squares 
of the parts BF and FC, is to the Square of their difference DF,as R to 8, I ſhall 
demonſtrate by a repetition of the ſteps of the foregoing Reſolution in a backward order. 


33 - - Ag. ann. . . . . © RX < 3 23 OBO ODE 
Demonſtration. 


>, TT... SS EB. ez 
2R—S = TI. And DF = A. 


zR-S. 8 :: BC . DF. 


J I << => s# $40 k 44. 
27. — 260 b ca, © „R . $ :: OBC-+oDF. oDE. 

0 on, . . . - . - o * 

1 is, in — * bb „ 44. 
28. Therefore from 27*, by halving the 8 2 1 

R 2 5 : CSE gs 

SE: 5 4 45> > e . 

L ͤ RAS I 
29. K „ the | 

fumm , 2 F the difference of the RIF * 4 

parts BF and F C, therefore ( per OBF Tales 

Theor. — — 2 4.) . . . P hk 
30 Therefore from 28˙ and 29*, by 3 fc 5 DF: 

exchanging equal quantities , he's 8 R _ . 0 „ 

Which was to be Demonſtr, Therefore that is done which was required by the 
Problem. 4 


24. By Ce. in 19%, .  . » 

25. And by Conſtr. in 18* and 215, . 

26. Therefore from 24* and 25*, 55 
exchange of equal quantities, 3 


- Prebl. II. 
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Probl. II. 


To cut a given right line into two ſuch parts, that the Rectangle of 
the parts, to the Square of their difference , may have a given Reaſon. 


D E F 
B | | — C BC=15 | DF= Fs 
R —— R= 2 | BF =20 
8s S—= x | FC= 5 
Suppoſ. 


BC a right line given to be cut into two parts. 
SE the Terms of a given Reaſon. 


[| I} 01 


9 
9 


Req to find | 
3, BF and FC ſuch parts of BC, that BE + FC = BC, Allo, 
eie o:dF IFC: ::2 4. 4 


Reſolution, 
5+ Put à for the difference of the parts ſought, viz, © 4 = BE — FC. 
6. Therefore from 15 and 5, (per T heor. 9. Chap.4.)} 43 x. a, a 

— %%% oY RT RT Ou» 
7. And by the ſame Theorem, the leſſer part ſhall be > 3b — 14 ( = FC.) 
8. Therefore from 6* and 75, the Rectangle (or Pro-? , 3 
duct) of the parts is „„ 1 242 
9. And from 5*, the Square of the difference of the 

r 
to. Therefore from 45, 8* and 9“, according to the { 1 

8 
e 


AA, 


tenor of the Problem, this Analogy ariſeth, viz, . 
11. Whence, by quadrupling the Antecedents, , . 
11. Therefore by Compoſition of Reaſon, « « « 

Which laſt Analogy affords this ANON. 


13. As the ſumm of the ſecond Term of the given Reaſon and the quadruple of the firſt 
is to the ſecond Term; ſo is the Square of the line given to be divided into two parts, 
to the Square of the difference of the parts. | 


Therefeore the difference of the parts is given, and conſequently the parts feverally , by 
Theor. 9. Chap. 4. 


qr . :: bh—as 44. 
44. 


gr „„ 2: 8 


The Compoſition of the foregoing Probl. 2. 


8 

B | — S 

R. BC=25.}--A= 5 

8 — R= 2 | BF=10 

1142 — SS 1] ECS 5 

＋r TS 91 DFS A 
Suppoſ. 


14. BC is a right line given to be cut into two parts. 
15. R and S are the Terms of a given Reaſon. 
Req. to find 
16. BF and FC ſuch parts of B C, that BF -|- FC = BC. Alſo, 
ere oO:8fF--tC :: A. ; 
5 Conſtructiiou. 

18. Find a right line T = 4R + 8. 

19. By Probl. 11. Chap. 5. let it be made as T to 8, ſo the Square of B C to another 
Square, whoſe ſide ſuppoſe to be A, therefore, 

| 8 22 o 3 AA. 

20. Divide B C into two equal parts in E, therefore EC = EB. 

21. From EC and EB cut off EF and ED, ſuch parts, that each may be equal to 
» A, which may be done, if EC (= EB) be greater than * A; but that EC 
or EI is greater than LA, 1prove b 1 

43 5 "7 =P 
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By Gufraiits Þ 18%, . II I LES 

Thane 22 . Ä—⅜/ 

And G. e 1 

% on HS 

Therefore from the two laſt preceding ſteps, . - EC or EB ©=*A. 
Which was to be Dem. 


22, I lay BY and FC are ſuch parts of B C as will ſatisfie the Problem. For firſt , 
BF + FC = BC, and by Conſtraction in 20* and 21*, the difference betwech 
the ſaid parts BF and FC, chat is, BE —FC(BD) is equal to DF. But that 
the Rectangle of the ſaid parts BF and FC is to the Square of their difference D F 
as R to 8, the following Demonſtration, form'd out of the preceding Reſolution by 
a repetition of its ſteps in a backward order will make manifeſt, | 

2 - „ , . - „ ® SS RESENT 

Demonſtr ation. | 

24 Sy Cafſvy-imng%  . + ob F SE RR ERERS 

25. And by _ in 18* and * „„ 4R+S=T. And DF = A. 

26. Therefore from 24* and 25*, by ex- i 
chinge of equal quantities 8 RS. 8 * D BC. PF. 

27. Therefore by Diviſion of Reaſon, g 4R,S:: QA BC - DE. onDE. 

28. And by taking & of theAntecedentsin 27 R. S :: 3050 DF. OF. 

29, By Conftr. in 20 and 21, BC is the | 
ſumm, and D F the difference of the parts > (a BF, FC =4OBC—43goaDE 
BF and - C; — 2 beor. 7. = 5 | 

30. Therefore from 28* and 297, by ex- 2 2 . 
change of equal quantities, Yor £ '$ R a: BF, FC . DF 

Which was to be Dem. Therefore that is done which was required by the Problem. 


* A LEMMA, leading to the following Probl. 3. 
If a Square, or long Square be inſcribed in a Semicircle, the Center of the Semicircle 
is in the middle of the Baſe of the Square, or long Square. 


Suppeſ. 
r. CBF GD a Semicircle, whoſe Center is C. 
2. EFG H is a Square. 


« demonſtr, - = CH. 3 LONG © 
— demonſtr CE = CH E CH | 
| Prepax. 
4. Draw the right lines CF and CG. 
5. By Defin. 1 5. Elm. .. . . eres 
6. And by Suppeſ. in 2 „ (EEC = J= — 8 
7. T re ( per prop. 47. Elem. 1.) .> OEF TCE = QCF = . 
3. Likewiſe, ee H- CH = ucG = CF. 
8 7 and 8, ( per Ar. A oEF + OCE = gHG + oCH 
» 2o F £4 4006-448 
10. e . „„ 3-0 


421. And conſequently, yy 
12. Therefore by ſubtracting AF or 0 HG 
from cach part of the Equation in 97, the 
temainders will be equal, is. | 
13. Therefore 9 © i © * 5 . CE = CH. 


u 


Which was to be Dem. - The ſame Demonſtration may be made when a long Square 
is inſcrided in a Seaticircle, | 


Probl. i II. 
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Probl, III. 
To inſcribe a Square in a given Semicircle. 


— 
CB = CD = 10 
EF = EH = 4/80 
CE = CH = Jo 
EB = HD = 10-—y:6 


_ Suppeſ- | 
1. CBFGD is a Semicircle, whoſe Center is C. 
2, 1 = CB = CD is given. 

Reg. to inſcribe QE F GH. 
Re ſolution. 

3. Put à for the ſide of the Square required, vix. .v 
4. Therefore by the preceding Lemma, . . » ob 4 
5. And becauſe ( per prop. 47. Blom. 1 ky © © » - «> oOEF+acE=aCrF, 
6. Therefore in the letters of the Reſolution „„ as + $as = Fr. 
7. 1 multiplying the laſt — by 4; . J. 4 | 4a Av. 
8. „ ys 


4 = EF = EH, 
a = CE = CH. 


as = 4rr. 
9. Therefore by taking 7 of the laſt Equation, s > 5 — _ 
10. Therefore, by extrating the ſquare Root out of each s = Vie 
part of the [aſt preceding Equation, „ „e * 
Hence this CANON: 


11. The ſquare Root of + parts of the Square of the Semidiameter is equal to the fide 
of the Square inſcribed in rhe Semicircle. 


The Compoſition of the foregoing Probl. 3. 
Su 


12. C BEGD i is a Semicircle, whoſe Center is C. 
13. CB = CD the Radius i is given. 
Reg. to inſcribe Q EFGH. 
Conſtraction. 

14. By Probl. 9. Cha find a mean proportional line A 4 
1. * the — s. CB and.; CB, therefore 5 63. 4 A. 70 

15. From CB and CD ut off CE and C H, ſuch ſeginents, that as well CE as 
CH may be equal to 7 A, and conſequently EH = A; which Effection is poſlible, 
for by Conſtruction in 1 4* CB is the greateſt of three Proportionals, whereof A is the 
mean, therefore CB © A, and becauſe C D = CB, therefore allo CD c- A; 
and conſequently a ſegment e wal to A, ax CE or CH may be cut off from CB or CD. 

16. Make EF and HG. L BD, and draw FG, ſo is E FGH the Square required to 
be inſcribed, as will be evident by the following Demonſtration, form d out of the pre- 
cedipg Reſolution. by a repetition of its ſteps in a backward (not direct) order. 


17. Neg. demmſ rr. — BESH has: 
Proparat.. We 
18, Draw the right lines CF and CG. | 
Demons atv. ] 

19. By Conſtr. in 19% > „ CS.. A :: AAT cn 
20. And by Conſtr. in 1557 . E = A. 
21, Theretore from 19“ and 20˙, exchar in equal 

right lines by * a g CH . ;EH :: EH. Cb. 


— 2 hf FSH] 2 he OEH = $0 CB. 
23. But the quintuples of e uant ities are wy ual, 1 
therefore from 225, 1 8 M GER = 45 CB. 


24. That 
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* = TR" - + + + + - + -> 40EH+ oEH = 4oC8. 
— And by taking 4 of all in 3% > © ©; OEH + EH = OCB CF. 
26, And becauſe by "Conftr. . CE = EH = CH. 


27. And conſequently, ( per Theor. 3. Chap. 4.) F aCE = ZoEHN. 


28. Therefore trom 25* and 275 by . 
equal quantities, . + Shad 8 0 EHT B AI o CE. 
29. And becauſe by Conſty. in 16*, k 1 <FEH = J = < GHR 


30. And conſequently , (per prop. 47. Elan. t. ) >? O EF HE QaCE = Q CE. 
31. Therefore rom 28 and 305 (per Ax. 1. Ch. z.) > HEH a CE=oEF-+oCE. 
32. Therefore from 317, by ſubrrafting 0 CE from 


from _— þ QEH = go EF, 
33. But the ſides of equal Squares are alſo 10a), ba: 
therefore from 32*, . © 8 EH = EF. 
34. And by arguing in like matiner: a in the ix laſt 2 
preceding das, hot be manifeſt that EH = HG, 
35. And becauſe from 33“, 34* and 29%, (po EF — and || HG. 
Ax. 1. & prop. 28. Elem. 1. * . 
36. Therefore from 35 *, ( per prop. 33. Flew 1 0 > FH = and || FG. 
37. Therefore fron 335% 34* and 36%, „% EFGH is equilateral. 


38. And from 29*, and Col. prop. 29. Elem 1. > EFGH is right-angled. 
39. Therefore from 37* and 38*,(per def-2g.El.1.)> EFGHis a ©. 
Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


8 u_—. 


Probl. t V. 


; - TheH —— of a right angled Triangle being wen, as alſo the 
ſumm of t s containing the right angle, to find t Triangle. But 
the ſumm of Te! gs muſt be _ py the Hypothenuſal, yet not 
greater than the 55 line ariſing by application of the double Square 
of the Hypothenuſal to the ſumm of the leggs. 


AC = 169 AE = 115 
AR = 156 | EC = 50 


RC —=- 65 OE = 25 

Hees AD = 21 4 OC = 25 

| - AG = 91 | RO = 60 
42 — 9 2 


Sappef. 

1. ARCis a A K wales 0 at 0 ; 

. h . AC the Hypothenuſal is gi | * — 
3. 6b = AR+R > the an ef the leggs i. gives | 
* A ARC - | 

| Refolution. 

4. Suppoſing the! about the right le to be unequal , bs — AR 

4 Suppoling We for ie Mos, . 7 0 68 -AR 10 AG: 
5- Therefore from 2 and 4" the ſumm of the Squates of the 15 + 444. 


refore from 5* and 3%, { por prop. 47. Fus n.) u 406 ＋ . = bh. 
. 3 „ 
„And by doubling each par of that Equation Ws >. bb + aa = A 
2 And b ating bb rom ech part ofthe ll -quin, > a4 = 2bb — E. 
Therefore by exre by extracting the ſquare Root out of each part = {= 
® of the laſt preceding Equation, . ob, © ae od 
= Hence this | 


Mm | 480th 


— 
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CANON. 


10. The difference of the leggs about the right angle is equal to the ſquare Root of the 
exceſs whereby the double Square of the Hypothenuſal exceeds the Square of the ſumm 
of the leggs. 

Therefore the difference of the leggs is given, and conſequently by the given ſumm and 

difference of the leggs, the leggs ſhall be given ſeverally, per Theor. 9. Chap. 4. 

11. But in order to the Geometrical Effection of the Problem propounded , the truth 
and reaſon of the Determination annex d to it muſt be made manifeſt. Firſt then, the 
reaſon of the firſt part of the Determination, to wit, that the right line given for the ſumm 
of the leggs about the right angle muſt be longer than the line given tor the Hypothenu- 
ſal, is evident by prop. 22. Elem. 1. which thews that the ſumm of every two lides 
of a plain Triangle is greater (or longer) than the third. The latter part of the 
Determination is diſcovered by the Canon, which requires that &þ be ſubtracted from 
205, and therefore 6b muſt not exceed 2hh, and conlequently , by dividing as well 


bb as 2hh by b, tis manifeſt that 6 muſt not be greater than 26b , that is, the righc 


line given for the ſumm of the leggs about the right angle , muſt not be longer than the 
right line ariling by the Application of the double Square of the Hypothenuſal to the ſumm 
of the leggs. The truth of this Determination will more fully appear by the following 

| THEORE A. 


12. In a right-angled plain Triangle, the ſumm of the leggs about the right angle is 
ſometimes leſs than the right line ariſing by the Application of the double Square of 
the Hypothenuſal to the ſumm of the leggs, and ſometimes equal to, but never greater 
than the ſaid right line. 

The leggs about the right angle are either unequal ;-or elſe equal between themſelves; 

I ſhall begin with the firſt Caſe, 


Suppoſ. in Caſe 1, AED = 
13. ARC is 2A. | R 
14. < ARC is J. : 
15. ARC RC. 7 0 


16. RCGD is a O, whence | on 
17. ADSAR-RC(RD) = , _— A {0 4 


18. AGD AR RC (RG.) — 
„„ . ; . - 5 7 AB ABE. a 
Demonſt ration. 

20. By Suppoſition in 17•”mvi»'‚„ = AR-- RC 


.> AD . 
21. And by Suppoſ. in 18%, . . „ > AG = AR — RC. 
22. Therefore from 20* and 2 1,(per Theor. 6. Ch. 4.) > $OAD-j0AG= OAR4ORC. 


23. And becauſe by Suppeſ. in 14%, ARC is J, 
therefore ( per Oe Elem. I . 5 - - - OAC= nAR4aRkcC. 


24. Therefore from 22* and 237, (per Ax. 1. Ch. a.) * 2nAD<oAG=n AC. 
25. And by doubling the laſt Equation, , . .5F HAD, OAG=2DAC, 
,, SSAC. 
20AC 


27. Therefore by Application of each part to AD, > . 
Which was Caſe 1. to be — 


Suppoſ. in Caſe 2. 
28. ARC is aA. 
29. CARC is J. 
30. KR —. RC — RD. 
31. AD = AR + RC, 
32s > +» Req, demonſir, , AD = _ 


* 
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Demonſtr ation. 


33. Becauſe by Szppeſ. in 30* and 31%, . „ AR= RC=+*AD 
34. Therefore their Squares are alſo equal, viz. . AR = 40 AD. 
35- Likewiſe from 33%, . . . . „ ORC = Z q AD. 
36. The ſumm of the Equations in 34* and 35, gives, > DAR+ HRC = *ocAD. 


37. And becauſe by Sappeſ. T ARC is J, therefore 
( per prop. 47+ Elem. wy . » - 9 GAR ORC =OAC. 
38. Theretore from 36* and 37*, (per Ax. 1. Chap. 2.) > 10 AD S UAC. 
39. And by doubling the laſt Equation. AD =20 AC. 
8 


40. Therefore by Application of each part to AD, 
Which was Caſe 2. to be Demonſtr. AD 


41- Now becauſe in every right-angled Triangle, the ſides about the right angle are either 
unequal or equal between themſelves, and it hath been demonſtrated, that when the ſaid 
ſides are unequal , their ſfamm is leſs than the right line ariſing by the Application of the 
double Square of the Hypothenuſal to the ſaid ſumm ; but when the ſaid ſides are equal 
to one another, their ſumm is equal to the ſaid right line; it is evident that the ſumm 
of the ſides about the right angle can never be greater than the right line ariſing by the 
ſaid Application. Therefore the truth of the Theorem is manifeſt , and conſequently the 
Hypothenuſal and the ſumm of the leggs about the right angle muſt be given with due 
Caution, according to the import of the Determination annex'd to the Problem , that its 
Solution may be poſſible. 


The Compoſition of the foregoing Probl, 4. 


Smppeſ 
42, H= the Hypothenuſal of a right-angled Triangle is given. 
43- B = AD the ſumm of the leggs about the right angle is given- 
20 H 3 
44. AD c H, but AD not tt —__ Determination.) 


Reg. to find the Triangle. 
Conftruition. 
20H 


45. By the Dytermination in 44 AD is not gremer than r ſuppoſe then it be 
, H 
granted, or diſcovered by H and B given in numbers, that AD is leſs than ==, and 


conſequently , (by multiplying each by AD,) that GAD -= 2QH; then 
it ry rs JO — 2 4. Chap. 5.) to find out a right line F, 
ſuch , that its Square ſhall be equal to 2 U H — AD]; ſuppoſe therefore 
F = 4//:2Q H — 9D AD: i 

46. From A D cut off AG = F, which may be done, for that A D is greater than F, 
I prove thus , 

Pr TT __ _ 

. > „ of. „% „r 


re * * * * 
And by doubling each part, . . « + + + (+ » + +» 2DADc>2z0H, 
And dy ſubtracting © AD from each part. - . OADtD:DH-gAD. 
_ Conſftr. in 45, + « - + OF=2GH-gAD. 
1 


ore from the two laſt tecedi ſteps, ( Ax. 3. Ch. 2.) MAD Sg. 
F W e . * . * „% % „% 
Which was to be Dem. ys. 


. Divide GD into t | parts in R, therefore RG = RD, 
47 into two equal par — ; | 48. Make 


— 
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48. Make RC LL AR; allo RC = RD or RG, and draw AC, 

49. ly ARC is the Triangle ſought. Now we muſt ſhew that it will ſatisfie the 
Problem; firſt then by Confrltion in 48˙ RCI AR, therefore the angle ARC 
is a right angle; ſecondly, the ſumm of the leggs AR and RC about the right angle, 
is equal to A D ( B) the given ſumm of the leggs, Ir remains only to prove that 
AC is equal to the given Hypothenuſal H; but that will be made manifeſt by the 
following Demonſtration, form'd out of the preceding Reſolution by a repetition of 
its ſteps in a backward (not direct) order. 

_—3 a den : e 

Demonſtration. 
$2. Bb Gafr.in 453% - + + + + + + +» oÞ fe SOH— OTAD:'=F 

52. And by Conſftr.in .. eÞ eo 0+ » + ©» A F. 

$3. Therefore from 5 1 and 32 (per Ax. 1. Chap. 2.) AG = y:30 H—0AD: 

54. But the Squares of equal right lines are alſo 1 ER oat 
„„ +»: © » 6 

55. Therefore from 54“, by adding c AD to each part, 9 AD + NAG = 20H. 

56. And by taking the halves of all in 35%, - -> 10 AD+30AG = OH, 

57. And becauſe by Conſtr. in 47* and 48%, AD is is 


ll 


ſumm, and A O the difference of the parts AR and 

RC, (or RD, ) therefore (per Theor. 6. Chap. 4.) 
58. Therefore from 56* and 57*, (per Ax t. Cha. 2. p QHUH = OoAR-AoORC, 
59. But by Conſtr. in 48%, <ARC is), and con- | . 

ſequently, (per prop. 47. Elem. .) 8 DAC N ARTRC. 
60, Therefore trom 5 8 and 59, (per Ax 1. Chap 2.) > OAC = u H. 


ADF NAG = OAR+@KC, 


61. But the ſides of equal Squares are alſo equal 2 A# a 
Ee 4 -0 a, « a2 
Which was to be Dem. Therefore the Problem is ſatisfied. 


Probl. V. 


To cut a given right line into two ſuch gone , that the Square of the 
whole line, to the ſumm of the Squares of the parts may have a given 
Reaſon. 8 


In a right-angled Triangle, the ſumm of the leggs about the right 
angle being given, as alſo the Proportion which the Square of the ſaid 
ſumm hath to the Square of the Hypothenuſal, to find the Triangle. 
But the given quantities muſt be linkls 2 this 


Determination. 


The firſt Term of the given Reaſon muſt be greater than the latter Term ; yet not 
greater than the double of the latter Term. For in a right-angled Triangle, the Square 
of the ſumm of the leggs about the right angle is always greater than the e of the 


Hypothenuſal , but never greater than the double Square of the Hypothenu hath 
been demonſtrated in the preceding Probl. 4. 89 ypot „ as 


| C 
A — — B 
8 R= 289 AC=24 
 Cuppoſ: : 
1. AB is a right line given to be cut into two parts. 
2. R and S are the Terms of a given Reaſon. 
3. RS 8; bu R not - 28. 4 


4 Reg. to find 
4. AC and CB ſuch patts of AB, that AC TCB = AB; Allo; 
5. G AB . ACT. CB © © R . S. 


A 
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Conftrultiog. 

6. By Probl. 11. Chap. 5. let it be made, as.R to 8, fo the Square of AB to another 

Square, whole (ide ſuppoſe to be H, therefore 
* - ©. :3 0a AB. an : 1 

7. Then ſuppoſing H to be the Hypothenuſal of a right-angled Triangle, and A B the 
ſumm of the ſides about the right · angle, find out the (aid lides and Triangle by the fore- 
going Prahl. 4. For if R be greater than 8, but not greater than 28, according to 
the import of the Determination added to that Problem, tis poſlible to find out ſuch 
4 right-angled Triangle, and then the ſides about the right-angle ſhall be equal to AC 
and CB, the parts ſought by this Probl. 5. Therefore, 

8. Req. dme tr. R. 82 GAB. oAC+oACB. 

Demonſtration. | 

9. Becauſe by Confty. in 66. + .5 RAS: AB. 0H. 

10. And by Conſftr. in 7 . : „ 0 AC -+ aCB = OH. 

11. Therefore from 9 and 107, by exchanging y | 
om quake, ©. eee 

Which was to be Dem. Therefore the Problem is ſatisfied. 


— 


A LEMMA, leading to the following Probl. 6. 


Suppeſ. 


t. AB CO is a Square. 

2. BF and FC are parts of BC, 

3. CE = BE = AH = DG; therefore; 
4. BF = AE = DH = CG, 

$. EE, FG, GH, HE are tight lines. 


6. Neg. dewouſtr. that EF GH is a Square; 


| Demonſty ation. | 
7. Becauſe by Szppoſ.in 3. and 4*, . . . .> CF = BE; and BF = CG. 
$. And by Szppo/.in 1*, l ? < EBE = < FCG, 


9. Therefore from 7* and 8d, (per prop.4. El. 1.) > EF = FG, and <BEF = <"GEC. 
to. And in like manner „ EF = EH = HG =. FG. 
217 Again, becauſe by Swppeſ. in a®, . „ EBF is IJ. 

12. Therefore (per Coroll. prop. 32. Elem. 1.) > B EE BEF = _J. 

7 3, But it hath been proved in 9*, hat. .> FCS < BEE. 

x4. Therefore from 12* ny (62 < BFE 4. © GFC — _ 


/ 


1 


Cha +2.) LY $2 UN. S's: * a 
15. And from Don ee < EFGis J. * 
6. And by arguing in like manner as in t e ae! 1 
; laſt preceding ſteps , it — that <FGH=_ =<GHE=<CGEF. 
17. Therefore from 10?, 15* and 167, (per De- ; 
fi. 29. Elem. 1.) . . « © © . 8 EFG H is a Square. 
Which was to be Dem. 


Probl, VI. 


In a given Square to inſeribe another Square whoſe angular points 
may lye in the ſides of the given Square; and that the Square given to 
the Square inſcribed may be in a given Reaſon, ſuppoſe as R to S. But 
R mult be greater than 8, yer not greater than 2 5; as may eaſily be 
inferr'd from the preceding Probl. 5. 


w 


R —— 
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* 2 


B F <© BC = 34 = BA 
: | | R = 289 
R _— E 8 = 169 
8 — G BF = 24 
| el FC = 10 = BE 
A 7 D EF = 26 = FG 
Suppeſ. 
1. AB CD is a Square; whoſe ſide A B or BC is given. 
2. R and 8 are the Terms of a given Reaſon! 
. 3. RF Sz but R nat g 28. 
Reg. to inſcribe 
4 O EFGH inthe q AB CD. Alſo, that 


r GH :: R . & 
pe 


onſtraltion. 
6. By the foregoing Probl. 5. of this Chapt. cut B C the ſide of the given Square into 
two ſuch parts in F, that the Square of BC, that is, 1 A B CD, may bein ſuch pro- 
rtion to the ſumm of the Squates of the parts BF, FC, as R to S; which may 
be done, becauſe by 1 R c- S, yet R not c 25S; ſuppoſe therefore 
R. :: a BC . 0 BF + © FC. 

7, Make BE = CF = AH = DG, and draw the right lines EF, FG, GH and HE; 
ſo is EFGH the inſcribed Square required. Now we muſt ſhew that it will ſatisfie 
the Problem, to which end, two things are to be proved, viz. Firſt, that EFGH 
is a Square, and then that the Square A B C D hath ſuch proportion to the Square 
EFGH as R to 8: Therefore, | 

EFGH isa . Alſo, that 


I Fg. demonſtr. + + + + + + *> R >, S:: ABCD. On. 
Demonſtration. 


9. By Jappeſ. in %ũʒ,f . „ ABCD 2 8. 

_— —_—_ ...-.-.. .... oe CcC==A4D-=-DC 

4; 1 ifs . AT, „ „ of CE 2 BE = AH = DG. 

2. Therefore tra t ations in 115 

r . BE=AE = DH = CG. 
8 EF GH isa fl. 

14. Again by Conſtr. in % ._. . R. 8 :: 0C. OBF+OoFc. 

15. And becauſe by Suppeſ. in 1%, . . TT EBF is J. 

16, And conſequently, (per prop. 47. Elem. 1.) > QEF = ABF + OaBE (a FC.) 

17. Therefore from 14* and 16*, by exchanging equal quantities, 

| Probl. VIL 

In a right-angled Triangle, the difference between the Hypothenuſal 

and each of the ſides about the right angle being given, to find the 


13. Therefore out of 9*,10*,11* and 12*, by the 
Lemma prefixt before this Problem,) 
R. S :: © BC (or OABCD) . AEF (or © EFGH.) 
Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


* 4 thn the tht th; nth 


Triangle. 
Suppoſe R 

1. ARC is a A right-angled at R. 0 7 AR=4 
2. b= OC=AC= AR is given. — RC = z 
3. d= AE CA CR is given; a 520 

whence, K AC=5 
4. g=d—+b is given, And, OC=1—AC—ARCAO) 
5. Al is given. AEZ ==CA-CR(CE) 


Reg. to find A ARC. A Reſols 
4 
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8. And the Baſe 
9. And the Perpendicular | 


10, Thetefore trom 7* the Square of the bebe bana i is 
11. And from 85 the Square of the Baſe is a 
＋ And from 9“ the Square of the Perpendicular is 
Therefore the ſumm of all in 11 and 12%, 

* of the Squares of the Baſe and Perpendic 
14. That is, ( becauſe; by Swppeſ: in 5*, KK 

18 = 24+ 2, 

15. Therefore from 10 and 14%, "this Equacion ariſeth, 


and from 4*, 


( per prop. 47- Elem. 1.) 


16. Therefore, by ſubtracting 44 + 294 from each} part 


of that Equation, this ariſeth, 


17. And by RY * from n each part 0 of the laſt 


Equation, . « 
18. But from 4 "4" 
19. And from 5%, 


20. And by fubredRing ü the Equation in 195 from that 


in 18“, this remains 3 


21, Therefore from 17* and-20?, (per Ax. I, "Chap. 2 ) ? 

22. Therefore by extracting the ſquare Root out of each 
part of the laſt Equation, it gives 3 

23. Therefore out of 22, 6*, 7“ and 4“, the Hyporke 


nuſal is given , tO wit, 


24. And from 22,68“ and 3 *.the Baſe is alſo; given, vix. > 
25. And from 22*, 6*, 9“ and 3*, the Perpendicular 


is. alſo diſcovered , vsz. 


Which three laſt preceding ſteps give this 
CANON. 


Reſolution, 


6. Put 4 for the exceſs of the Hypothenuſal above the 
ſumm of the given differences, viz. , 8 "IR 
7. Therefore from the AN the Hyporbenaſl ſhall be 


> > 
3 = 
DOT 


a--b (= 
44 ＋E 294 E gg. 
aa E 2da + ad. 
aa E24 + bb. 


24, 2d6-1-1b44-dd-\-bb. 


"it 244 + 2ga + kb. | 
© 2 444294a+kk = aa+2gahgg- 


aa A kb == Eg 


aa = gg — kk, 
ad E bb ＋ 24b = 2 
ad | bb == hk. 


246 = og — kk 


44 = 24b. 


a = db. 


1+ 54+ /:4 = AC. 


d + 4/24 = AR. 


. +424 = CR. 


7 


26. To the ſumm of the given differences add the ſquare Root of their double Rectangle, 
ſo ſhall the ſumm of that Addition be the Hypothenuſal ſought. Then add that ſquare 
Root to the given differences ſeverally, and theſe rwo ſamms ſhall be the delited lides 


about the right angle. 


B — 1 

D — 2 

M - 2 

E — 3 
Suppoſ. 


AR 
RC 
AC 


The Compoſition of Probl. 7. 


— 
—— 


"Wi 


R 


27. B = the exceſs whereby the Hypothenuſal of a right-angled Triangle exceeds one 


of the ſides about the right angle is given. 


28. D — the exceſs of the Hypothenuſal above the other fide about the right angle is 


given alſo, 


Reg. to find out the Triangle. 
Conſtruction. 
. Chap. 5. find a mean Proportional line, as M, 


29. By Probl. 9 


between 2 D and B, therefore, 


Fb. u M. B. 


30. Then 


1— 
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30. Then let a Triangle, as ARC, be made of three right lines | 
equal to theſe given, to wit, D-+-B--M, | D-4-M, | B- EM; / AC = D-|-E+M, 
which may be done, (per probl. 22. Elem.1.) for the ſarnm of > AR = ow 
every two of thoſe three lines is maniteſtly greater than the third; RC = B-- M. 
% ERIE : | 

31. I fay ARC is the Triangle required. Now we muft ſhew that it will ſatisfie the 
Problem. Firſt then, tis manifeſt that the difference between AC, that is, D++B+M, 
and A R, that is, D-|-M , is equal to the given difference B; alio the difference between 
AC, that is, D4-B-+M, and RC, that is, B+ M, is manifeſtly equal to the 
given difference D. So it remains only to prove that the angle ARC ts a right angle, 
which will be made manifeſt by the following Demonſtration. 7% 


| | Prepar. 
32. Make F=B-| M, therefore 
33. From 3o* and 32 AC = D- F. Alſo R 
. eee 


Demonſtration. 


A. 

35. Becauſe by Conſtr. in 30%? . r AR= D + M. | 
36, Therefore, (per Theor. 2. Chap. 4.) . .> GAR = © D-þa M4 3O DM. 
„%%% þ F=S B+ 1 
38. Therefore from 37, by drawing 2D into 

each * (per e. Elem. 6.) 1 
9. But from the Conſtr. in 29“, it follows OR" 
: ( per prop. 17. Elem. 6.) that '$ OM = 203 DB. 


40. Therefore from 3 8* and 39*, (per Ax. „ 2DDF = © M-+ 2 © DM. 
4 


OO 
1 


2 DF = 2 ADB + 2 ODM, 


Chap. 2.) . . 


41. Likewiſe from 36* and 4&*, | . f GAR = a D-þ 2 © DF. 
42. By Conſty. in V 7 RC — k. | 
43. And conſequently, RCS afk. 


44. Therefore the ſumm of the Equations in 410 * | * 
and 43, gives ( per Ax. 8. Chap. 2.) 8 . GAR+ORC= 0D4-2CDF2-oF. 
Cara, . - - +» » +» 3, eee. . 
46. And — „(per Theor. 2. Chap. 4.) ? HAC = OD-þ2ODF--nfF. 
47. Therefore from 44 and 467, (per Ax. 1. * 
by Chep. 2.) E = © 10; ORC, 
48. Therefore, ( p. 48. Elem. 1). .} Q ARC = JJ. 

Which was an be Dem. Therefore the Problem is ſatisfied. 


Probl, VIII. 


The Baſe, Perpendicular and ſumm of the leggs of a plain Triangle 
being given ſeverally, to find the Triangle. But the lines given muſt 
be ſubje& to the Determination hereafter declared. ET 


Note. There is more than enough given in this Problem , unleſs it requires a Triangle 
that hath either unequal acute angles at the Baſe , in which Caſe the Perpendicular falls 
within the Triangle; or elſe is obtuſangled at the Baſe, in which latter Caſe the Perpen- 
dicular falls without. The following Reſolution handles the firſt Caſe, but with a little 
alteration it may be applied to the latter, as will hereafter appear, 


AR = 21 | FR = 6 
AO = 151 OF = 8 


RO = 10% AF = uf 
AE = 91 AG = 7 


Priparat, 


* 
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Preparat. n. 


1. Suppoſe ARO to be the Triangle ſought, having val acute angles A and R at 
the ends of the Baſe AR, then from the Center O — diſtance of the leſſer legg 
OR, deſcribe the Circle O RG D cutting the greater legg OA in G; fo ſhall AG 
be the difference of the leggs O A and OR, tor OG = OR, 


2. Produce AO to the Circumference in D, then is A D equal to the ſumm of the leggs 
AO and OR; for OD = OR. 


3. Draw the Semidiameter OE, and let fall OFLER, ſo will OF cut ER into two 


ual parts in F, (per prop. 3. Elem. 3.) Theſe things premiſed, the Reſolution of 
the Problem propos'd — be formed in 3 followin A 


Smppoſ. 
AR, the Baſe of A ARO is given. 
OF the Perpendicular is given. 
AD AO OR, the ſumm of the leggs is given. 
Req. to find the Triangle. | 
Reſolution. 
Put à for the unknown difference of | — = 
7" te leg, — 88 8 «= AG(= AO - OR) 
$. Then the difference of the ſegments 
of the Baſe made by the falling of the ; 
Perpendicular ſhall be , for, (by] » . © 12 & CO 


Theor. 2. Probl. g. Chap. 7.) . . 
9. Therefore from 4* and 8*, ( by * 
T heor. 9. Chap. 4.) the grenerſey 
ment of the Baſe ſhall be 
10. And (by the Theorem laſt men- zþ _ . ( — FER) 


4. b 
5. P 
6. C 


e 


tioned , ) the leſſer ſegment ſhall be 26 
11, Therefore the Square of the greater 4 ecaa A 
ſegment (in 9“) ſhall be we + 4bb — 


12. And the Square of the leſſer ſeg- css — 
ment ( in 1075 ſhall bee 8 * — 74 
13. By prop. 47. Elem. 1. .> DOD AF La FO S q AO. 
14. Therefore out of 11 13“ and 5˙, nc 
the Square of the greater legg A O 1bb + — ＋ tea + pp. 
ſhall be . . . 4 


15. And out of 5 and 12*, the Square CCAR | : 
of the leſſer legg O R ſhall be 5 ab + ab © de - y. 


ſumm of the Squares of the leggs + 46 + 5 + 25h. 


16. Therefore from 14 and 15, 58 
5 Ko, . , * 4 
Now becauſe by Theor. 2. Chapt. 4. | 
n A0 +0 RON AO, RO =06:A0 + OR: = AD; 
Therefore to the end the quantities in 1 6* may be made a compleat Square of AD, let 
the double Rectangle ot the leggs A O and RO be found out in this manner, . 
17. From 6* and 7*, (by Theor, 9. * 
Chap. 4.) the greater legg is * 2 
18. And (by the Theorem laſt men- 898 ( os R O ) 
tionec,) the leſſer legg is. .C ** © ? * 
19. Therefore the Rectang. of the legs is cc 444 (= = Q AO, RO.) 
I ˙ acc 1% (= 20 AO, RO.) 
21. Therefore the ſumm of all in 16* 
and 20, gives the Square of the 
ſumm of the leggs, s. 


216 N- +20 + te —$46(=D0 AD.) 
N n 2 3. Which 


—— 
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22. Which quantities in 21* muſt be equal to cc the Square of the given ſumm of the 
-leggs ; hence this Equation , 
| HE +l —tuw=m 

2 3. Therefore by ſubtracting tec from each part of that Equation, this will ariſe ; 


26 | 72 ＋ 2ÞÞ — 144 = 7} cc. 


* ccaa 

24. And by doubling all in 23%, 566+ 4p 44 cr. 

25. Now to the end that known quantities may be ſeparated from unknown , enquiry 
muſt be made, whether _ be greater or leſs than 44. But becauſe ( as appears 


in 8*,) theſe are Proportionals, viz, b. 4 :: c.. I's and c c- b, for the ſumm 


of the leggs of any plain Triangle is longer than the Baſe, therefore (per prop. 14. 


Elem. 5.) 7 ſhall be greater than a, and conſequently the Square of the former 


greater than the Square of the latter, vix. 1 DT aa, therefore 44 may be ſub- 


Ccaa 

3 A 

premiſſes therefore it is manifeſt that bb + 4pp may be ſubtracted from each part of the 
Equation above expreſt in 24*, and the quantity remaining on each part will be greater 
than nothing, and the Equation ariſing by that ſubtraction will be this, 


- 68 * -- l 
1 — cc — bb — 4. 


trated from , and there will remain a quantity greater than nothing. From the 


26, That is, by reducing 7 — 44 into the form of à Fraction, 


— he. = cc — bb — 4p. 
27, Which laſt Equation may be relolved into this Analogy, - 
bh cc — bb :: . cr — bb — 4p 
23. Therefore by Inverſe and Altern Reaſon , 
cc — bb cc — bb — 4pp :: bb . aa. 
29. But the ſides of proportional Squares are alſo Proportionals , therefore from the laſt 
preceding Analogy , . 
/: cc — bb: „cc — bb — 4: :: b . a. 
Of which laſt Attalogy the three firſt Terms are given, therefore the fourth Term, which 
is the difference of the leggs ſought, is given alſo. Moreover, by the ſame quantities firſt 


given, the line A E, which is the difference of the ſegments of the Baſe made by the falling 
of the Perpendicular , ſhall be given alſo, for , 


a 30. By Theor. 2. Probl. g. Chap. 7. . AE :: b . 4. 


31. Therefore out of 29“ and 30“, ( by prop. 11. Elem. 5.) 
; y/: cc — bb: . vice — bb — 4% :: „ . AE. 
32. Note, In this Refolution , the Perpendicular is ſuppoſed to fall within the Triangle 
bought, and 7 (the fourth Proportional of the Analogy in 8*,) repreſents A E the 


difference of the ſegments of the Baſe made by the falling of the Perpendicular; but 
when the Perpendicular falls without, as in A AEO, where A E is the Baſe, the 


faid 5 repreſents the line A R, which is compos d of the Baſe A E, and E R the double 


of the diſtance F E from F the foot of the Perpendicular to the obtuſe angle at E. But 

whether the Perpendicular falls within or without the Triangle , the Reſolution runs into 

that Equation before expreſt in 22%. Which things being well obſerved , the Theorems 

hereafter expreſt, (which will be very uſeful in the following Problems,) will clearly 

ariſe out of the preceding Reſolution; v1. 

The Equation in 25 gives 
| THEOR. 1. 


Chap. 8. Moethimaticel- Reſolution aid Compeſitioh. 283 


THEO R. Fo 


33. In a plain Triatigle whoſe legs wh al, if the Per x falls within ; | 
Square of the difference of the ts of the Baſe made by chic falling of oy ng 
dicular , is greater than the Square of the dfferertee of the leggs , by the exceſs whereby 
the Square of the ſumm of rhe leggs exceeds the ſain of ide Square of the Buſe and 
the Square of the double Perpendicular. But when the Perpendicular falls without the 
Triangle upon the Baſe increaſed , then the Square of the line compos'd of the Baſe and 
| Gouble diſtance berween the four of the Perpendicalat and the obruſe angle, is greater 
than the Sqdare of che difference of the legt, by the exceſs abott-mrntioned, = 
The Analogy in 29“ gives | | 


THEOR: 2; | 

34. As the right line whoſe Square is equal to the exceſs whereby the Square of the ſumm 

of the legys of a plain Triangle exceeds the Square of the Baſe, is to the right line 
whoſe Square is equal to the exceſs of the ſaid Square of the ſumm of the leggs above 


the ſumm of the Square of the Baſe and the Square of the double Perpendicular ; ſo 
is the Baſe to the difference of the leggs. * | : 


Or thus, which 54 more convenient for Arithmetioal practice. 
As the exceſs of the Square of the ſumm of the leggs above the Square of the Baſe, is to 


the exceſs of the $ the fat of he legs adore the fawke ot che Shure of the Baſe 
* quare _ — ney o is the Square of the Baſe to the Square 
of the difference of i! | I Xx 
Therefore, if the Baſe, Peroetidicular, and ſumm of the leggs of a plain Ttiangle whoſe 
leggs are unequal ; — — a difference of the leggs that! be given alfo ; and 
conſequently the lepgs ſeverally , by Theory, g. Chap. 4: 
The Analogy in 31 gives 


THEO R. 3. 855 

35. As the tight line whoſe Square is chit! to the enceſs whereby the Square of the ſumm 
of the unequal leggs of a plain Tr exceeds the Squire of the Baſe; is to the right line 
whoſe +quare is equa] to the exceſs ot the Square of the ſumm the leggs above the ſumm 
of the Square of the Baſe and the Square of the double Perpendiculir; ſo is the ſumm of 
the leggs to a fourth Proportional, which is leſs than the Baſe,when the Perpendicular falls 
wichin , for then it is the diffetence of the 5 ug of the Baſe made by the Perpendi- 
cular. But when the Perpendicular falls without, the ſaid fourth Proportional exceeds 
the Baſe , and is compos d of the Biſe and double diſtance betten the foot of the Per- 
pendicular and the obtuſe angle at the nearer end of the Baſe. - Laſtly , when the ſaid 
tourth Proportional is equal tothe Baſe , the P War falls upon the end thereof. 
Therefore, if the quantities of the lines given in this Prabl. S. be expreſt by numbers, we 

may diſcover by T hop. 3. above expreſt , whether the Triangle ſought be acute-angled , or 

obtuſe · angled, or right · angled at the Baſe , viz. of what kind the angles at the are. 

36. The truth of the three preceding Theorems, when the angles at che Baſe are drute and 
anequal , may be demonſtrated by the ſteps of the f * dy ptoceeding 
in a direct order fromthe beginning to the end of che Refolmion, in manner . 
Let there be a Triangle propos d, as ARO, having unequal acute angles at the ends of 

the Baſe AR, and let the Emme ching be ſuppoſed as before in 15, 2* and 3 of this Problem, 

Nn 2 The 


—— 


234 Mathematical Refolution and Compoſition. Book IV. 


1 
A — — 
The three Theorems to be demonſtrated are theſe following, viz. 


37. . CAE—DOAG = OAD—oO AR—40 OF. 
38. 0 AD — A AR: . oO AD—DO AR— 49 FO: :: AR. AG. 


. 39. 1 A- AR: . /½ HAD H AR 40 FO: AD. AE. 
ation. 
40. By Ther. 2. in 295 of 1 9. ma 7. mn 
is manifeſt. '$ AR. AD :: AG , AE. 
Thatis; in 8, eiu nne. 


4. And becauſe A R is ; divided into two | unequal par 6 
F, and AE is the difference of thoſe parts, ie +SAR+Z*AE = AF. 
Theor. 9. Chap. 4.) WS. 1 
_—_—E*.... „oe AF. 


42. And by the ſunt Theorem ;/ e . 
That is, in 10%tñ 2 - - „ . L . „ Ny . . » > . 26 — — (= FR) 


43. And (by Theor. 2. (hap. 4. che Square of the Equation in 415 — 
+0 AR O AE++4Q AR,AE = UAF. 
That is, 17 


in 115, „% „ . * +a (= Af.) 


44. And (by Theor. 5. L 4.) the Square of the Equation in 42 gives 
A AR-+ £0 AE-—4 AR, AE = U FR. 
SLE. . - 46.5 „ (= FR) 
45. And by adding OOF to each part of the Equation in 430, it makes (por * 47. Ele. 1.) 
_ AR 0 AE-þ++ QAR, AE-+ © OF = 4 
t n 
" 5 . $4 + = + 6% + (= ap 
46. And by adding OOF to ack part of the Equation i in 44*,this ariſeth, (per pro. 47.E1.1 Y, 
10 AR OAE—+$ DAR, AE EOF = RO. 
mere 5. 4 bb — ri 2 ca ＋ ( — RO.) 
47. And the ſumm of the Equations in 45* and 46* gives 
+ CAR j++ oAE+200F = on AO-+- o RO. 


That is, J 124 75 * ( SO.) ö 


[ 


in 16“ 


It is manifeſt (per Theor. 2. * 4. ) that the Equation in 475 wants only 2 U AO, 
RO to compleat the _ of AO + RO, that is, the Square of A D; therefore in order 
to fill up that Square, I proceed as in the five ſteps next following. 


48. By Theor. 9. Chap. a. "de > a Aron. he = AO. 
That is, in 17%, . oo 60 re. + ta = AO. 
49. And by the ſame Theorem, itch; „ 14 b — 1A =. RO. 
That is, in 187%, , 0.28. on £8. - = RO. 


50. And by Theor. 8. Chap. 4. the Rectangle of ES 
the Equations i in 48* and 49* is '$ $0 AD —{ DAG= QAO,RO. 
That is, in 19's * 5 . . . . . = . 1c — Z az — A0, RO. 

51. And 
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5t. And by doubling the Equation in 50*, f EN AD =+F7AG = 20 AO,RO. 
ian, m20%, . + © +» +» +» +» of a Fi — A = 2 AO, RO. 

52. The ſumm of the Equations in 47 and 3 makes the Square of the ſumm of the 
leggs AO and RO, vie. the Square of AD, 


+DAR+ioAE+:20O0F--iocAD-4igo AG S A. 
I 
> + bb + —IT + 2pp + cc — 1 = cc, 
53- And by ſubtracting + AD from each patt of the Equation in 3 25, this remains, 
nk 1 AR+i:n AE:0cOF—i10AG=+*nAD. 
t is, / | 
he 0 + 5+ ojy = $66 = he 
54. And by doubling the Equation in 537%, 
* DOAR+FOAE+4o0OF—onAG = Abd. 
at is, 
TEE e | 


55. And becauſe (by prop. 8. Elem. 3.) AE AG, and conſequently q A E= AG, 
therefore AE -H AG CO; whence it is manifeſt, that if ci AR ＋ 49 OF 
be ſub:rafted from each part of the Equation in 34, there will remain on each part 
a quantity greater than nothing, and the Equation ariling by that ſubtraction will be 
this that follows, viz 

DAE—DOAG = GAD—oAR—4g OF. 


That is, ccaa 

in 25% 8 * 8 — 44 * cc » bb y —_ 4ÞP- 
And in caa — A | 

26®, [3 * bb e — wn 7p. 


Which was T heor. 1. to be demonſtr. | 
Now to paſs from the 26" ſtep to the 27 of the preceding Algebraical Reſolution , by 
the lines of the Diagram, ſome Analogies, not expreſt in the Reſolution , muſt be intro- 
duced; and in order to their difcovery, the Learner may obſerve, that the Algebraical 


Fraftion L in 26* denotes a Plane, which is the fourth Term of an Analogy 


whoſe three firſt Terms are theſe three Planes, to wit, bb, ce — bb and 44, which anſwer 
to theſe three Planes, (in the lines of the Diagram,) to wic, 0 AR, i AD—QAR and 
A; therefore, Q AE —Q AG which is correſpondent to the ſaid Algebraical Fraction 
— 2 , muſt likewiſe be the fourth Term of an Analogy whoſe three firſt Terms | 
are the faid Planes CI AR, Hi AD AR and u AG; but how the ſaid Analogy ; 

is brought to light , the four ſteps next following will ſhew. | 


56. Becauſe , (as hath been ſhewn in 40% ' 
| AD „AR :: A. AG. 
57. Therefore, ( per prop. 224 El. G.) 
DAD. GAR :: HAN. UA 
5*, Therefore by Diviſion of Reaſon, Yi | 
oOAD—-OAR . DAR :: OAEE@pAG.:...onAaG 
59. Therefore inverſly , © 5; # 10 
AR. AD - MAR : 2 AG. AE AG. 
60, But it hath been ſhewn in 555, that 
AE — AG = AD — U AR - 40 OF. 
61, Therefore from 59 and 60? (by exchanging equal quantities ) this Analogy ariſeth, 
| DAR. DAD—OAR :: AG.. DAD—OAR—400EF. 
That is, in 27*, ans *. 
R ce — bb :: as wc — bh — 4pp. 
52. Therefore from 61“, by inverſe and altern Reaſon, 
OAD-OAR.oAD-DOAR-4nOF:: AR. nAG. 
That is, in 28*, ? * 
cc — bb cc — bb — 4pp : „4 


63. But 
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63. But the ſides of proportional Squares are alſo. Proportionals , therefore from 62“ 
this Analogy ariſeth ,- 3 | hh 
/ioAD—DOAR. YV/: AD - AUAR- 4GOF :: AR. AG. 
That is, in 29", * 
% - „% ee '— bb — 4p — . 4 
Which was Theor. 2. to be Demonſtr. 
64. Again, becauſe by Theor. 2. in 29 of Probl. 9. Chaps, 7. 
AD . AE : : AR . AG. 
65. Therefore from 63* and 64? ,- -( par prop. 11. Elem. 5. ) 
: AD -U AR. /: AD - NAR - 40OF :: AD . AE. 
Which was Theor. 3. to be Demonſtr. 
66. Again, it hath been ſhewn in 625, that 
AR . DAG :: GAD - DAR . A D- OAR-—400F. 
67. Therefore by converſe Reaſon , 
GAR. d AR - a AG :: nAD GAR . 40 OF. 


68. As the Square of the Baſe of lain Triangle whoſe ſexes are unequal , is ro the 
exceſs whereby the Square of the Baſe exceeds the Square of the difference of che legys ; 
ſo is the exceſs whereby the & of rhe ſumm of che legys exceeds the Square ot che 

Baſe, to the Square of che double Perpendicular. 

Therefore, the Baſe and leggs of any plain Triangle whoſe leggs are unequal , being 
ſeverally given in numbers, the P icular falling upen that Baſs within the Triangle, 
or without upon the Baſe increaſed , ſhall be given alſo in numbers. 

From the ſaid Theor. 4. and prop. 41. Elem. 1. tis eaſie to deduce this following 

THEOR. s. 

69. The Rectangle made of theſe two right lines, to wit, the right line whoſe Square is 
equal to the exceſs whereby a quarter of the Square of the — of a plain Triangle 
exceeds a quarter of the Square of the difference of the leggs, and the line whoſc 
Square is equal to the exceſs of a 1 — of che Square of the ſumm of the legg above 
a quarter of the Square of che Baſe, ſhall be equal to the Triangle. 

To make this manifeſt, let the A ARO be taken as before in the Reſofution , then 
70. Req. demonſtr. CI of 775 2: * DR: = 4 ARO. 
71. By Theor, 4. in 68* of this Problem, | 

AR. GAR - n AG:: OG AD. AR 480. 


72. And by taking 4 of every Term of that 


+0 AR. ZOAR—*OAG ::20AD--4 AR. GOFE. 


3 the ſides of proportional Squares are alſo Proportionals, therefore from the laſt 
bay | 


RAR. /*5O0 AR— TOKG :: „HTB rain . OF. 
74. Therefore, (per prop. 16. Elen 6... 
:D AR, OF = O of : AR 20 AG: „ /:*GAD<IGAR 
75. But ( per prop. 41. Elem. 1.) : on , 
1 AR,OF = A ARO. 
76. Therefore from 74* and 75*, ( per Ax. 1. Clupt. 2.) 
0 of /; AR - g NAG: x /:5+0n AD—ZEZOAR = AARO. 
Which was to be Dem. f 
Hence the following Canons are deducible, to find out the Area of a plain Triangle 


Arithmetically , without the help of the Perpendicular , the Baſe and leggs being ſeverall 
given in numbers, and the leggs unequal between themſelves. eggs being y 


CANO'N 1: 


77. From a quarter of the Square of the Baſe fubtract Equine of the Square of the 
difference of the leggs, and reſerve the remainder z then from a quarter of the Square 
of the ſumm of the letgs ſubtract a quarter of the Square of the Baſe ; and reſerve the 


remainder ; 
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remainder ; that done, multiply the firſt remainder by the ſecond extract the Square 
Root of the Product „ ſo ſhall that ſquare Root 2 the er * 
78. Again, becauſe by. Theor. 8. Chaps. 4. 
AR AG = O of ART TAG ZAR—EXAG, 
79. Likewiſe by the ſame Theorem, | 
+GAD—FO0AR=QOdfiAD+þtARxiAD-EAR: 
Therefore from 77*, 78® and 797 by exchanging equal Factors, there will ariſe 
| CANON 2. 
80, Multiply theſe four numbers one into another , to wit, 
1. The ſumm of half the Baſe, and half the difference of the leggs. 
2. The exceſs of half the Baſe above half the difference of the leggs. 
3. The ſumm of half the ſumm of the leggs , and half the Baſe. 
4. The exceſs of half the ſumm of the leggs above half the Baſe. 
Then extract the ſquare Root of the Product made by the continual multiplication of 
thoſe four numbers, ſo ſhall chat ſquare Root be the Area of the Triangle. 


3 f we f 222 legg, > of a plain Triangl 
t. Again, if we ſuppoſe ; A = the greater 5 a plain Triangle. 
E the” eiter leg g 


1. BTL 2A — E, B ＋ 22411 B— E. 
2. {$8 — $& 2 E, 2B + 3A 2E — 
3. ATE Ts. Or thus, 4 ＋ E Ts, : 
4. | ZzA+3E. 8. 1A 1E＋ 253 — B. 
% 
\D 
„„ 
f We f 
[ \ 
SN 
A Sh 


$2. Therefore, if the four numbers laſt before expreſt, (to wit, thoſe — the right 
hand,) be multiplied one into another continually, the Product ſhall be equa] to the Square 
of the Area of the Triangle whoſe three ſides are ented by B, A, E. Bur if thoſe 
four numbers be well obſerved, it wilt be evident that the number third in order is the 
half ſumm of the three ſides of the Triangle, and the other three numbers are the Re- 
mainders ariſing by the ſubtraction of the three ſides ſeverally from their half ſumm. 
Hence therefore ariſeth the vulgar Canon, to find out the Area of any plain Triangle 
whoſe three ſides are ſeverally given in numbers, vid. 

CANON 3. 


83. From half the ſumm of the three ſides of any plain Triangle ſubtract the three ſides 
ſeverally ; then multiply the faid half ſumm and the three remainders one into another, 
according to the Rule of Cominual Multiplication , and extract the ſquare Root of the 
laſt Product, ſo (hall that ſquare Root be the Area of the Triangle. 


Divers other Canons might be raiſed from the premiſſes, to find out the Area of a plain 
Triangle ; but tis now time to proceed to the Compolition of the Problem in hand, and 
that ics Conſtruction may be poſſible, the lines given mult be ſubjeR to this 

Determination. 
D ALE: 4%: — is, in words, 

The given ſumm of the leggs muſt be longer than that right line whoſe Square is equal to 
the ſomm of the Square of the Baſe and the Square of the double of the Perpendicular. 

This Determination dorh openly ſhew it felf in Theor. 2. in the 3.4" ſtep of this Problem, 
and therefore that Theorem having already been demonſtrated , the Derermination is con- 
ſequently both true and neceſſary for limiting the lines given, _ 
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The Compoſition of the foregoing Probl, 8. 


FTTT.T”T R 
Suppoſe | 
85. B = the Baſe of a Triangle is given. 
86. P — the Perpendicular is given. 
87. C = the ſumm of the leggs is given. | 
88. C Vi B+40P: ( Determination, ) 
- Reg. to make the Triangle. 
Conſtruttion, 
89. By Pyebl. 4. Chap. 5. a right line H ; ſuch, that its Square may be equal to 
- 4 aB 5 which, 4 is poſſible , as is evident by the — 1 oreſcribed 
in 88, therefore ſuppoſe 


A 


oH = OC-—oB. 
o. Find likewiſe a right line I, ſuch, that its — be equal to C -H B- 40 P, 
which Effection the — ſhews to rolſible 0 — ſuppoſe , 
oOloC-aoB- z4zoP. 
91. Then by Probl. 8. Chap. 5. let it be made, as the line H to the line I, fo the line B 
(the given Baſe) to a fourth * ſuppoſe it to be the line K, therefore, 
H X Bob 

That is, in 29% ee -. /:cc—bb—app: :: b . 4. 

In which Analogy , the firſt Term H is greater than the ſecond Term I, (as is evident 
by Conſtr. in 90 and 91%) therefore the third Term B ſhall be greater than the fourth K, 
( per Schol. Prop. 14. Elem. 5.) and conſequently C = K, for (by the Determination 
in 88) CC B. Thus far that hath been done which is directed by Theor. 2. in 34* 
of this Probi. the reſt of the Conſtruction follows. 


92. Let a Triangle be made of theſe three right lines, to wit, B, 20 + K and C-, 
which is poſſible to be done. ( per prop. 22. Elem. 1.) if Cc K, and that the ſumm 
of every two of thoſe three lines be longer than the third; but that thoſe lines are ſo 
qualified, I prove thus; 


Firſt , by what hath been ſaid in 917, Cc K, and conſequently 4C — 3K is equal 
to ſome real right line. 
Secondly , the ſumm of Band 1 C z K is manifeſtly greater than the third line 
20.— 2 K. 
Thirdly, the ſumm of the two lines 5 C E AK and 20 — K makes C, which (by 
the Determination in 8 8 is greater than the third line B. 
Fourthly, that the ſumm ot B and 2 C — K is greater than the third line * C ＋ TK 
may be proved thus; 
Ira been ſhewnin gr, % Dex. 
— — by — 10 — — BACK. 
Therefore by ſubtracting 7 K from each part, . B AC-AK IK AZC. 
Which was — be _ mn T . * 
Now ſince it hath been proved that 40 — K is equal to ſome real right line, and that 
the ſumm of every two of theſe three right lines, to wit, B, 20 K 2K and 4C — K, is 
greater than the third , 'tis poſſible to make a Triangle of thoſe three lines, ( per prop. 2 2. 
Elem. 1.) Suppoſe then it be done, and that the Triangle ſo made is A R O, ( in the pre- 
ceding Diagram,) having its Baſe A R equal to the given Baſe B, and the greater legg A O 
equal to 3 C K, and the leſſer legg RO equal to *C—4ZK, I fay the Triangle 
ARO 
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A RO will ſaisſie the Problem propannded ; :has 10 tender the Demonſtration thereof the 
more gaGe to Learners, I ſhall premiſea few things in.eight ſtept ent following, 


. If the quantities of the given lines B. P and C de expreſtby*nymbers , it will be eaſie 
—_ diſcover the kind of the Triangle , when the leggs are upequal , ( as Þr 
were ſuppoſed to be in the Reſolution,) by T heor. 3. in 35* of this Problem ; for if 
the fourth Proportional found out r that Theorem be leſs than the Baſe, the Perpen- 
dicular falls within the Triangle; W without ; if os to the Baſe , upon the 
end of the Baſe. 

Suppoling then it be diſcovered, that the Perpendicular falls u AR within the Triangle 
AR o from the Center O, at the diſtance ren leſſer | OR, ( —3K ) de. 
ſcride the Circle ORG D' n OA im Gy then ace A O roche Citcumference 
in D, draw alſo the Semidiameter OE, and fromthe Center O bet fall QF perpendicular 


wEB, therefore ( per prop. 3. Elem, 3.) FE = FR. Then, 


94. Becauſe (per defin. 15. Em 1.) „ OD = OR=OG. 
95. Therefore by adding AO o eich fan. „ „„ AD= AQ+OR. 
96. But by Conf. in 925 n 4 g „iS = AQ4-QR- 
97. Therefore from 95* and 96*, (per 4x, 1 Chap. 2 2, „ AD = C. 

98, Again, by Confty. in 92*, .. 8 „ AO SCA. 
99. Alſo by Conftr Ar in 926, E .> OR = ACK. 


100. 3 by ſubtracting che Pquacon in 99* from — 


in 9 

101. +11 I hall ſhew that the Triangle A RO made as before, will ſatisfie the Problem. 
Firſt then by Conſtruſt iam in 93 he Baſe A K is equal te the given Baſe 5 and it hath 
deen proved in 267, that Ns. OR=Ct gas fila of the leggs. So it 
remains only to hew, that the fer lar OF is equal to the given Perpendicular P; 
but that is made manifeſt by the following ſtration , Which is form d out of the 
Nr n of k ma backward (not diret᷑t) order. 

10% „Ne den fr.. . L * MF = Gs + 


Demonſtration. + 1 3G Got 
103. By Conſtr. ingi*, þ . H „ 1 22 B . 
That is, in 23% -+4i &/:ce —bb , n n + © 
104. Therefore, (per prop. 22+ Els.) - hey : OB . &. 


Now that the Terms of the taſt Analogy may w— into their equivalent quan- 
tities expreſſible b the lines in che Diagram, theſe ſeven Equations next following are to 
be well obſerved, . | | 
105. By Conſty. in * „ e C- BSH. 

106. 430 pac Wo 12 8 19 2 AD Sac. 
107. And from — . - « A So 
108. Therefore from 105*, 106*, 107" "ps BY S GAD—DAR = G. 


199, : Again, by Canfr. in 90 „ QC -QB—4oP= al. 
140, Therefore from, t05* Aa ab 109%) 7 85 25 828 40 Pal. 
vii, Df | 1 e 
112. Therefore the erms of, EN nth 94” ing their equiralen 
n. 21977 ies thas. will begopyetted into this, viz. 
oAD-oA See 22 DAR. . 36. 


m. r TX an * 4. 
N HT. „ 33 Me) > 4 
„ Tberctate 4 ive e 
* DAR . DAD—OAR 22 « Oe 


That is, in 27*, 
bb cc — bb 


47. 
Now to return back wauds from 170 * a eh folio? bo the lines 
of the Diagram , ſome Analogies — expreſt in te Reloluvion.m be introdu „(which 


are inferr'd from the Algebraical Fractiom eee. as before hath been hinted 
in] 55%) to wit, the four Analogies next . | 


114. By 
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114. By Theor. 2. in 297 of Probl. 9. Chap. 7. > AD. AR :: AE . AG. 
115. Therefore ( per prop 22. Elem.6.) . AD. GAR :: AE. DAG. 
116. Therefore, by Divifien of Reaſon , | 
| oGAD—oAR . OAR :: oGAE- AG. As. 
117. And inverſly, : | : | 
OAR AD - N AR :: AG . AE As. 
118, Therefore from 1135 and 114, ( per prop. 11, & 14. Elem. 5.) 
AE —DOAG = nAD—oAR—40P. 

N ccaa 

in 25% 8 * bb | 
119. And by adding 40 P, alſo Q AG to each part, and ſubtracting ci A E from each 

part of the Equation in 118*, this will ariſe, | 
| DT daP=ngnAGhoAD—ognAR—o AE. 
120, But by Theor. 1. in 33* of this Problem, 

i AE - N AGS MAD - MAR —-400F. . | 

121. Therefore by adding 4 U OF, alſo AG to each part, and ſubtrating Q AE from 

each part of the laſt preceding Equation, this will ariſe , 

40 OF=oOAG+oAD—oAR—D AE. | 

122. Therefore from 119 and 1210, Ax. 1. Chap.2.) f 4D OF = 4D P. 
123. Therefore, * 8 8 . Pr) © 8 OF FP. 
// // K OY wn Þ. 

Which was to be Demonſtr. Therefore the Problem is ſatisfied. But for further 
Illuſtration , all the preceding Canons and Theorems raiſed out of the Reſolution, may be 
exemplified by the Numbers placed near the Diagram at the beginning of this Problem. 


| Probl, IX. __ 
The Baſe, Perpendicular and difference of the leggs of a plain Triangle 


being ſeverally given, to find the Triangle. But the Baſe muſt exceed 
the difference of the leggs. 


Ne ARS 9g | FE = 


— aa = ce — bb — 4pp. 


= 6 

3 1 Ac = | CF = 8 
* ö RC = 10 | AF = 15 

L's AE = 21 | AG = 7 

FR= 6| AL = 27 


R 6 E 

| | | Prepar. 

1. Suppoſe the Triangle ARC obtuſangled at R, (the end of the Baſe A R,) to be that 
which is ſought ; then from the Center C, at the diſtance of the lefſer legg C R de- 
ſerĩbe the Circle CRGLE, cutting the greater legg CA in G; ſo ſhall AG be the 
difference of the leggs CA and CR, for CG CR. 

2. Produce AC and AR to the Circumference in L and E, then is AL equal to the 
ſumm of the leggs A C and CR, for CL = CR; 

3. Draw the 5 F S ſo ſhall nn into two 

ual parts in E, (per prop. 3. Elem. 3. ich things being premjs d, the Reſolution 
of the Problem a may be reſolved in manner following. : 


Suppoſ.. 4 
4.6 = AR the Baſe of A ARC is given. 
5. p = CF the Perpendicular is given. 
6. d = AG the difference of the leggs AC and RC is given. 
Reg. to find the Triangle. 
Reſolution, 


7. Put à for the unknown ſumm of the leggs, vix. aſſume 
| 4 = AC + KC = AL. 3 
. Then 


— — 
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8. Then from Theor. 2. in 34* of the foregoing Probl. 8. of this Chap. this Analogy ariſeth, 
/: 4 — bb: , y/:aa—bb—4pp: :: 4 
9. The Squares of which 1 lines ſhall be Proportionals alſo, therefore 
aa — bb , aa—bb — 42 : 1 

10. Therefore by Converſion of Reaſon, 

aa — bb 4% :: bb . bb — dd. 
11. And alternately , 

as — bh ., bb :: app . bb — dd 
12. And by Compoſition, 

44 . bb :: 4 + bb — dd . bb — dd. 
13. And by inverſe and alternate Reaſon, 
bb — dd. 4p + bb — d :: bb . aa. 
14. But the ſides of proportional Squares are alſo Proportionals , therefore from the laſt 
preceding Analogy , 
: bb — dd: . : 4pp + 6b — dd: :: b , a 
15. And becauſe by Theor. 2. Probl. 10. Chap. 7. | 
#5 AS n= nd 
16. Therefore from the two laſt preceding Analogies , this ariſeth, 
/: bb — dad: . /: app +bb— add: :: d . AE. 
The Analogy in 14? gives . 
THEOR. 1. 
17. As the right line whoſe Square is equal to the exceſs whereby the Square of the Baſe 
of a plain Triangle exceeds the Square of the difference of the leggs, is to the right 


line whoſe Square is equal to the ſaid exceſs together with the Square of the double Per- 
pendicular ; ſo is the Baſe, to the ſumm of the leggs. 


Or thu, which is more convenient for Arithmetical praftice. 


As the exceſs of the Square of the Baſe above the Square of the difference of the leggs, 
is to the ſumm of the ſaid exceſs and the Square of the double Perpendicular z ſo is the 
Square of the Baſe , to the Square of the ſumm of the leggs. 

Therefore, the Baſe, Perpendicular , and difference of the leggs of a plain Triangle 
being ſeverally given, the ſumm of the leggs ſhall be given alſo by the ſaid Theor. 1. 
And conſequently the leggs ſhall be given ſeverally, by Theor, 9. Chap. 4. 

The Analogy in 16“ gives 
THEOR. +. 


18, As the right line whoſe Square is equal to the exceſs by which the Square of the Baſe 
of a plain Triangle exceeds the Square of the difference of the Jeggs , is to the right line 
whoſe Square is equal to the ſaid exceſs together with the Square of the double Perpendi- 
cular ; fo is the difference of the leggs to a fourth Proportional ; which exceeds the Baſe, 
when the Perpendicular falls without the Triangle , for then 'tis the line compos'd of 
the Baſe and the double diſtance from the foot of the Perpendicular to the obtuſe angle 
at the nearer end of the Baſe; but when the Perpendicular falls within, the ſaid fourth 
Proportional is leſs than the Baſe , and is the difference of the ſegments of the Baſe made 
by the Perpendicular : Laſtly , when the ſaid fourth Proportional is equal to the Baſe, 
the Perpendicular falls upon the end thereof. 


Therefore, if the quantities of the lines given in this Probl. g. be expreſt by numbers, 
we may diſcover by Theor. 2. above expreſt, whether the Triangle ſought be obtuſangled» 
acute-angled , or right-angled at the Baſe. 

It is alſo evident by the 14 and 1 6" ſteps of the Reſolution, that to the end the Problem 
propounded may be poſſible, the given lines muſt be ſubject to this 


Determination. 


The -given Baſe muſt exceed the given difference of the leggs. 

The truth of the preceding Theorems and Determination, as alſo the Compoſition 
of this Probl. 9. will be obvious to him that underſtands what hath been delivered in the 
foregoing Probl. 8. and therefore I ſhall wave the Compoſition, 

Oo : Probl, X. 


wy ·˙ > 3% IL > —_- rr * * 


ae Raſolwion and carpet: Bock 1V. 


= ' © Probl. X. 


In a plain Triangle having unequal acute angles at the Baſe , the Per- 
pendicular, difference of the 985 „and difference of the ſegments of the 
Baſe made by the Perpendicular, being ſeverally given, to ſind the — 
But = lines given muſt be ſubject to the Determinnations hereafter 
expreſt. 


aire ch 6 
AO = 1p | OF = 8 
RO =10| AF = 15 
AE = 9 | AG= 7 
EF= 6| AD = 27 


3 Prepar at. 

1, Let the Diagram belonging to the preceding Probl. 8. of this Chapt. be here repeated, 
and ſuppoſe the A A RO having unequal acute angles A and R at the ends of the Baſe 
AR io be the Triangle f. z then reſpeQ being had to the _— Conſtruction 

. inthethreefirſt eps of the faid Probl. 8. the Reſolution of this Prob/, 10, may be formed 

| chus , | 


Suppoſ. 2 | 

OF the Pe icular of A. ARO is given. 

AG the & e of the leggs is given. 

AE the difference of the ſegments of the Baſe is given. 

Neg. to find the Triangle. 

| Reſolution. 

5. It is manifeſt that if A E the given difference of the ſegments FA, FR be eſteemed 
the Baſe of the A AE O obtuſangled at E, then A G ſhall be the difference of the leggs 
AO and EO, as well as of AO and RO, (for EOS ROS OG,) and OF 
a common Perpendicular to the two Triangles A RO and AEO; therefore in 
A AEO, the Baſe AE, the Perpendicular OF, and AG the difference of the leggs 
A O and E O being ſeverally given, the ſaid A A EO ſhall be given by the foregoing 

* Probl. 9. of this Chapt. For, the ſnmm of the leggs, to wit, AD = AO-j-EO = AO 
+ OR ſhall be given by this following Analogy , ( according to Theor, 1. in 17* 

of the ſaid Probl. 9. vis, 
4: bb — : . i4app + 6b — ad: :: b . AD. 

6. Then AD and AG the ſumm and difference of the leggs A O and EQ, or of AO 
and RO, being given, the ſaid leggs ſhall be given ſeverally by Theor. 9. Chap. 4. 

7, Moreover, foraſmuch as AR in reference to A AE O obtu angled at E, is compos'd 
of the Baſe AE and ER, (=2FE = 2FR,) the faid A R, which is alſo the Bale 
of A ARO, ſhall be given by Theor. 2. in 18* of the preceding Probl. 9. For, 


N — ad: ; /:4p N mA 
From the premiſſes tis manifeſt that the Baſe and leggs of the Triangle ſought in this 
Probl, 10. may be found out by the foregoing Prob/, g. But that there may be a poſſi- 


bility of finding out the Triangle required, the lines giyen muſt be liable to theſe two 
tollowing Determinations , vix. 


Dy 
. 
II. H 


Determination 1. 


8. The line given for the difference of the ſegments of the Baſe made by the Perpendicular 
falling within the Triangle, muſt exceed the given difference of the leggs, that is, ( in 
- the Figure belonging to this Prob. 10.) AEN AG, the dares 

by prop. 8. Elem. 3. | 


is maniteſt 


9. Again, 
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9. Again, becauſe by Sppoſition the Triangle ſought hath unequal acute angles at the 
Baſe , the Perpendicular falls within, and the Baſe muſt neceſſarily exceed the diGerence 
of the ſegments of the Baſe made by the Perpendicular , therefore to the end the lines 

. given may be capable of effecting the Problem propounded, the fourth Proportional 


(or Baſe) tound out by the Analogy before expreſt in 7* mult exceed the given line AB. 
Hence, | 


_— 


Determination 2. 


| VA d: x d 
I. ⏑ ‚ — A — . 
* — 2d: 
Suppoling then the given Quantities to be qualified according to the tenour of the De- 
terminations befure preſcribed , the induſtrious Learner may — y apply what hath been 


ſeverally given, to find the Triangle. But the given lines muſt be 
ſubje& to the Determinations he expreſt. 


AR= 918 6 
AC = 17 | CF = 8 
RC=10 | AF = 15 
AE 21 | AG = 

FR = 61 ah w 7 


Prepar. 


1, Let the Diagram belonging to the foregoing Probl. 9. of this Chapt. be here repeated, 
and ſuppoſe the A ARC obtuſangled at R, (the end of the Baſe A R,) to be the Tri- 
angle ſought , then reſpect being had to the preparatory Conſtruction in 15, 2* and 3* 
of Probl. g. the Reſolution of this Probl. 11. may be formed thus; 

Suppoſe. 
=CF * Perpendicular of A ARC is given, 


AG the difference of the leggs A C and RC is given. 

AE the line compos d of the Baſe AR and 2 FE, (or 2 FR,) i given. 
Reg. to find the Triangle. | 

Re ſolation. 

5. It is manifeſt, chat if the given line A E be eſteemed the Baſe of the A AEC having 
unequal acute angles at A and E, then AG is the difference of the leggs AC and EC, 
as well as of AC and RC, (for EC = RC,) and CF is a common Perpendicular 
to the two Triangles AE C and ARC; therefore in A AEC, theBaſe AE, the 
Perpendicular CF, and A G the difference of the leggs AC and EC, (or RC.) 
being given ſeverally, the faid 4 AE C ſhall be given by Prebl. 9. of this ¶ bapt. 
For AL = AC-+ EC, (che ſumm of the leggs of A AE C, ) ſhall be given by 
this following Analogy, (according to T heor, 2. in 17* of the faid Probl. 9.) viz. 

/d: U —ad: :: ö AL. 

6, Then ALand AG the ſumm and difference of the AC and E C being ſeverally 
given, the leggs themſelves thall be alſe given ſeverally , by Theor. 9. Chap. 4. 

7. Moreover, becauſe A R in reference tothe A A EC is the difference of the ſegments 


FA and FE, made by the Perpendicular C F, and is alſo the Baſe of the A ARC 
required, 


2. 
9. & 
+ = 
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required, the ſaid A R ſhall be given by Theor. 2. in Probl. 18, of Probl. g. of this Chap. 


For, ns 7 | 
: —dd: . . 4 bb —ad: :: 4. AR. 

From the premiſles tis evident, that the three ſides of the Triangle required by this 
Probl. 11. are diſcovered by Probl. 9. of this Chapt. But the lines given muſt be ſubject 
to the following Determinations , that there may be a poſſibility of finding out a Triangle 
to ſatisfie the Problem propounded. 

Determination 1. 


$. The line piven for the ſumm of the Baſe and double diſtance from the foot of the 
Perpendicular to the obtuſe angle, muſt be longer than the line given for the ditference 
of the leggs, that is, AE c= AG, as may be eaſily proved; for by Suppoſition 
A ARC is obtuſangled at R, therefore AE cg AR, and conſequently A E much 
greater than A G, for ( per prop 8. Elem. 3.) ARC AG. 


Again, becauſe by Suppoſition the Triangle ſought is obtuſangled at the Baſe , the Per- 
pendicular falls without, and the Baſe ſhall neceſſarily be Jeſs than the line compos'd of 
the Baſe and the double diſtance from the foot of the Perpendicular to the obtuſe angle; 
therefore to the end the lines given may be capable of effecting the Problem propounded, 
the fourth Proportional (or Baſe) found out by the Analogy in 7*, muſt be leſs than the given 
line AE. Hence, 


Determination 2. 


/: 4pp + #6 — dd: x A __ . 
: bb — dd: 


Probl, XII. 


In a plain Triangle having unequal acute angles at the Baſe, the 
Perpendicular , ſumm of the * s, and difference of the ſegments of 
the Baſe made by the Perpendicular, being ſeverally given, to find the 
Triangle. But the lines given muſt be liable to the Determinations 
hereafter declared. 


"IS. ; 
Ap AR = 21 FR = 6 
Nags AO = T1 07 = 8 
| OR = 10 AF = 15 
; / AE= go | AG = 7 
4 — enn 
Prepar. 


1. Let the Diagram belonging to the precediug Prob/. 8. of this Chapt. be here repeated, 
and ſuppoſe the Triangle A RO having 9 acute angles A — R at the — of 
the Baſe A R to be the Triangle ſought ; then reſpect being had to the preparatory Con- 
ſtruction in the three firſt ſteps of the ſaid Probl. 8. the Reſolution of this Probl. 1 2. 
may be formed thus 
Swppeſ. 

OF the Perpendicular of A ARO is given. 

q ” = * ＋— — the _ of the leggs is given. 

= — FR the difference of the ſegments of t is given. 
Reg to find the Triangle. 1 _ 
Re ſolution. 


5. It is evident, that if the given line A E be eſteem d the Baſe of the A A E O obtuſan- 
gled at E, then AD is the ſumm of the leggs A O and EO, as well as of AO and 
R O, for EO = RO, and OF is a common Perpendicular to the two Trianglcs 
AEO and ARO; therefore in A AEO, the Baſe AE, the Perpendicular O F, 
and AD the ſumm of the leggs A O and E O being ſeverally given, the Triangle 


AEO 


er 
> ha 
18! 
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AEO ſhall be given by the foregoing Prob/. 8. of this Chapt. - For AG, the difference 
of the leggs AO and EO, ſhall be given by this following Analogy , (according to 
Theor. 2. in 24* of Probl 8.) 
/:cc—bb: . 4: — „ — app: :: d . AG. 
6. Then AD and AG the ſumm and difference of the leggs A O and E ©, (or RO,) being 
given ſeverally, the ſaid leggs ſhall be alſo given ſeverally, by Theor. 9. Chap. 4. 
7s Moreover, foraſmuch as A R in reference to the A AE O obtuſangled at E, is com- 
pos d of the Baſe AE and ER, (= 2FE = 2 FER, ) the ſaid AR, which is 
_ the Baſe of A ARO required, .ſhall be given by 7 heor. 3. in 35* of Probl. 8. 
or, 


: cc —bb: „ie — bb — app: :: 6c . AR. 

From the premiſſes tis madifeſt, that the Baſe and leggs of the Triangle ſought by this 
Probl. 12. are diſcovered by the foregoing Probl. 8. But that there may be a poſſibility 
of finding out the deſired Triangle, the given lines muſt be ſubject to theſe two following 


Determinations, viz. — 


c-=/: b+ 4p: Thais, 


8. The line given for the ſumm of the leggs muſt exceed that right line whoſe Square is 
equal to the ſumm of the Square of the given Baſe and the Square of the double of the 

given Perpendicular. | 

This Determination doth openly ſhew it (elf in the preceding Analogy in 5, and hath 
already been demonſtrated in Prebl. 8. of this Chapter, * 1 

9. Again, becauſe by Suppeſition the Triangle ſought hath unequal acute angles at the Baſe, 
the Perpendicular falls within, and the Baſe mult neceſſarily exceed the difference of the 
ſegments of the Baſe made by the Perpendicular , therefore to the end the given lines 
may be capable of effecting the Problem propounded, the fourth Proportional (or Baſe) 
found out by the Analogy in 7* , muſt exceed the given line A E. Flence, 


Determination 2s 
Jace — bb — app: *x c 
„ Vie — N: 
| Probl, XIII. 


In a plain Triangle obtuſangled at the Baſe, the Perpendicular, ſumm 
of the leggs, and the line compos d of the Baſe and double diſtance from 
the foot of the Perpendicular to the obtuſe angle, being given ſeverally, 
to find the Triangle. But the given lines mult be ſubject to the Deter- 
minations hereafter declared. | 


= 6. 


— 


AR 91 FEE 6 
AC 17 | CF 8 
CR=10| AF = 15 
AE = 21 | AG = 7 
FR= 61 AL = 37 


Pre parat. 

Let the Diagram belonging to the foregoing Probl. 9. of this Chape. be here repeated, 
I — dry A ARC obrubngled xc R , ( the end of the Baſe A $8 be the 
Triang| ht; then t ing had to the preparatory Conſtru in 1“, 2 

4 2 Ar ſaid Probl. 24. Reſylution of this Probl. 1 3. may be formed thus; 

y "og 


Pr icular of A ARC is giren. 
L=AC+RC the ſumm of the is given, 


4. b = AE 


— 
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4. b = AE the line compos'd of the Baſe AR and 2 FR (or 2 FE) is given. 
Req. to find the Triangle. 
Reſolution. 

5. It is manifeſt, that if the given line A E be eſteem'd the Baſe of the A AEC having 
unequal acute angles at A and E, then AL is the ſumm of the leggs AC and EC, as 
well as of AC and RC, (for EC = RC,) and CF is a common Perpendicular 
to the two Triangles ARC and AEC; therefore in A AE C, the Baſe AE, the 
perpendicular C F, and AL the ſumm of the leggs AC and E C, (or RC) being 
given ſeverally, the A AE C ſhall be given by the foregoing Prob. 8. of this Chapter, 
For A G the difference of the leggs ſhall be given by this following Analogy , (ac- 
cording to T heor. 2. in 34* of Probl. 8. Z 

: cc —bb: . „: c — „ — 4p: :: b . AG. 

6. Then AL and AG the ſumm and difference of the leggs A C and E C being given 
ſeverally, the leggs ſhall alſo be given ſeverally, by Theor. 9. Chap. 4. 

7, Moreover becauſe A R, in reference to the A AE C, is the difference of the ſegments 
FA and FE made by the Perpendicular CF, and is alſo the Baſe of the A ARC 
required, the ſaid A R ſhall be given by Theor. 3. in 35 of Probl, 8. For, 

IVI cc — bb: . „: © — bb - 4pp: :: „ . AR. 

8. From the premiſſes tis evident, that the three ſides of the Triangle required by this 
Probl. x 3. are diſcovered by Probl. 8. of this Chapt. But the lines given mult be ſubject 
to the following Determinations , viz. 

« Determinat, . g ef: bb + app: 

ce — bb — 4pp: * 

: c — bb : 


| Probl, XIV. 
The Hypothenuſal of a right-angled Triangle being given, as alſo 
a mean Proportional between the Baſe and abs L , to find the 
Triangle. But the right line ariſing by the Application of the Square 


of the given mean to the given Hypothenuſal , muſt not be greater than 
half the Hypothenuſal. Sth | 


; Th 4 wy . * , 4 
— FE, 
X ———— or \ ABz3169|AE ming 
AC=156|FB= 25 


F BC= 65|FE= 25 
A 


G= g1\CF= 60 


Determinat. 2 =z >. 


3 
—— — 


A — 


Frappoſ. | 
1. ABC is a A right-angled at C. 
2. AC Cz. 
. CBGD is a ©, whence AG = AC — CB (C.) 
CF LAB. 
h —= AB the Hypothenuſal is _ 
m — M a right line given, and ſuch, that AC . :: m» 
Reg. to find out A ABC. 
3 whe Gu Reſolut. 1. 
7. Becauſe by Suppeſition in 6* the right line . is a mean Proportional between A C and 
CB, therefore mm A, CB, that is, A B, C F, for ( per prop.41. Flem. i. 
each of thoſe Rectangles is equal to 2 A ABC, therefore == CF the Perpen- 
dicular is given z therefore alſo A AB C ſhall be given both Geometrically and Arithme- 
tically, 


» CB. 
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tically „ by Probl. 16. Ch But here I ſhall frame the Reſolution al Cor olai 
of the fame Probiem — — * 


Keſela. 2. | 
8. Put a for the difference of the leggs ht. vic. N 4 = AG = AC — CB, 
9. Then becauſe A D is the ſumm, and A G the 
difference of the leggs A C and C, therefore OM(GAC,CB)--icAG=notAD. 
( per Theor. 7. Chap 4.) 
10. Therefore in the letters belonging to the 
Reſolution , the Square of half the ſumm of > wm -|- 14 ( = Q 4AD.) 
the leggs ſhall be equal tio 
11. Therefore the ſquare Root of that Square of 
the half ſumm ſhall be the * ſumm of the > : -: ( Ab.) 
hy „ to wit, 
herefore from 80 and 11* a (by Ther: 9 


| Che . 4+) the greater legg is $5 8 V=: + 2 (S Ac.) 

3. And the e leg i KITES 2g > y/:mn+ 34: — 2 (= CB.) 
Therefore from 125, 7 9 .C * 

che Square of the gremer legg bell de 5 Y _—— x o/:mm|- Loa: 


15. And from 1 3*, (by Theor. 5. Chap. ) the 4 
qure of the leſſer egy hall be 415 + my + 244—4 . of: mm + $46: 
16. Therefore the ſumm of all in 145 15? "A 
gives the ſumm of the Squares of the legs, to wit, bt 208 -Þ as (=O AC4+-OCB. ) 
17. Andberauſe by Swppoſ. in 17 < ACB=_, 
therefore from 5* and 16 nr 1.) zum ＋ «a= b (= UAB.) 
this Equation ariſeth, . 
18. 1 ſubrraRting | 2 from axch 
"= Equa — + 
I b he ore by extracti ſquare Root t out 5 
5 — the laſt Equation | the difference> 4 = .- bb — : (= AG;) 
of the leggs is made known, viz. «+ 
20. Therefore from 125 13, 18 and 19% "the leggs ſhall be giyen ſeverally, vis; 


| AC = 3b 3mm: ＋ . 20: 


22 


CB = Y Man: — yi ib — mm: 
The Equation in 197“ gives 


CANON 1. 


From the Square of the given Hypothen. ſubtract the double Square of the given mean 
1 ſo the Tquare root of the remainder half be the differente of the leggs ſought. 


The Equations in 20* give | 
CANON 2. 


22. To and from the Square of half the given Hypothenuſal add and ſubtract half the Squark 
of the given mean Proportional , and referye the fumm and remainder , then extract the 
ſquare Root out of the ſaid ſurara and remainder ſeverally ; laſtly, the ſumm and difference 
ot the ſaid ſquare Roots ſhall be the fides about the right angle of the Triangle . — 

Nee. If the values of A C and CB * angle ) beivee 

in 20* be ſeverally ſquared, and the Univerſal ſquare Root ed out ores ry 

there will come forhohe Canon delivered in 842. 55+ Prebl. 16. Chap. 5. for the Arithme- 

tical Reſolution of ſuch ambiguous Biquadratick Equations as fall under the Form there 
expounded. 

70 chat che truth of the preceding Canons may W I ſhall propound 
and demonſtrate them in the form of Thorems , by a repetition ot the ſteps of the foregoing 


Reſolution. 
THE OR. . 


23. In a right-angled Triangle having unequal leggs about the right angle, the difference 
"of choſe joy. is 0 6 A righe line Silent equal td the exceſs whereby the 
Square of che Hypothenuſal exceeds the doubl e of à mean Proportional between 


the ſaid leggs. 
P p THEO R. 2. 
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In a right-angled Triangle having unequal leggs about the right angle, the greater legg 
, * equal — hone of theſe two right lines, to wit, the right line whoſe Square is equal to 
the Square of half the Hypothenuſal together with half the Square of a mean Proportional 
between the leggs, and the right line whoſe Square is equal to the exceſs whereby the 
Square of halt the Hypothenuſal exceeds half the Square of the ſaid mean. But the 
leſſer legg is equal to the difference of the ſaid two right lines. 
Suppeſ. 4 
$5. ABC ia A..:' a 
right - angled at C. M | 
26. AC - CB. SLY 
27. CBGDis a O; and 2 
ACD is a right line, 
therefore 
28. AD=AC + CB, . 
and AG= AC Cg. | 
29. M is a right line, ſuch, that '.., . , AC. M:: M. CB. 
Reg. demonſtr. 4 ') 
30. Theor. 1. AG = Y. AB —-2 U N: 
31. Theor. 2. — = N. AM: + V:40AB— 30M: 


CB = Y. ABT NM: — S:iO0AB—EoOM: 
32. By Suppoſ. in 28*, . > AG= AC—CB, 


. Theretore the Square of chat Equation , "a 
— iy — 1 8 CAG HAC TCB zA, CB. 


34. By Suppoſ. in a5 AC; is A, there- 2 AB = OAC + QCB, 
fore (per prop. 47. Elem. .)) 
35. Therefore trom 33“ and 34, (per Ax. 6. 2 0 AG = HAB 20 AC, CB. 
l 
36. From 29%, ( per prop. 17. Elem. 6G.) .> OM = AC, CB. 
37. And conſequently , „„ © „% „% of TOR S_T_R.CE 
haps) . Cf DAG = DAB — 20M. 
. But the ſides of equal Squares are alſo b 1 
gee therefore from 38*, . Sx AG in AB — 30M: 


Which was Theor. 1. to be Dem, 
40. Again, becauſe by Suppoſ. in 28*, AD is 0 
the ſumm, and AG the difference of the | 
AC and CB, therefore(perT heor.7.Chap.4.) 
41. And becauſe from 


d b 1 29%, ( per prop. 17. 5 
Elem. 6.) 2 Rn, . . bud 7. OM = QAC, CB. 
42. 2 + of all in 38“„,˖ ,Þ 4O0AB — faM = 1046. 
. Therefore from 40% 41 and 425 
7 6, Chas: 2.) 5 7 . a i (5 OzAD = +OAB + 2 OM. 
44. But the ſides of equal Squares are alſo 
equi] / therefore from 43%, . . .'. 
45. And for the like reaſon, tis manifeſFftom WR 
the Equation in 42*, that . . . . AG = :4DAB — 320M: 
46. * by taking the ſumm and difference of the Equations in 44* and 45, theſe 
will ariſe, ö 1 
9 AD ＋ AAG = /:40AB+iOM: + Nν¹ B -A: 
E. AD - AG Y:40ABÞEIOM: — y:40AB—EOM: 


© 2AD = ανννννννν,. 


47- And becauſe AN. is the ſumm, and A G the difference of A C and CB, therefore 
(pen Theor. 9. Chap. 4) ver 
es + HAG; nd CB AD — 246. 


48. There- 
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48. Therefore from 46* and 47*, (per Ax. 1. Chap. 2. ) 
; AC = :3z0AB + *OM: + IS AB Ta: 
CB NAT TUM: — //XDBAB —ToN: 
Which was Theor. 2. to be Demonſtr. 

In the next place, to the end the Geometrical Effeftion of the foregoing Probl. 1 4. 
may meet with no obſtruction, I ſhall prove the truth of the — annex d ka 
the Problem, by demonſtrating this following 

LE EM MA. 
49+ In a right. angled Triangle, if the Square of a mean Proportional between the ſides 
about the right angle, (that is, if the Rectangle of thoſe ſides) be applied to the Hy- 
pothenuſal , the line thence ariſing ſhall ſometimes be equal to half the Hypothenuſal, and 
ſometimes leſs , but never greater than the ſaid half. 


The ſides about the right angle are either | ro one another, or elſe | 
I ſhall begin with with the brſt Ge. "Pe „ 


Suppoſ. in Caſe 1. E 
50. RST is a A right-angled at 8. Fa 
et, R$ = 81. 
52. M is a right line, ſuch, that 
$3 KS „ 8 33 „ 
OM 
14. Reg. demonſtr. "= RT — ZRT. 12 af ; iN 
Demonſtr at in. 
55. By Suppoſition in 5155 8 > „ „ 888. 


56. Therefore by drawing 8 T as a common 
altitude into each part.. 
57. Therefore, ( per Ax. 8. Chap. 2. ) . 
58. And becauſe by Suppeſ. in 30 TS is , 

therefore, ( per prop. 47. Elem.1.) . . . 
59. Therefore from 57* and 58*, (per Ax. 1. 


8 ORSST=OST = ORS. 
> 2QORSST=oaST+aRs. 
i .. RTS STARS. 
? 
4 


Chap 2.) *- a 2CIRSST = ART. 


60. And conſequently, , . . . . + ARS, ST ARI. 
61. But from 53“, 1 Elem. 6.) CIRS,ST = Q M. 
1 8 (pr Att . OM=30RT=CRTART: 
63. Therefore from 625, by Application of each OM ARI. 
„„ T = ART 
Which was Caſe 1. to be Dem. 
Swppoſ. in Caſe 2. 
64. ABC is a A right-angled at C. 
65. AC © CB. 
66. M a right line, ſuch, that AC 
[ See the Diagr. in the precedent Page.] 
67. « + Req. f rt. HE — AB. 
V Demonſty ation. 
68. By the preceding Theor, 1. before demon- 
ſtrated tis evident that . . . . . . + 20M > DO AB. 
69. Therefore, by taking the half of each part, — 
it follows that et . . 
70, Therefore trom 69*, by Application of __ 2 5 AB. 


n 


„ . v.51 
Which was Caſe 2. — — — PL 3 
71. Now becauſe in every right-angled Triangle, t 1 are either 
equal or unequal between — and it hath been demonſtrated, when the 
ſaid lides are equal to one another, the right line ariſing by the Square of a mean 


Pp 2 Proportional 
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Proportional between the ſaid ſides tothe Hypothenuſal is equal to half the Hypothenuſal , 
but when the ſaid ſides are unequal , the ſaid right line is leſs than half the Hypothenuſal, 
it is evident that the right line ariſing by the ſaid Application can never be greater than 
half the Hypothenuſal : Therefore the truth of the Lemma is maniteſt , and conſe- 
quently, the lines given in Prob/. 1 4. muſt be ſubjet᷑t to the Determination annex to it, 


that there may be a poſlibiliry of effecting the Problem, 
The Compoſition of the foregoing Probl. 14. 


H 

M 

12 — 

Q 

Suppoſ. 
72. H= the Hypothenuſal of a right -angled Triangle is given. 
73. M = a mean Proportional between the ſides about the right angle is giver? 
74. 5 not c- 2H. ( Determination. ) 

Reg to find the Triangle. . 

Conſtruct ion. 


75. By Probl. 2. Chap. 5. find a right line NO, ſuch , that its Squate may be equal 
wo4OH++inM, therefore | 
NO = Y t UH + 3oM: 


76. By the Determination in 74, 5 not c 2 7 ſuppoſe then it be granted, or 
o 


diſcovered by H and M given in numbers, that aq” is leſs than 1 H, and conſe- 


uently, ( by multiplying each part into H,) that GM = oH, then it evidently 
7 4 that tis — * Probl. 4. Chap. 5.) to find out a right line O P, ſuch, that 
its Square may be equal to 30 HU M, ſuppoſe therefore 
| OP = NDH — HAM: 
77. Make NP = NO -O, then from the Conſtruction in 75 and 76*, tis manifeſt that 
NP = //ZOH + ZOOM: + //ZOH — OM: 

78. From NO cut of OQ — OP, which may be done, for tis evident by Conf. 
in 25 and 76, that NO c- OP, ſuppoſe therefore OQ = OP, then from 75* and 76* 
it follows that 

NQ_ =— NO — OP = ;j5OH+ FOM: — //2OH—EDM: 

79. Make AC = NP, alſoCB=NQ, ud CB I. AC, laſtly, draw AB. 

80. | fay ABC is the right-angled Triangle required. Now we muſt ſhew that it will 
fatisfie the Problem. Firſt then by Conſtruction in 79%, CB. L AC, and conſequently 
the angle A CB is a right angle. But that the Hypothenuſal A B is equal to the given 
Hypothenuſal , and that the given right line M is a mean Proportional between A C 


and * (the ſides about the right angle, ) the following Demonſtration will make 
manifeſt. N 


. Reg. demonſt. 1 ro ok _ CB. 
Demonſtration. 


82, By Conſtr. in 779%, . „% NP=NO+OP. 
83. Therefore ( per Theor. 2. Chap. 4.) . . UN = ©NO-+0OP-+:CONO,0P. 
84. By % RT Q=NO—OP. 
ly 0x * · 5. wo 4) - . NG g= ©NO-+nOP--2CONO,OP. 
Therefore, k r the Equa- 8 
tions in 837 — 3575 1125 8 .Þ 4 BNP + ENQ = 2ONO + 200P. 


87. And 


Chap. 8. 
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$5. And from the Candy. i 
7 — * anſtr. in 79*, (per Prop. . oONP-|-oNQ= nAC+aCs. 


8. Therefore f 86˙ and 87* A. 
8 > + rom 86 6* and 87, (per X. 1. , 20 NON 200P =oAC-oCB. 


a . 
9. Bur by Ceuſtr. in 79%, T Ach b, — . . 0 AB=gAC-+HOCB. 


fore (per prop. 47. Elem. 1.) . 
90. 45% from 888 and _ a ( per Ax r. 


" Che * N 4 2 NO þ 2z0OP = oAB. 
1 Ga the Cunſtr. in 1 75* and 76*, (by 
” adding together the double Squares of the E-> 2 ONO + 2 GOP = oH. 
quations there expreſt, ) "tis evident that 
ene 90 and 91*, ( per Ax. * q AB San. 
9 5 SN equal Squares are alſo equa), 8 AB = H. Which was to be Dem. 
94. Again, becauſe by Conſtr. in 77 and 28%," 
NP is the ſumm, and NQ. the difference of NOS ONP,NQ = UNO- OP. 
and OP, therefore ( per Theor. 8. Chap. 4. ) 
But from the Conſtr. mes: . .> ONP,NQ = CAC,CB. 
26. Theo ed oo 94* and 95% (per Ax. 1 4 CAC, CB = ONO — gor. 
97. By Conftr. in 75%. - + © © © „ oe © SOHO RS 
98. And by Canſtr. in 76“, .> 120 H—-;OM = gOP. 


99. And from 97*, by ſubtra ting a 0 P. from 8 +4 * 

each part, ; $OHT,OM-cOP=qgNO-nOP. 
100. And from 98*, by adding 10M — M NnOP Zu 
2 — 4 . 


part, 
101. Andby adding the E tion in 100® to that 4 
K qua '$ 40H-þOM=oONO-0OP-+ioH. 
102. And from 1015 6 by ſubtraRting 3 zan; OM= ONO — op. 

> 


from each part, there will remain 
103. But it hath been proved in 96*, that AC, CB NO -O. 


104. Therelore from 102 and _— * Ax. i. 3 
A 8 Ac, B = oM., 
105. Wherefore from 104) , ( por rp 14 . 
9 ? "CAC. M M. CB. 
Which was to be "Rwy Therefore that is done which the Problem required. 
Note. The foregoing Problem is the ſame in effect with this, vid. The ſumm of the 
Squares and the Rectangle of two right lines being given ſeverally , to find out thoſe 
lines. 


Probl, XV. | 


The Hypothenuſal and Area of a right-angled Triangle being given 
ſeverally , to find out the Triangle. But the right line ariſing by the 

Application of the double Area to the Hyporhenulal, muſt not I. greater 
than half the Hypothenuſal. 


This Problem differs but little from the preceding 140, for there, the Rectangle of the 
ſides about the right angle, (that is, the double Area,) and Hypothenuſal are given; 
but here , half the ſaid ReQangle,, (chat is, the Area of the right-angled Triangle — 
and the Hypothenuſal are given, 


Swppoſ. 
BD is a A right-angled at [) 
== AB the Hypothenuſal is given. 
— C a given right line, whole Square is equal to A ABD, that is, (235 BD, OA. 


Reg. to find out the Triangle. 


A 
k 
c 


89 0D w 
. 


Reſelu- 


— 


= C = jose 
VE * BD = 156 M 510140 
, AD =— 65 P — 60 
Al_K DE = ous 
0 . KA == AS 
P * 


Reſolution. 


4. Becauſe (by prop. 41. Elem. 1.) the Rectangle of BD into DA is 
equal to the double Area of A ABD, therefore from 3* the ſaid > 2c. 
ReQungle or double Area inn 

5, And out of 2* and 3*, (by Theor. f. in 23* of the foregoing Prob/.1 4. 
of this Chapt. ) the Square of the difference of the leggs about the > hh — 4cc. 
LIEN  . - + + - + + ©», ©: © ace 

6. And by adding 8cc, (to wit, four Rectangles of the leggs ,) to hb, 
— Acc, ( that is, the Square of the difference of the leggs,) the 70 


of that Addition gives ( per Theor. 7. Chap. 4.) the Square of the bb ＋ Ace. 
% - »- » - +» » 2. 
7. And becauſe ( by Theor. 3. Chap. 4,) a quarter of the Square of any 
whole right line is equal to the Square of the half; therefore from 8 + hh + cc. 
the Square of half the ſumm of the leggs ſhall be. — 
8. And conſequently from 7e, half the ſumm of the leggs is . .> y: 4% cc: 
9. And from 5*, (by Theor. 3. Chap. 4.) the Square of half the diffe- 2 __ .. 
r co En SES” 
10. And conſequently from 9, half the difference of the leggs is. .> 1 — cc: 


11. Therefore from 8* and 107, (by Theor. 9. Chap. g.) the leggs ſhall be given ſeverally, vi⁊. 
BD = y/: £hb cc: 5:1 — cc: 


DA = Ny ab + : — / 4% — ©: 
From 6* and 5 ariſeth 


THE OR. 1. 


12. In every right-angled Triangle having unequal ſides about the right angle, the Square 
of the ſumm of thoſe ſides is equal to the Squate of the Hypothenuſal together with 
the quadruple of the Area: But the Square of the difference of the ſame ſides is equal 
to the exceſs whereby the Square of the Hypothenuſal exceeds the quadruple of the Area. 

The Equations in 117 give 

T HE OR. 2. 


13. In every right - angled Triangle having unequal ſides about the right-angle, if to and 

_ from the Square of half the Hypothennſal, the Area be added and ſubtracted ſeverally, 
and out of the ſumm and remainder ſeverally the ſquare Root be extracted, the ſumm 

and difference of thoſe ſquare Roots ſhall be equal to the ſides about the right angle. 


The truth of the Determination annex'd to this Prob/. 15. hath already been demon- 
ſtrated in the preceding Probl. 14. and the reaſon thereof will appear in the following 
Conſtruction. 

The Compoſition of the foregoing Probl. 1 5. 
Suppoſ. 
14. AB = the Hypothenuſal of a right-angled Triangle is given. 
15. C is a right line given, whoſe Square is equal to the Area of that Triangle. 
2 0 = 1 
16. NE not © 3 AB. 
Reg. to find the Triangle. 
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Conſtruct ion. | 


17. This Problem might be effected according to the direction of the foregoing Theorem 
in 13? , big more compendiouſly thus; Firſt , by Probl. 2. Chap. 5. 2 à right 
line M, ſuch'; that irs Square may be equal to 2 01 C, therefore 

M = 4/2 0 C. 

18. Then by Probl. 7. Chap. 5. let it be made as A B to M, ſo M to a third proportional 

line, ſuppoſe it to be the line P, therefore 
1 4 AS i. M ':: MM ax 

19. Upon AB deſcribe the Semicircle FAD B. 

20. Make AG L AB; allo AG =P; and GL || AB, Which Parallel G L. ſhall 
neceſſarily either touch the Semicircle FA D B, or cut the ſame, for by Sappoſ. in 165 

pe not c AB, and by Coxftr.in17* and 185 P is equal to 7 therefore 
P is not greater than 1A B, ( the Semidiameter F E.) But GL was before drawn 
rallel to A B at the diſtance of the right line P, ( = AG, ) and therefore the ſaid 
arallel ſhall either touch the Semicircle in E, or elſe cut the ſame. Suppoſing then 
the Parallel G L to cut the Semicircle in D, draw the right lines A D and DB, ſo ſhall 
ADB be the right-angled Triangle required.” * But now we mut 'ſhew that it will 
ſatisfie the Problem. 9% nem deen mig = 4 

21. Firſt then by Conſtruttion in 197 AB the Baſe of the Triangle ADB is that which 
in 14 was preſcribed for the Hypothenuſal of the right-angled Triangle ſought ;: ſe- 
condly , by Conſtr. in 19® and 20 the angle ADB is in the Semicitcle FA DB, and 
therefore tis a right angle, (per prop. 31. Elem. 3. ) thirdly and laſtly.;-that the Area 
of the right-angled Triangle ADB is equal to the Square-of the given right line C, 
the following Demonſtration will make manifeſt. 41 95. 5 _ 


Prepar. 


wa From the point D in the Circumference , let fall DK perpendicular to the Dia- 
meter AB. | ' mie 29 ; | | 
23. + » Req. demon... AA DHA. 
Demonſtration. — 5 , 
24. By,Conftr. in 18% „ 4. As NM. :: M . P. 
25. And from the Confty. in 20“ and 22*, (per 833 AG = DR. 
Prop. 34» Elem. Le) - . * * „ o o'* 20 5 . LE * 3 4 7 8 | | 
26. Therefore from 24* and 25% by taking Ke" I's 3: gk. 
inſtead of of — 6 6 x . . , LI ; 
27. Therefore from 26° ( per prop: 17, Elem. 6.) . Q AB, DK M. 
28. Bu by Car. in 27% ⏑ fore fs © >» »ve- » * 20 C="0'M,' * 
29. Therefore trom 27* and 28*, (per Ax. "y ADE = > QC. 


EEE | 9-2 

ag Te SS e Subeta 

REI rn er (15 05 2 AADE SALE 

32. Therefore from 3 1, (per Ax. 9. Chap. 2.) } AADB = QC, 
Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


— — 


— — 


Probl, XVI. Prop. 164. Lib, 7. Pappi.) > 


A Parallelogram B A C being given by Poſition, from a given point 
E in BD produced, to draw a right line EF to concurr with CA 
produced in F, fo as to make the Triangle FCG equal to the given 
Parallelogram BAC D. | | 


Sappoſ. 
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I.. A 
| | | 
: AB = 
: BD = yy 
D DE = 20 
1 — 5 CK = 20 
| | : FA= 48 
: EK = 75 
B L—— : FK = 100 
: 2 - 2 CG — 60 
: 2 6 GD = «xs 
: : 14 AL = 36 
: 5 LB = 39 
* : 75 EF = 125 
: 5 an Ng. 1. 
NMI. N 
a Patallelogram gwen by Poſition. 
BD produced. 
is given. 
given. 
jw CA DR ͤͤü . Gs, it may 
Prepar. 
EK || „ r nr 
ER = 
8. Let CD be continued to N, fo, tht DN DC, whence CN = 2D C, ind 


therefore A ACN = GAG,CD = BACD, ( per prop. 41, Elem. 1.) 
Reſolution. 

Mn becauſe by Conſt. in 50 EX DET 4 = FA 

FK . FC :; RE. CG, 
Ay 29. Elem, 1.) therefore 13 
E 2.) the ue Prone . n 4. Air 


11. By Conf in 8*, . tv - 4 & ACN = BACD. 


2. And the Problem requin a A AFCG = BACD, 
= rom 11 12*, ( per Ak. 1, 
> + pr ES * F AACN = AFCG. 


I And becue thoſe equal Trianges 
708 era rene N 2 FC _—_ : CN . CG. 
— 


bout that le (hall om . = da db 
onal, ( pov prep —— =D * 
. Therefore, 


„ 2. 
"20d * . a+b +c 
h ; 
n Gn ora chore in 10 8 . — 85 
17. Therefore from 15% and 16*, (per prop. 1, 3 
Elem. 3. f . rn . 6. 


18. and b. doubli the two latter Terms, their 

kent A „ „ ie rb a6 . 26. 
19 Therefore from the . Di. 

"viſion of Reaſon,' . . © by, e. 241 t: a—b . 26. 
20. Therefore by coming the ReQangle of 8 8 


the means to the Recta of the extremes, 


21. There- 
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21. 2 by en bb to- bel i Y * —— 2be (SA.) 
22. Therefore, by extracting the ſquare Root out o 2 
uo S iE = FA. 


gan, rom 37am 5 repel eighad a hey ee 


erefore by ſquaring each part, wy > OBE= bb+o+ he 


— And by ſubtracting Q DE'= cc from: each A DBE=DDE=—6bb-4-: bc 
26. But from 21*, . _ DFA=bb4-26c. 
27. — from 255 and 26˙ G A.. 1 Chap. 4. — arASBE—abk. 
28. ore by extra ing the BEI: 
each part, F A . EA 
The Equations in 215 21 27 * do afford this 
THEORE M. 


29. If FC IH BE, and AB HCD, and AFCG = BACD, then the Square of 
FA is equal to the Square of BD together with twice the Rectangle of BD into DE. 
Moreover, the Square of F A is equal to the exceſs by which the Square of BE exceeds 
the Square of DE. 

Theretore BD and DE being given — F A ſhall be given alſo, and conſequently 

E F may be drawn to ſolve the Problem 
But to manifeſt the truth of the 1 I ſhall form a Demonſtration thereof 

by a repetition of the ſteps of the preceding Reſolution in a direct order, to which end, 

let reſpect be had to the Diagram, Suppoſe. and Prepar. at the beginning of the Problem, 


30. « Req, demonſty. - - OFA=q BD+þ2DBD,DE=qoBE-oDE 
31. 1 — rr of 120 | 11 G e * 
uian or by C in 7 9, 2 KB. CG. 
5.) ther Jah 6.) | | 2 8 

32. A onſe, in 8*, > „% % + V6 A ACN = BACD. 

34. rom =x _ 
Ax. 1. Chap. 8 * (po A ACN = 4 FCG. 

35. And becauſe FCN. is common. to. 
thoſe equal Triangles AC Nand FCG, EC. AC $3 N (or 2 CD) . CG, 
therefore , (per prop. 15. Elom. 6. 


6. Therefore from „ b che EE 
„ N FC. AC :; CD (or KB) . CG. 


37. ele Ke ou þ FH . BG :: KE' . CG 
38. Therefore from 36“ and 37, ( per nn 
prop. 11. Elem. 5. '$ FR . FC:: 3FC , AC. 


39. And from 387, by doubling the wo FK. FC :: FC (orFA--AC) . Ac. 


latter Terms, 
40. And from 39“, by Diviſen of Reaſon, --& FC n: FA—AC. zAC. 


41. T hat is, (as is evident by the a 21 FA—AC . 280. 
N * 41* ' ( per 7715 dea = c. 


148 
43. But by Theor. 8. Chap. 4 „„ =oFA-onAC(aBD.) 
44- Therefore from 42* and 43*, (per 15 ACS 


Ax. 1. Chap. 2.) oOFA—-oBD=:O0OBD,DE. 
45- Therefore from 44", by adding 08D | 


o each part. n FAS BD TBD, DE. 
Which was to be Dem. = 
46. 2 LN . BE = BD + DE. 


47+ :"Thetowreby Fury b part of hat 
Equarion, (per Theo: De | ; o B B = O8D-+oDE+2C BD, DE. 
2 48. And 
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48. And from 47, by — 0 DE 


from each part, 
49. Therefore from 45* and 455, 


Ax. . Chap. 2.) 


— A — 


N OBE—ODE = © BD 2OBDJDE. 


(pe FAS BE — © DE. 


Which was alſo to be Dew: Therefore the truth-of the preceding Theorem is aui. 
The Compoſition of the foregoing Probl, 16. 


{% 


» 
1 2 : 
4 > . 4 
8 » — 5 
2 2 12 
hs 4 23 1221 7 : : 
* 1 "Ws 
CY ; 14h 4 Ii : . 
0 8 , 172 en. 77 
fl, oc 23 , VJ, ” 
1 N N N 


Suppoſ. 


AE. 


50. BACD is a Prallelogram given by Poſition. 


28 E is a point in BDc 


36. þ i 


ontinued. | 
Reg. — EF a righr line, ſuch that A FCS: = BACD. 


Conſtraction. 
53. . By Probl.g. chat} Gag x ent proportional line M between BD and BD4-2DE, 


therefore 'B D 


1 
54- Produce CA to ſuch a point F, that AF 


N BD + 2 DE, 


may be equal to the line M, (to wit, the mean 


Proportional found out in 5 3% then draw a right line from E to , fo ſhall the Triangle 
FCG be cqual to the Rectangle BA CD, .as was required the truth whereof will 


evidently appear by the following Demonſtration, ſorm'd out of the 


Reſolution 


by a repetition of its ſteps in a backward (hot direct) order. But by way of Prepa- 
ration, draw E KA| and "a alſo make CN ACD; draw AN, and produce 


FC io K. TE 
59. Reg. demonſr. 


57. Therefore (per prop. 7. Ela. 6. 6.) 

58. Therefore trom. 57, by ſub- 
tracting BD from each Parr, 

5g. But by Theor; 8. Chap. 4- 

60. Therefore from 58 and 59, pl 
n 1. Chap. 2.) 


iwo latter Terms, 


A FCC = BAC D. 


* Diemonſtration. þ 
56. By Conſtr. in 53* and 54*, r : , 
FAS NU BD + 2© BD,DE. 


BD. M (or FA) :: M BD ＋ 2D E. 


FA - BD 20 BD, DE. 


AFA Acco 00 = OSFAFAC, 


FA — AC 
FA+AC, 
DO JFALACE= 2 © BD, DE. 


. Therefore GO 60®, >, per 
2 14. Elem. 6.) TY: w 9 Fa-EAC :: FA—AC . 2BD(2AC.) 
62. That is, as is evident by t 
Diagram, * f CR FC ee ..24AC 
63. Therefore frqm 255 y Cons- 2 ; 
poſe of Reaſon) . - FK , FC :: FC(FA+AC) . 2AC: 
54. And from 63%, by halying ze? FC KFC Ac. 


FK 


65. But 


Chap: 8. 
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65. But becauſe A FKE;and A FCG RENT FK . FC :: KE (CO) . CG. 


EK || D C,) therefore, (per prop. 4. Elem. 6. 


66. Theretore from 64%and 65 *,( per prop. l fl. El. 5.) EC. AC :: CD , CG. 


67. And from 66“, by doubling the Antecedents, .> FC . AC :: CN(zCD) . CG. 
68. And becauſe < FCN is common to A FCG 
and A ACN, and it appears in 67*, that the ſides 
about that common angle are teciprocally pro- 
portional, therefore (per prop. 15. Elem. 6.) 
69. But —— — „„ „ „ „„ 
70. Therefore from 68 and 69, (by Ax. 1. Ch 2.) P A FCG = BACD. 


Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


— — —U—— — 


A FCG = A ACN. 


Probl; XVII. 


A Parallelogram B A CD being given by Poſition , from a given 
point E in B D produced, to draw a right line E F to meet with C A 
produced in E, that the Triangle FC G may have a given Reaſon to 
the Parallelogram B CAD, ſuppoſe as HD to BD. 


F IA 5 F 1 


eee 
N N 


* HA B EZ = 4 
Conſtruction. 


I. By the point H draw HI1| BA or DC ( per prop. 31. Elem. 1.) then by the laſt preceding 
Problem draw a rigfit line E E, ſo as to make the Triangle E C G equal to the Parallelo- 
gram HIC D, ſo ſhall A FCG be to BACD as HD to BD, which was requi- 
red ; the truth whereof will be manifeſt by the following Demonſtration. 


2. . >| » Rog. denionſy.\  « » AFCG . BACD :: HD , BD. 
- | Demonſtration, 


Becauſe (per prop. j. Elem 6. . .5 HICD . BAcD :: HD . BD. 
- 11 5 5 „„ - „„ AFG mm CS 
5. Therefore trom 3? and 9. + + © CG. BACD :: HD. BD. 
Which was to be Dem. 
6. After the ſame manner; from the given point E à right line may be drawn ſo as to make 
the Triangle FC G equal to a given Space, ſuppoſe the Square of the right line R, by 


making the Parallelogram HICD equal to the Square of R, and A FCG = HICD : For, 


If by Confrafian.. .. He = OR,... 
And by Conſty,- . HICD = AFCG, 


Then it follows ( per Ax. 1.) tht . . AFCG = OR. 


Probl, XVIII. ( Prop. 71. Lib. 7. Pappi.) 


A Square BAC D (whoſe fide is BD or DC) — to draw 
a right line from the angle B, as B E, that may fo cut the fide D C, and 
concurr with the ſide A C produced towards L, that F E may be equal 
to a given right line R. | 


— 
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Prepar. 


1. Suppoſe that done which is required, viz. that BE is a right line ſo drawn from the 
—_ B thatit cuts DC in F ind concurrs with AC produced in E, and makes F E. 
equal to the given right line R. : 3 ' 

2. Make E G perpendicular to B E, and let B D be continued until it concurr with EG 
in G, and from E let fall E H perpendicular to BG, whence it follows ( per prop. 

8, & 2. Elem. 6.) that | 

- A BE G-; cf a 

A BHE ( are like (that is, equiangular) right-angled Triangles , and therefore the 
A GHE ( ſides about the equal angles are Proportionals, (per prop 4. Elem. 6.) 

A BDF 2 

3. And becauſe the right-angled Triangles B D F and G H E are like, and the (ide B D 
(= DC) in the one, is equal to the fide HE in the other, and the angle B FD 
oppoſite to BD is equal to the angle G oppoſite to H E, therefore the remaining ſides 
ot ABD F ſhall be alſo equal to the remaining ſides of A GHE, vix. each ſide to 
its correſpondent fide , ( per prop, 26. Elem. 1. ) therefore 

BF = GE, and DF = HG, 
Theſe things being premiſed , the Reſolution of the Problem may be formed thus: 
Suppoſ. 

4. 6 = BD = DC = HE is given. 

5. &- =|FE- Rö givet. 

Reſolutson- 

6. For DG put 4, viz. ſuppoſe . , . . . 

7. And for BF (= GE) put e, viz. ſuppoſe 

r 

n 

10. The Square of the Equation in 7* gives +. « . 6E= OBE. 

11. And the Square of the Equation in 8* gives > bb4-2ba+az= 0 BG. 

12. And the Square of the Equation in 9 gives , . .> ee+2de+dd= OBE. 

13, Now becauſe by Confty. in 25, the Triangle BEG is right-angled at E, and from 3*, 
DBF = OGE, therefore from 10, 11% 12*, (per prop. 47. Elem. 1.) this Equation 


arileth, 5 
| To BG = OBE + O GE ( BF.) 
— *Y —— 
bb -|- 2ba ＋ 4 = ee 20d A4 + ee. 
4. And becauſe froma*, . . « . , . . . .> BEG and ABHE are like. 
15, Therelore (per prop. 4. Elem.6.) . . „ BG. GE :: BE . EH. 
16, That 1s, in the letters of the Reſolution , 0 '8 8-8 32 60kd. . 
I 7- _ AN Teng reduced to an — guy * bb-þ-ba = bus hgh 
18. And by ſubtracting the Equation in 17* from that 
in 13%, 42 3 * — ON; __ '$ ue e f ed-dd, 
7 2 mo dn $64 or in the laſt preceding Equation, 
chere be taken 4, which in 177 appears to be 2 
— ee I ed, then the Equation in 1 8* will be nh % ba 5+ 44 = bb Ai. 
U 8 . * . 5 - . * . * N . . . P 0 
20. Whente, by ſubtracting ba from each part, there 


> - - „ 2568 

> „ „ „ „ 06 BF anGE, 
«> . .. «. b+e=BG. 
* 

P 


„„ „ 0-I= BE. 


- 


aa = bb-þ- dd. 


a =y/:bb+ dd: = DG. 
Hence 


remains . . . . . . * . . * - 
21. Therefore by extracting the ſquare Root out of each 
part of the laſt Equation, it gives Ny 
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Hence this . 


THEO REA 


22. The right line D G is equal to that right line whoſe Square is . to the ſi f 
the Squares of BD and FE. Therefore if BD ( or DC ) and . Jon — 
then D G is given alſo, by the help whereof the Problem may be effected. 

This Theorem is demonſtrated in Prop. 71. of the 7% Book of Par themati 

Collections, and the truth thereof is a0 maniteſt 2 foregoing A cfolution — 


the Argumentation is clearly Geometrical as well as Al ical ; 
no need of any fanker Demcatiraion of he ke _— 2 „ and therefore there is 


The Compoſition of the foregoing Probl. 18. 


AKC. & E 1. BD = HE = 60 
M RS = FE = 91 
BF EG = 65 k 

N — 
B D H G DG = 109 
b bf =HG = xy 
R I | FC = 35 
P you | a= of DH = CE =. 84 


Smppe/. = N 
23. BAC D is a Square given, whoſe ſide is B D ot DC. -. 
24. R is a right line given. | | | 
To draw a right line from the angle B, as BE, that may fo cut the 
8 „ 11 ſide DC, and concurr with the {ide A G produced towards L, that 
FE may be equal to a givet right line R. 
| 1 . . — 
26. By Probl. 2. Chap. 5. find a right line P, ſuch, that 
Wr therefore $ P=/:O8D+oR: 
27. To BD the line P, ſo, that BD and P may elk 
make a ſtraight line , as BbG; therefore '$ DG=P, and B BD -P. 
28. Upon BG deſetibe the Semicircle B REG. | 
29. Let AC be continued towards L, fo ſhall the line produced cut the Semicircle 
B KEG, I ſay cut it, not touch it, nor lye without it; for * BG is greater than BD 
or BA, as may be proved thus: 
Becauſe by Confty. in 27%, . . , DGSP. 
hed by CRE. D036", oo ee of oY RR sS$ 
Therefore (per Ax. 4. Chap. 2.) « «+ + « - - DG & BD. 
And by adding BD tocxchpartt, , ., , BDO DG 2 BD. 
But by Cenſtr. in 277% . + « « « - «- BD-+DG = BG. 
Therefore ( per Ax. 3. Chap. :.) « . . BG & 2 BD. 
And confequently, , 5: ' + . +» « 436 & BD or BA. 
Which was to be proved. And therefore ACE, which is parallel to B G at the di- 
ſtance of B A ſhall neceſſarily cut the Semicircle B K E G in two points, as in K and E. 


o. Laſtly , draw the right lice B E, ſo ſhall F E be equal to the given right line R 
__ —ͤ—ͤ— But that FE = R, I demonſtrate thus , 0 ' 
31. „ mv GOOe EET 72> * 


Demonſtr ation. 
32. By Confty. in 26*, . 


33. And from the Conſty. in 27%, . . . -. 
34. Therefore ( per Ax. 1. Ch. 2.) 
3 5. Bur the 7hew in 22 of this Problem, 
36. Therefote from 34 and 337%, ( per Ax. 1. Chap. 2.) 
37. And from 36*, by ſubtracting © BD from each part, 
3% U., po 10 

Which was to be Dem. 


© oF 

* *P » . 

4 > "— a DG =aBD--o R. 

5. oP . #7 DG = aBD4oaFE. 
? OBD+oFE= BDR. 
? — # „ OFE = NUR. 

? .  » #* FE R. 


— 
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But that FE is the only right line that can be found equal to the given right line R, 

—_ in ſuch a Poſition as x bear requires, I ſhall demonſtrate + nd to 
which end, let ſome other line beſides B E, as BL, be drawn from B to concurr with 
AC produced beyond E in L: Now if B I. doth effect the Problem, then N L muſt 
be equal to FE; but NL is greater than FE, as will be made manifeſt by the fol- 
lowing Demonſtration. 


40. « Req. demonſr . NL FE, 


— L 


Ly 


: B D H G 
R — 
P 
Demonſtration. — 1 
41. Becauſe by Suppoſe « . . « . « + - > <BAL is J 
42. Therefore (per prop. 47. Elem. 1.) . .> OBL = BAT Al. 
43. «0:7 en tp WIN 5 . .> — . — AE 
By Suppeſ. in 39˙;, AL g AE, and conlequently, r DAL © 0 

- Therefore from 42*,43* and 44*,(per Ax.4-Chap.z.) > BL CBE 
46. Therefore from. 4) % BLS BE 
47: Again, becauſe by Suppe. > <BDC & J. 
48. Therefore ( per prop. 47. Elem, 1.) f OBE = u Du DF 
49. And in like manner « +» +> ABN = ABD TUN. 
50. And becauſe DF c DN, and conſequently, 7 @ DF = ADN. 
51. Therefore from 48 49 and 50%, , . . „ ABF © gBN. 
b „„ „ = _ ..* 
53. Sde-ceaſequemly, ''. . © d BN -V'BF. 
54. And becauſe it hath been ſhewn in 46*, that . . .> BL © BE. 


55+ Therefore from 5 2*,5 3*,54*, (per Ax-16. Chap.2.) > BL — BN BE BF. 

56. That is, (as is evident by the Diagram) . .> NLS FE. 

Which was to be Dem. And therefore B L will not effect the Problem propounded. 

The like Demonſtration will hold good in comparing B E to any other right line that 
ſhall be drawn from B to cut D C, and to concurr with A C produced, 

57. Here the Learner, may obſerve, that in reſolving a Problem by the Algebraick Art, 
there may oſten- times be found out various Equations ſo conſtitmed, that every one of 
them may be capable of ſolving the Problem, but the ſimpleſt of thoſe Equations is 
to be preferr'd before the reſt , and chiefly to be aim d at, though for the moſt part 
tis much harder to be diſcovered than thoſe more compounded. As, in the foregoing 
Prebl. 18. among various Equations that may be found out to ſolve the ſame, that 
in 21 at the end of the preceding Reſolution is the ſimpleſt. But Who would think, 
that the way to ſolve that Problem is to ſearch our the quantity of the line DG, and 
not rather of one of theſe lines, to wit, BE, BF, AE, CE, DF ? for by any one of theſe 
lines, from the conſideration or the like right-angled Triangles B AE, F C E, BD F we 
may come to an Equation-more eaſily than by the line D G, but the Geometrical Con- 
ſtruction of ſuch Equation will be much harder than that of the Equation whereby DG 
is before diſcovered: And becauſe the Equation reſulting upon the ſearch of any of the 
ſaid five lines, to wit, BF, BE, AE, CE, DF falls under a higher Form than any of 
the Equations expounded in this Book, I ſhall referr-the more curious Reader for ſatiſ- 
faction concerning the ſame , to Pag. 82, 83, 84 of Renatr des Cartes s . , ſet 
forth by Fran. van Schooten in 165 9. yet I ſhall here ſhe how the quantities of thoſe 
five lines before mentioned are alſo deducible from the preceding Reſolution. 

Firſt then, the ſame things being ſuppoſed as before, draw EG, and make EH L BG; 
then let the Equations in the preceding 17 and 2 14 ſteps be here repeated; v 


58. It 
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58. It hath been (ſhewn in 17%, that | „e bb-j-be = ee ed 
59. And in 217, that 0 „ A = y/:bb : 
60. Therefore if y: Ad: inſtead of 4 be d 
into 6, ern Narr ; +6: LEI = ee ed. 
viz. 
Wich aſt E uatign ay be reduced into theſe 
"three Proportionale , 4s * hel, e] . . N. 


62. Of which three Pro 1 * mean, to wit ee. is given, as 
alſo 4 rhe difference of the extremk# A and e Aberefore the vntremes I .q given 
9 , by the Theor in 24 of Probl. 12. Chapi.5, wits. © ns 


\ /: $4d-+ bb + by 5- ad: wit = 8 F. > 
v: $dd + bb + bybb + a4: IIe BE. 4 7/ 
63. 8 EH DCS DZB) N. HG, 


whoſe ſumm is BG; which mean and ſumm̃ of che extremes ares repreſe in the 
prececing Reſolution by & and 5-444, whereot, b is giten in 4, andi in 21, for 
dis there found equal ts , bb + ad: and conſequerk]y F 0 % V.. AI: chere 

fore by the help of the ſaid gwen mean b, and dhe Taid' given Munch of the-extremes, 
to wit, 6 I- J bb -|- dd: the extremes B H (AKE) — HG (= DF) ſhall be 
* given I&ierally by e hein 21* of Probl. 13 b. J. wininnranpiles 1 


4 ibid: VICE BE ED: == "As." 
- 2b Ve : J 26 +-34/66 + dd: =+ BG = DE. 
64. And becauſe OE DH ='BH - BD, ind BH and BP. chen aqbefore 
er be CE (= DH) is given alſo, vi. d 1. 
. 4+ y/:44d e. k. 
Laſtly , for the beiter Wuflrarion of he premidees, — Numbers 


(placed near the Diagram) to expreſs.che Quantities-of all the Right lines given and ſought 
in this Probl. 18. 


\ Ci * 


A LEMMA, leading to the falwing Probl. 


If in any — = Triangle, any one of the three ſadeꝭ be kalled the Baſe, and 
the other c/o he as the Radius, (or total Sine, ) N dine ,complement 
of the angle contain the leges ; ſo is the double Rectangle of the leggs , to the diffe- 
rence pepper the dumm of the Squares of the leg „ and heb 18 of the Baſe. 


- T : * 
| - nv * — , 
* 
* 
* * « FORE f p | . 
. ww * ** 1 
* 5 8 
* 8 * FP ©.4 * 4 
* 
* * 
* 
„ . 
\ ” wits; = 
» 


E1 be the Bale, > of the oblique-angled Triangle AE". 
4 Char is, Y 1) is contain d under the leggs AE,AL 
B Al NCI 2 


I 

2 

3 

Tag as the Radius; or total Sine. — Sn; 

"us ; - 9 2 = the Sine complement ofthe angle 2 (or SEA that is, the Sine 


* 
of che W * 
: g 4 | 1 Ts 45 dj: 2: 
if chen, R. Sc. SA: AE;AI . 8 AI- El. 
7˙ >| bee, he R. ve. <A: AE, Al. 1 8412 


Dent. 
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ation. 
8. By a vulgar Axiom in the Do- Sc. TA: : AE . 40. 
arine of plain Triangles, 7 * 


9. Therefore by taking the Jack © R. Sc. CA :: OAE, Al . - QAO, AL 
10. And by doubling the rwolamer 2 1, | Sc. An 2QAEAI . ac, Al. 


Caſe 1. 1 ) 
l 13 5 
12. * and 11” FR. S a 2E, Al. | BAE+CAI-WEI. 
by ac K 
13. But when QA is obtuſe, * 


12. Elem. 2.) 
1 10“ and 2 , 


== was alſo to be 


 DAE-+c Al GEL = 2 COAO, Al. 


3 6 EI 0 AF— u A1 = 20040, A1 


R. Sc. An 2QAEAT. GE-oAE-oAl 


Saeed Zane b mathe Hence this 
3 2222 


15. If i in an oblique-angled 
ſhall alſo be gi 
ſite to an angle 


See wire py tops 
double . is do the difference between the ſunm 
5 Squire — — o is the Radius to the · Sine 
| oppoſi angle is cure when the Scare of the Baſes leſs than 
the ſumm of —— 1 — 


7 where the ſum of the Squares of the Legg? 


the Square of the Baſe. 
1 C 
16. >a - Ge On gem. | h 
18. EC = 3, K the leggs aregiven. A=< E 
Reg. to 5nd TE. 3 D 
Solution Arithmetical. 


19. By the preceding Cordl As 48 the double Rectangle of the „AE EC, 
(rye yo eee of the Lada, of the 


BaſeAC, Sois 100000 the Radius, CORE the Sine of 30. degrees, whoſe com- 
plement 60. degrees is the meaſure of the angle E ſought. 


An Example in Numbers , where the Square of the Baſe 6xceeds the ſum 
of the Squares of the leggs. 
_Suppoſ.n A ABC. 


20, AC= 7, the Baſe is given. 
21, AB = F 
4 | BC S , | the leggs are given, 


Reg. to find C ABC. 
Solution Arithmetic al. 


23. By the preceding Corollary , As 30, the double Rectangle of the 1 AB, 11 
. 5, the of the Square of the Baſe above the fume of he Semen of che 


So is 100000 to S 0000 the Sine of T whoſe com Hd. 
60. — thy Bir 80. degrees, e 120. degrees for the angle ABC Teng 
Note. Becauſe in this ſecond Example of the Baſe exceeds the ſumm of the 


Squares f the | z and therefore the complement of the 
19 5 reig ores Wen be rional of the before-inen 
being 'uþ om 180, degrees, leaves angle ſought, But when the ſumm of 


the 
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the Squares of the leggs exceeds the Square of the Baſe, then the complement it ſelf of the 


le relating to the ſaid Sine ( or fourth Proportional) i ! 
hr — ( | port ) is the angle ſonght ; as If the 


— _ OO OT” 


Probl. XIX. 


The Baſe (that is, any fide ) of a plain Triangle bei iven all 
the angle oppoſite to the Bale, and 5 ſumm of = — - cen 

that angle, to find the Triangle. But the given ſumm of the 
leggs muſt exceed the given Baſe, (per prop. 22. Elem 1.) 


Note. Becaule in this Problem the given angle is not of the ſame kind with the right 
lines given, a right line is to be found out, by the help of that angle, which may ſtand 
inſtead of the angle: To which end, let a Circle be deſcribed at any diſtance, and make 
an angle at the Center equal to the given angle , then from one end of that arch of the Cir- 
cumference which is the meaſure of the ſaid angle at the Center, let fall a Perpendicular 

a Diameter drawn to the other end of the ſaid arch, ſo is the ſaid Perpendicular the 

Sine of the given angle, and the ſegment of the Diameter between the foot of the ſame 

Perpendicular and the Center of the Circle is the Sine-complement of the given angle. 

Now inſtead of the given angle the ſaid Sine-compiement may be taken, — the help 

whereof, and of the Radius ( or Semidiameter ) of the ſaid Circle, the Reſolution of the 
Ihe Probl hack thne Cake, for the ghee ane exfalie 6 the 

em hat , for the given angle lite to the Baſe given is either 

ight, or acute, or obtuſe ; the Girſt of thoſe Caſes hath alread been ſolved in FAY 4. of this 

Chaps. 1 ſhall therefore begin with the ſecond Caſe , which ſuppoſeth the given angle 

to be acute, and the leggs eontaining that angle to be unequal. 


wo — — 


O Ace 2 
AE = 8 
EC = 3 = BC 
22488 
(0 5 
A W E <EC = 1:0 degrees, 
B <©D 


Swppeſ. 
1. b = AC che Baſe of A AC E is rm. 
2. = AE A EC the ſumm of the leggs is given. 
3- E oppolie to the Baſe AC is acute, and given. 
== the Radius (or total Sine) is given. 
= the Sine complement of < E is given. 
Reg. to find out the Triangle. | 
. Reſolution, . 
6. Suppoſe ACE to be the A ſought, and put 4 ö 
of che (eggs . 2 0 = 
7. Therefore from 2* and 6*, » 9. Chap. 4.) the greater 2 
legg ſhall be <0 . =_ . . 3 . d ris 8 10 25 = AE, 
8. And (by the ſame Theor. ) the leſſer 1 „ „& EK. 
9. Therefore the double Product of the leggs is , 4% — Zac 
10. And the ſumm of the Squares of the leggs is . «> cc 444. 
11. And becauſe the given angle E is acute, the ſumm of the Squa 
of the leggs exceeds the Square of the Baſe, ( per prop. 1 3, Elem. a. 8 zer 244 — bb, 
therefore ice - 144 exceeds bb, and the exceſs it ſelf is 
12. And from 4 5*, 9 and 115, this Analogy is manifeſt, (by the Lemma prefixt before 
this Probl. ) viz. 
r . 4 :: cc — 44 cc fas —bb. 
13. Therefore from that Analogy , by Compolition of Reaſon conyerſe , 
rd. r :: (mn bb dec — 44. 
Rr 


4=AE — EC, 


314 


Mathematical Reſolution and Compoſition. Book IV. 


14. And by doubling the two latter Terms of the laſt Analogy , 
| lad „:: 200 —2bb cc — 48. 
11 
— CANON 1. 


15. When the given angle is acute, let it be made, as the ſumm of the Radius and the Sine- 
complement of the given angle is to the Radius, ſo the excels by which the double Square 
of the given ſumm of the leggs exceeds the double Square of the Baſe, to a fourth Pro- 
portional. Then ſubtract that fourth Proportional from the Square of the ſumm of the 

leggs, and the ſquare Root of the remainder ſhall be the difference of the leggs fought. 
Lay, the ſumm, as alſo the difference of the leggs being given, the leggs ſhall be given 
ſeverally by Theor. 9. Chap. 4. | | 

16, But when the given angle is obtuſe, then the Square of the Baſe exceeds the farm 
of the Squares of the leggs, ( per prop. 12. Elem. 2. ) in which Caſe, cc ＋ 24 in 
the 10 ſtep muſt be ſubtracted from bb the Square of the Baſe, and the remainder will 
be bb cc — Zaa, ſo inſtead of the Analogy in the 12 ſtep, this ariſeth, 

. 4 :: cc — 444 bb — ico — 244. 
17: And becauſe r d, (for the Radius or total Sine is greater than any other Sine,) 
therefore from the laſt preceding Analogy , by Converſion of Reaſon, 
3 r . r—d :; 4 — 4 cc bb. 
18. Therefore inverſly, 
y—d . r :: c « Ec — 244. 
19. And by doubling the two latter Terms of the laſt Analogy, 


1 4 < * 23 2cc — 266 o CC — 44. 
Hence CANON 2. 


20. When the given angle is obtuſe, let it be made, As the exceſs by which the Radius 
exceeds the Sine-complement of the given angle is to the Radius; So the exceſs by which 
the double Square of the given ſumm of the leggs exceeds the double Square of the Baſe, 
to a fourth Proportional. Then ſubtra& that fourth Proportional from the Square of the 
ſumm of the leggs ; and the ſquare Root of the remainder ſhall be the difference of the 
leggs ſought. Laſtly, from the ſumm and difference of the leggs , the leggs ſhall be 
given ſeverally, by Theor. 9. Chap. 4. 

From the preceding Canons in 15* and 20* this following Theorem is deducible , and 
eaſie ro be demonſtrated by the ſteps of the foregoing Reſolution in a direct order, viz. 
by proceeding from the beginning to the end of the Reſolution. 


THEORE M. 


21. If any one of the three ſides of an oblique-angled plain Triangle be called the Baſe, 
and the other two ſides (or leggs) be unequal, then the exceſs of the double Square of the 
ſumm of the legs above the double Square of the Baſe, ſhall be to the exceſs of the Square 
of the ſumm of the leggs above the Square of their difference, as the ſumm of the Radius 
and Sine-complement of the angle oppoſite to the Baſe is to the Radius, when the ſaid 
angle is acute; but as the exceſs of the Radius above the ſaid Sine-complement is to 
the Radius, when the ſaid angle is obtuſe. 


=T hb Compoſition of the foregoing Probl, 19. when the given angle i acute. 
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Suppoſ. 
22. B = the Baſe of, a Triangle is given. 
23. C = the ſumm of the leggs is given. 
24. Cc B. Determination. 


25. < E — to the angle oppolite to the Baſe is acute, and given. 
26. R — the Radius or Semidiameter of a Circle is given. 


27. D = the Sine-complement of the angle E, where the Radius is equal to the line R, 


Reg. to make the-Triangle. 
Conftruftion. 

28, Find a-right line H that may be equal to RD. 

29. By Probl. 4. Chap. F. lind a right line K, ſuch, that its Square may be equal to 2010 
— 2 9B, which effection is poſſible, for by Suppoſition Cc B, therefore 

- DOE=SOoC--30K 

30. By Probl. 11. Chap. 5. let it be made as I to R, ſo N K to another Square, whoſe 

{ide ſuppoſe to be found F, therefore 
K 

That is, in 14, 4. „ :: ꝛcc - 266 cc as. 

31. Find a right line G, ſuch, that its Square may be equal to iC - F, which 
effection is poſſible if C c F; but that C is greater than F, I prove thus, 

By the Theorem in the preceding 2 1® ſtep, © F the laſt Term of the Analogy in 30˙ 
is equal to the exceſs of C above the Square of the difference of the leggs, theretore 
oC = oF + the Square of the ſaid difference, whence tis manifeſt that C c= N E, 
and conſequently C F, therefore tis poſſible to find a right line G, ſuch , that 

G = C- aF (= as) 

Thus far the Conſtruction hath been made according to the direction of Cu 1. 

32. Now let a Triangle be made of theſe three right lines, to wit, B, 10 - 6, and 
C- 4G, which effection is poſſible ( per prop. 22. Elem. 1.) if CG, and the 
lumm ot every two of thoſe three lines be greater than the third; but theſe things may 
be made manifeſt thus , 

Firſt, it hath been proved in 31*that Cc. G, and conſequently 20 — 1G (one of 
the above-mentioned three lines,) is greater than nothing, and therefore equal to ſome real 
right line. . 

— , it is manifeſt that the ſumm of B and 20 ＋ 1 is greater than 10 f. 

Thirdly, the ſunim of 30 -+43G and 10 — 4G makes C, which by Suppaſirion is 
greater than B. 

Fourthly, that the ſumm of B and 10 — 6 is greater than 30 + , that is, 
BC G, I prove thus; 

By Conſtr. in 30%, . . . 232 R . F. 

Thar is, as appears by Conſfr in 28% > RED. R:: 20C—:0B. C- 8. 


20” f eto cs inns. - F ag 
Theretore by Diviſion of Reaſon, D. R:: QC+-0G-:0B . C- 6. 
R . D :: OC-qcG. ac4oG- za. 


And inverſly, P 
0 oOC—OGMnoCc+oG—?D0OE. 
8 
P 
P 
P 


But RD, therefore from the laſt 

preceding Analogy , (per Scho! prop. 14. 

Elem 5. ) % 

And by adding UG to each part, .v OC C2 — 2B. 

And by adding 2 QB to each part, 2 0B +occoc+:oG. 

And by ſubtracting QC from each part, > 20 5 g 2 0G, 

And by halving each part.. .> DB >= 0G. 

Therefore BSc G. Which was to be Dem. 

33. Now ſince it hath been ſhewn that the ſumm of every two of theſe three right lines, 
3, 10 ＋ , and 10 — 3G, is greater than the third, tis poſſible to make a Tri- 
angle of thoſe three lines; ſuppoſe ic therefore done, and that the Triangle ſo made is 
M OP, and that MP is equal to B, MO = C:, and OPS C-, then 
mall MOP be the Triangle required. Now we muſt ſhew that it will (atisfie the 

Problem. Firſt then by Conſiruttion, MP == B the given Baſe, likewiſe by Conſtr. 

Rr 2 MO -+ OP 
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preceding 


Diagram. 


MO-| OP = C the line preſcribed for the ſumm of the N ＋ it remains only 
to prove that the angle MO P is equal to the given angle E , bur that will be made 
manifeſt by the following Demonſtration , which is formed out of the ſteps of the fore- 
going Reſolutinn , by returning backwards from the 14" ſtep to the 1100. 


Prepar. 


See the laſs 34. From the Center O, at the diſtance of OP, deſcribe the Circle OP RNS, and 


and produce MO to N in the Circumference therefore MN — MO -+ OP (ON) 
—=C,and RM OM — OP (OR) = G. 
35 + « Reg. demonſtr. . . , COT =<CE 
Demonſtration. 


36. By Caufr. in 3o*, . . .}F H . RR: OK - QF. 
37. Therefore from 36*,28*,29®, 
31*, by 1 _ — RD. R:: 20C—:20B . C— 6. 
tities, 
That is, in 145 ae . > yolod ev it 200 — 26 6 — 44. 
38. And becauſe by Conſt. in 335 8 ur. CO ö 
and 34*, 


39. Therefore from 3 37 and 385 ' * 
by exchanging equal quantities, 'F R4jD', R:: 2OMN—2OMP . OMN-oOMR. 


40. And by halving the two later 2 RCD. R :: DMN—DMP . 49MN—:OMR 
Term 2 - 
That is, in 13 l „S r I. :: c- . % — Las. 

41. Therefore from 40*, by Diviſion of Reaſon, 8957 a 
Di MR 3: {MN 4 ZOMR — OMP. a MN —*qQMR. 

42. Therefore inverſly, | 
R D +3 r AMN — MR. 5SOLMN ++ 2ZOMR — OMP. 


Thatis , in 1 er. d. 3: ec — 146 . cb — 6. 
ain becauſe by Theor, 7. COM. or = 4OMN — aux. 


p. . 

44. And by Theor. 6. Chap. 4 OM GOP = SO MN + £ZQ MR. 
45. Therefore from 42,43 244" * $5 

by exchanging ane FR. o 2DOMOP . COM-{D0P—oMP. 
46. By the laſt Term of the laſt 

preceding . tis evident OM + DOP & MP. 
47. Therefore i in A MOP, ( per 

prop. 1 ara 3 * 
48. Therefore in AMOP (by the? . RR OP. 

Lemma prefixt before this Prob, & Rad. Sin. comp. MOP 2 OM4c0P-oOMP 


6. <MOP is acute. 


49. Therefore from 45 and 487, R. D :: Rad, Sin. comp. <MOP. 


( per prop. 11. Elem. 5.) 
50. Bur by Suppoſ.in 2 6* and 275, þ R. D :: Rad, Sin. comp. T E. 


51. Therefore from 49 and 50˙zw . : 
( per prop. 11. Elem. 5.) -. Rad. Sin. comp. <MOP :: Rad. Sin. comp, <CE. 


52. Thercfore,(per prop. 14. EI. ) > Sin, comp. T M OP = Sin. comp. E. 


1 tai 5 "+ <MOP = <E. Which was to be Dem. 


after the ſame manner, the third Caſe of Prebl. 19. ( viz. when the given angle is 
obtuſe,) may be Geometrically effected and demonſtrated. 


Examples in Numbers, to illuſtrate the foregoing Reſolmtion of Probl. 19. 


Example 1. where the given angle is acute. 


Suppoſ. in A AEC. 2 
54. . AC= 7, the Baſe is given. 
f 4 e 1, the ſumm of the leggs is given. 
. <E=60 degrees is given. E. 
Req. to find AE and E C ſeverally. A 132 


Solution 
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Solution Arithmetical. 


57. Suppoſe the Radius of a Circle to be 100000. 
58. Then the Sine-complement of the given angle E, 60. degrees, that is, 52003 


as. Rees, vo + oo = at 

59. Therefore the ſumm of the Radius and that Sine-complement is .> 150000. 

60. Then (by Canon 1. in the preceding 15" ſtep,) As the ſaid ſumm 150000 is to the 
Radius 100900 , So is 144, (the exceſs whereby 242 the double Square of 1 1 the given 
ſumm of the leggs exceeds 95 the double Square of the given Baſe 7,) to a fourth 
Proportional 96 , which ſubtracted from 121 the Square of the given ſumm of the 
leggs, leaves 25 , whoſe ſquare Root 5 is the difference of the leggs : Therefore 
(per Theor. 9. ( bap. 4) the leggs themſelves, to wit, AE and EC ſhall be 8 and 3. 


Example 2. where the given Angle i obtuſe. 


Suppoſ. in A ABC. 
6 . AC = 7, the Baſe is given. 
62. AB+BC = 8, the ſumm of the leggs is given. 
63. ABC 120 degrees is given. 
Reg. to find A B and B C ſeverally. 
Solution Arithmerical. 
64. Suppoſe the Radius of a Circle to be . . . '. . . '.' » + 5 100000. 
65. Then the Sine-complement of the given angle ABC 120, degrees, 
that is, the Sint of 30. degrees, is . © 8 SES 4 2 
66. Therefore the exceſs ot the Radius above the Sine - complent is 5oooo. 
67. Then (by Camn 2. in the preceding a0 ſtep,) As the ſaid exceſs 30000 is to the Ra- 
dius 100000, So is 30 (the exceſs whereby 128 the double Square of 8 the given ſumm 
of the leggs exceeds 98 the double Square of the given Baſe 7 ,) to a fourth Proportio- 
nal ; which ſubtracted from 64 the Square of the given ſumm of the leggs, leaves 4, 
whoſe ſquare Root 2 is the difference of the leggs ſought : Therefore (per Theor. 9. 
Chap. 4.) the leggs themſelves, to wit, AB and BC ſlallbe 5 and 3. 


Probl. XX. 

The Baſe of a plain Triangle _ given, as allo the angle oppo- 
ſite to the Bale , and the difference of the ſides (or leggs) containing that 
angle, to find the Triangle. But the given Baſe muſt be greater than 
the given difference, | 


AC= 7 
AE = 8 
EC = 3 =BC. 
AB = 5 
; SE = 60 degrees. 
<ABC = 120 degrees. 
A | 
Suppeſ- 
1. b = AC theBaſe of A ACE is given. N 
2. c = AE — EC the difference of the legs, i given. 
3. E oppoſite to the Baſe AC is acute, given. 
4. r — the Radius (or total Sine) is given. 
5. 4 = the Sine-complement of E is given. 
Reg. to find AE and EC ſeverally. 
—_ 
6. For the ſumm of the leggs A E and EC, put 5s = 1140 


„„ „ + , 
7. Then out of 12%, 5 and 6*, (by the Theor, | 

in 21* of the foregoing Probl. 19.) this follow- r-+ad +» Þ 3}; 244 — L 0 4 — cc. 

ing Analogy will ariſe, . . « + + + + 6 ts 
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8. Therefore by doubling the Conſequents , ; 
(per Sehol. Clavii in prop. 22. Elem. 5.) 5 * 
9. And by halving each of the two latter Terms, > r4d . 2r :: aa—bb . 4 — cc. 
10. And inverſly, . , . „% 25 an - . . 
11. Therefore by Converſion and Inverſion =" — . 
o 3 1 


| Hence —# + 3 * 


12, When the given angle is acute, let it be made, As the exceſs of the Radius above the 
Sine-complement of that angle, is to the double Radius; So the exceſs of the Square 
of the given Baſe above the Square of the given difference of the leggs , to a fourth 
Proportional : Then to that fourth Proportional add the Square ot the difference of 
the leggs, and the ſquare Root of the ſumm ſhall be the ſumm of the (eggs ſought. 
Laſtly , the ſumm, as alſo the difference of the leggs being given, the leggs hall be given 
ſeverally, by Theor. 9. Chap. 4. 

13. But when the given angle is obtuſe, then by 
the Theorem in 2 1* of the preceding Probl. 20.% 4. „ :: 24-26. aa—cH. 
this Analogy will ariſ e 

14. Therefore by doubling the Conſequents, .> d. 2y :; 144-⁊9PfLł0ö6 . 244—2ce. 

15. And by halving each of the two latter Terms, > -d. z:: aa —bb . Acc. 

x6. Therefore inverſly, © © „ 29 0 f—=d:: . -. 

17. Therefore by Converſion and Inverſion of 5 nod . 26 4 Boo 
Reaſon 7 Fn" % .4 4 8 4 


Hence | CANON 2. 


18. When the given angle is obtuſe, Jet it be made, As the ſumm of the Radius and 
Sine-complement of that angle, is to the double Radius; So the exceſs of the Square 
of the given Baſe above the Square of the given difference of the leggs to 4 fourth Pro- 
portional : Then to that fourth Proportional add the Square of the difference of the 
leggs, and the ſquare Root of the ſumm ſhall be the ſumm of the leggs ſought. Laſtly , 
the ſumm and difference of the leggs being given, the leggs ſha given ſeverally, 
by Theor. 9. Chap. 4. 

From the preceding Canons in 12* and 18* this following Theorem is deducible , and 
eaſie to be demonſtrated by the ſteps of the Reſolution in a direct order. 


THEORE M. 


19. If any one of the three ſides of an oblique-angled plain Triangle be called the Baſe, 
and the other two ſides Condes. be unequal; Then the exceſs of the Square of the Baſe 
above the Square of the difference of the leggs, ſhall be to the excels of the Square 
of the ſumm of the leggs above the Square of their difference; As the exceſs ot the 
Radius above the Sine-complement of the angle oppolite to the Baſe, is to the double 
Radius, when the ſaid angle is acute; but as the ſumm of the Radius and the Sine- 
complement is to the double Radius , when the ſaid angle. is obtuſe, 


The Compolition of this Prob/. 20. may be made like that of the preceding Prebl. 19. 
But waving the Compoſition , I ſhall illuſtrate the Reſolution by Examples in Numbers. 


44 — cc. 


Example 1. where the given angle 1 acute. 


Suppoſ. in A AEC. C 
20. AC = the Baſe is given. 
21. AE - EC 5 tbe difference of the leggs is 


iven. 
4 . E = 60. degrees is given. A E 
Reg. to find AE and EC ſeverally. B D 
Solution Arithmetical. 
23. Suppoſe the Radius of a Circle to be „ > 100000. 


24. Then the Sine-complement of the given angle E, 60. degrees . that i 
the Sine of — I 6 — 50000. 


2 5. Therefore the exceſs of the Radius above the Sine-complement 1 ;F;ãoooo. 
26. The 
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26. Then by Can 1. (in the preceding 12® ſtep,) As the ſaid exteſs 50000 is to the 
double Radius 200000; So 24, ( the exceſs whereby 49 the Square of the Baſe 
exceeds 25 the Square of the difference of the leggs,) to a fourth Proportional 96, which 
increaſed with 2 5 the Square of the ditference of the leggs ; makes 121, whoſe ſqua re 
Root 11 is the ſumm of the leggs ſought. Therefore (by Theor. 9. Chap. 4.) Tithe 
leggs themſelves, to wit, AE and EC (hall be 8 and 3 


Example 2. where the given angle 4 10086. 

Suppoſ. in A ABC. 
27. » AC — 7 the Baſe is given. 
_ AB — BC =—-2 the difference of the leggs is given. 

ABC = 120, degrees is given. 
Reg. to find AB and BC ſeverally. 
Solution Arithmetical. 

30. bs pole, the Radius of a Circle to be . * »| « | 100000; 


31. Then the Sine-complement of the given angle ABC, 120. + degrees 
that is, the Sine of 30. degrees is p a ; 8 3 0000. 


32. Therefore the ſumm of the Radius and that Sine-complement is & I50090, 
33. Then (by Canon 2. in the preceding 1 8” ſtep,) As the ſaid ſumm 150000 is to the 
double Radius 200000, S0 is 45, (the excels of 49 the Square of the Baſe above 4 
the Square of the difference of the leggs,) to a fourth Proportional 60 , which is 
creaſed with 4 the Square of the difference of the leggs, makes 64, whoſe ſquare Root 8 
is the ſumm of the leggs ſought. Therefore (by Theor. g. Chap. +) the 2 them- 

ſelves, to wit, AB and BC ſhall be 5 and 3. 


* a * _ 4 —ͤ ——— th 


C un AF. IX. 


The third Claſfis of Examples of the Reſolution and Compeſttion 
of Plane Problems. 


[ N which Examples, the Reſolution ends in an Analogy , wherein the Mean of three 
proportional right lines is given, as alſo the Difference or elſe the Summ of the 
Extremes „to find the Extremes ſeverally. | 


Probl. | L 
To find two right lines, ſuch, that their difference may be equal to 
a right line Fos and that the Rectangle 11 of the lines found out 


— 


may be equal to a given Space. 
— — 5 
M — | 6 
„ „. —— 
Suppeſ. 


1. J b of ewe. of t. Ines is given 

. m = M a right line given, Snare, is —— 
Reg. to find 

Land K two right lines, lach, chab K— by 5. Alo that 


4 BKL M. | | 
5. my a for the leſſer of the two right li lines an; „ vi. ſup· 2 Ln 
_— 
6. "Therefore from lan the greater right i ine ſought ſhall be > my (= K). 
. And from 5* and 2 Reangl ( or Product of TOY as 44 
multiplication ) ſha „. 


* 


3 


%J 


8, Bat 
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8. But the ſaid Rectangle muſt be equal to the given Space, Th 
ſuppoſed to be equal to the Square of m, therefore . . . 44+ da = mm. 

9, Which Equation may be reſolved into theſe 1 .. 
VIE, » . ie „ 40 W W W- ERT_zS 

10. Of which three Proportionals aj d, znd 4, the mean m is given, as alſo d the 
difference of the extremes 4 ＋E d and 4, therefore the extremes ſeverally, which are 
the right lines ſought by this Problem, ſhall be given alſo, per Prob/.1 2. Chap. 5. whence 
alſo, ( reſpe& being had to the Theorem in 24* of the ſame Probl.) there will ariſe this 


following CANON. 


f & the lines fought 
** LN: mm: —4d=L, 8 
That is, in words, | | 

To the Square of half the given difference add ——_ equa] to the given , and 
extract 2 — Root of the ſumm: Then adding half the ſaid difference to the {aid ſquare 
Root, this ſumm ſhall be equal to the — of the two right lines { ; but ſubtracting 
the ſaid half difference from the ſaid ſquare Root, the remainder ſhall be equal to the leſſer 
line ſought. 

This 8. may be alſo Synthetically inferr d from the given lines, by the help of 
Theor. 7, and 9. Chap. 4 For, 


12. By conſidering the things given and ſought in 1%, 
2 Jo and 4* of this Problem it follows by Theor. 7:6 144 + ww = 0:K+IL: 
e 2 :0.- © © © © © 

13. Therefore by extracting the ſquare Root out of: „ =. | 

each extin 22%, - - + » « 8 v: 44a + mm: = KI. 
14. ere. * e . = © © + „ 24d = 3K—ZL 
15. Therefore ( by 9. Chap. 4. ) the ſumm eee 
Arens of the two laſt preceding Equations 978 8 ö WP: of 7 ** 
the two lines ſought by this Problem , viz. 9 4/:34d ＋ un: — 2d L. 

Thus you ſee the ſame Canon is diſcovered as before. 


The Compoſition of Probl, 1. 


1 . 
M — —— 6 


11. 


K 8 — — 9 
Suppoſ. | 
16, D a right line equal to the difference of wo right lines ſought, is given. 
17. Ma right line given, whoſe Square is equal to a given Space. 
Reg. to find, 

18. Two ſuch right lines, that their difference may be equal to the given difference D, and 
that the Rectangle made of them may be equal to the Square of the given right line M. 
Conftrultion, 

19. Let the given right-line M be eſtecmed the mean of three Proportionals, and the 
given right line D the difference of the extremes; then by Probl. 12. Chap. 5. find the 
extremes, the lefſer whereof ſu to be L, therefore the greater ſhall be equal to 
LD, and conſequently theſe ſhall be Proportionals, vis. | 

L ” a 23s a 

20. Make KR LD, whence K- L OD. 


21. I ſay K and L are the two right lines ſought, but that they will ſatisfie the Problem 
propounded, I prove thus : Firſt by — wn the 73 25 the difference of the 


ſaid right lines K and L is equal to the given difference D z fo it remains only to prove 
that the Rectangle made of the Lad right lines K and L is equal te the Square of the 
given right line M, but that is here- under demonſtrated by returning backwards from 
the 9% ſtep, (to wir, the laſt of the Reſolution) to the 8. 


22. . . Reg. demonſtr. - o . * . . = * — K, I. — A M. 


Demonſtr. 
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Demonſtration. 

23. By Conſtr. in 19“ and 20%, , „ K (L-|-D).M ::M.L, 

That BB, mY -» © +52 +» © © 5 of | __Tz 

24. Therefore (per 17. prop. 6. Elem.) . „ Q, L (LCD, L) = OM. 

Timb, =, > oo © ) é = mm. 
Which was to be Demonſtr. Therefore that is done which the Problem required. 

Probl. II. 


To cut a given right line into two ſuch parts, that the ReQangle 
made of the parts may be equal to a Space given. But the fide of a 


Square equal to the given Space muſt not be greater. than half the right 
line given. 


— — 


_—— —  — 


B AR 


= 9 

a ——— —ů— Cc BC = 4 
. AC = 13 

* | M 


Swppoſ. 
i.b = AC is a right line given to be cut into two parts. 
2. m Mis a right line given, whoſe Square is equal to a Figure or Space given. 
Keg. to find 
3. AB and BC fuch parts of AC, that AB + BC = AC. Alſo, 
4 QA AB, BC = Q M. : 
Reſolution. 


5. Put à for either of the parts ſought , uc. ſuppoſe . .5 5 = AB. 
6. Therefore from 1 and 5* the other ＋ ſought ſhall be b—-4a = BC. 
7. And —_ 5* and 6* the * — the parts is 8 ba — 44 
8. But the ſaid Rectangle m ual to the given Spac | | 
therefore \, . * He Kg => p : ; * ba — ag = wm. 
9. Which Equation may be reſolved into this Analogy, .5> b—4.m:m . 4. 
10. But that Analogy doth manifeſtly conſiſt of three Propottionals, whereof the mean =» 
is given, as alſo 6 the ſumm of the extremes þ — 4 and 43 therefore the extremes ſeve- 
rally, (which are the parts required by this Probl, ) ſhall be given alſo , by Probl. 13. 
Chap. 5. Whence alſo this 


CANON. 
1G ＋ N — mm: = AB, 
11. X *? 3þ — 4:3 — wn: = BC. 


That is, in words , | TY 
From the Square of half the right line given to be cut into two parts, ſubtraRt the Square 
ual to the given Space, and extract the ſquare Root of the remainder ; then add and 
ſubtract the 400 ſquare Root to and from half the right line given to be cut; fo the Summ 
and Remainder ſhall be the parts required. 

This Canon may be alſo Synthetically inferr'd from the given lines, by ch@help of 
T heor. 7, and 9. Chap. 4. For, | 


12: By conſidering the things given and —_ in 1*, 


2*, 3* and 4* of this Problem, it follows by 3 mm = ©: {AB C: 
Thier. 7. Chap. 4. tht . , » +; © » « + 
13, Therefore by extracting the ſquare Root out of 6 i306 — mm: = *AB— BC 
each part in 12*, ANY CS © i oP * 3 
14. Aud fromr*and %)) . © +» 436 = JABSS6C. 
1 5. Therefore (by Theor. 9. Chap. 4.) the ſumm and 26. —=aw: = AB. 
( — y/:2bb— mm: = BC. 


diffcrence of the two laſt preceding Equations gives 
the lines ſought by this Problem, vis. 


Thus you ſee the ſame Canon is diſcovered as before in 11*, and thereby it evidently 
appears, chat to the end the given lines may be capable of effecting the Problem propos d, 
they mult be ſubject to this following 2 * 

8 deter- 


* 
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Determination, 

16. The (ide of a Square equal to the given Space muſt not be greater than half the right 
line given to be cut into two parts. But that this Determination is neceſſary , I demon- 
ſtrate thus; 9 
Foraſmuch as by the 9 ſtep of the Reſolution the right line m is found to be the mean 

of three Proportionals whereof the ſumm of the extremes is 6, and in 20* of Probl. 1 3. 
Chap. 5. it hath been proved that the mean of three Proportionals cannot be greater than 
half the ſumm of the extremes, it follows, that muſt not be ter than 26. If there- 
fore m happens to be greater than 20, the Problem pro cannot poſſibly be ſolved; 
for then vm cannot be ſubtracted from 3b, as the Canon directs. But if ws be equal to, 
or leſs than 26, then that which the Canon bids to be done is poſſible; by which alſo 
tis eaſie to perceive , that when ms , then the extreme Proportionals ( which are equal 
to the parts required,) will be equal between themſelves , that is, each of them will be equal 
to 26, to wit, half the line given to be cut into two parts. 


The Compoſition of Probl, 2. 
B 


42 — C 
M — — 
Suppeſ. 
17. AC is a right line given to be cut into two parts. 
18. M is a right line given, whoſe Square is equal to a Space given. 
19. M not c- AC. ( Determmation. ) 
Reg. to find 
20. AB and BC ſuch parts of AC, that AB BC = AC, Alſo; 


21. O AB, BC =o M. ; 


22. By Probl. 14. Chap. 5. cut the given right line AC into two ſuch parts in B. that the 
line M may be a mean Proportional berween the parts; which effection is pollible, for 
by the Determination in 19%, M not c- 1A C; —_—_ therefore 

I y AB and BC rr nk i traction 

23. I fay an are the parts required , Conſtruction is equal 
to the given right line A C; and becauſe by Confty. alſo it hath been made, As AB io 
M, ſo M to BC, therefore ( per 17. prop. 6. Elem.) CAAB,BC = UM. 

Which was required to be done, 


BE. Probl. ILL 


To cut a given right line according to the extreme and mean Reaſon, 
that is, into two ſuch parts, that the Rectangle made of the whole line 
and leſſer part may be equal to the Square of the greater. 


A 4 3 
9 = 125 — 5 
Suppe.. CB = 15 12 
1.6 = AB is a right line given. 
Reg to find 
2. AC and CB ſuch parts of AB, that Q AB, CB = oO AC. : 
« Reſolution. 


Put « for the greater part ſought, vic. . .Þ 8a AC. 
Therefore from 1* and 3* the leſſer part ſhall be .> b— 4 = CB, 
Therefore from 10 and 4* the Rectangle (or Product) 4 
of the whole line and lefſerpartis . . . . . + Hep arg 
6. Which Rectangle, (according to the tenour of the Pro- 
blem, ) muſt be equal to the Square of the greater part, 6 — ba = 44. 
on, of ET TEN I ITS 
7. Therefore, by adding ba to each part of that Equation, > bb = aa + 64. 
S. Which laſt Equation may be reſolved into this 8 5 


logy 3 0 . . - . * . . . o . . * 


e 
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9. But that Analogy doth manifeſtly conſiſt of three Proportionals, whereof the mean b 
is given, Which is alſo the difference of the extremes 4 and 6 ＋ 4; therefore the ex- 
tremes, whereof the leſſer is equal to the greater part ſought , thall be given alſo, by 
Probl. 12. Chap. 5. Whence alſa there will ariſe this following 


CANON. 
10. % „ + 366: — *6 = AC, the greater ſegment. 
That is, in words, X 
To the Square of the given line, add the Square of half the ſame line; then from the 
ſquare Root of that ſumm ſubtract half the given line, and the remainder ſhall be the 
greater part ſought , which ſubtracted from the given line leaves the leſſer part. 


The Compoſition of Probl, 3. . 
d 
A —— | . — 33 ' 
L ——— 
Suppoſ. 


11. Let AB be a right line given to be cut into two ſuch parts, that the Rectangle made 

of the whole line and the leſſer part may be equal to the Square of the greater. 
Conſtruction. 

12. Let the given line A B be eſteemed the mean, as alſo the difference of the extremes 
of three Proportionals ; then by Probl. 12. Chap. 5. find out the extremes ſeverally, the 
leſſer whereof we may ſuppoſe to be the right line L, and conſequently the greater 
exireme is AB - L, therefore theſe are Proportionals, viz, 

L . AB :: AB . AB+L. 

13. From AB cut of AC = L, which is poſſible to be done, for by Conſtruction 
in 12*, AB C L, becauſe AB is the mean of three Proportionals whoſe leſſer 
extreme is L. S0 the given line A B is cut into two parts in C, according to ex- 

ttreme and mean Reaſon, vic. the Rectangle made of the whole line A B and the leſſer 
part CB is equal to the Square of A C the greater part, as will be made manifeſt by the 
tollowing Demonſtration , formed out of the preceding Reſolution by a repetition 
of its ſteps in a backward order. . | 

14. . - Req. demonſtirtr. A3, CBS qo AC. 

Demonſtration. _ 3 

15. By Conſtr. in 12*and13*, . . . ...> AC. AB:: AB. AB＋- Ac. 
Than, m8, . ... + % „ 08: bobs 

16. Therefore (per prop. 17. Elem. 6. “ AB = HAC + QAB,AC, 

That is, in a A. Ac Fo 2 bb => . as + ba. 

17. Therefore by ſubtracting 3 om 2 HY 
each part, + ein 3d): <8 8 AB CIABAC = AC. 
That is, in 6*, . Fin 22 bb — ba = as 

18. And becauſe (as is evident 119595 AB — AC S Cz. 

19. Therefore, by drawing AB as a common ns 
gem into each part of the laſt Equation, -, 85 OAB—COAB,AC = B, CB. 

I from 17* and 19“, Rin CAB, CGS S NAC. 

Which was to be Demonſtr. Therefore the Problem is ſatisfied. 


COROLL. 1. 


21. From the preceding Reſolution , the invention of a right-angled Triangle whoſe 
three ſides ſhall be Proportionals is diſcovered ; for if a given right line b be cut ac- 
cording to extreme and mean Reaſon, and the greater — be 4, tis manifeſt 
by the 5 ſtep of the foregoing Reſolution, that 

' bb = ba + aa. 

22. And becauſe (by prop. 48. Elem. 1.) if a Square be equal to two Squares, the ſides 

of thoſe three Squares will conſtitute a right-ang TSR, therefore the ſquare * 
2 0 
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of the three Planes in the preceding Equation in 21, viz. 5, /b, « ſhall be the three 
ſides of a right-at Triangle be Proportionals alſo , for the Rectangle of the 
extremes is tnanifeſtly | to the Square the mean. Hence therefore a Canon is 
diſcovered to find out a tight- angled Triangle, whoſe three ſides ſhall be Proportionals. 


CANON. 
Hyp. = 6 a right line or number taken at pleaſure , 
23. 3 Baſe = U : — 36, 


Perp. = 4/:6 * f — *6: 


That is, in words, 


Take any right line (or number) for the Hypothenuſal of a rigftit-angled Triangle, and 
cut it into two parts according to extreme and mean Reaſon ; then the greater part ſh 


be one of the ſides about the right angle, and a mean | between the greater 
part and the Hypothenuſal ſhall be the other ſide about the right angle; and thoſe three ſides 
ſhall be Proportionals. 

<ADBis J. AB = 10 

AB, AD, DB +=. |} AD = 2.8615 | 

AC = DB. DB = 6.1803 A — 8 


24. r AB, and (by the foregoing Prob/. 3.) cut the ſame by extreme 
on in C, therefore 


and mean R 
AB. AC:: AC.. CB. 
25. Then upon the line A B deſcribe the Semicircle ADB, and from C taiſe C D 1 AB. 
Laſtly, draw AD and DB, ſo ſhall A D B be a right-angled Triangle whoſe three 
lides are Proportionals : For firſt, the TA DB being in the Semicircle, is a right 
angle, (per prop. 31. Elem. 3.) But that the three ſides AB, AD, DB are Pro- 
> prove thus ; 
26, ' , ., Reg. drnvonffh. . > AB. AD :: 
Demonſtration. 
27. Becauſe by Conſtr. in 25* ADB is a Semicircle, 
— 1 RG ( per Corel, ur AB. DB :: DB. CB. 
Elem. 6. 8 > 0 68 . = © + 0 Þ 5-4 . 
28. And becauſe by Confty) in 24% . . % AB. AC :: AC. CB. 
29. Therefore out of 27 and 287, (per prop 17. El. 6.) 7 © AB,CB= © DB =o AC. 
3 Os And ently , 0 ed > . 8 "Te Nox $98 ICY DB = AC. 
31. And 1. y Conſtr. in 25%) A ADBis 
right-angledat O, and DCLAB, therefore (per> AB. AD :: AD . AC. 
prop. 8. Elem 6. ) C „ RO 
32. Therefore from 30 and 312 , . . „ AB . AD :: 
Which was to be Dem, 


AD . DB. 


AD . DB. 


COROGOLLI. 2. 


33. 220i ps 4 wy maya way of ſolving this following Problem is alſo deducible ; viz. 
To cut a right line given into three ſuch Proportionals, that the Square of the greateſt 
ſhall be equal to the Squares of the other two: For if it be made as the ſumm of the 
three Proportionals AB, AD, DB (being the ſides of a right-angled Triangle, and 
alſo Proportionals,) is to every one of them , ſo the right line given to three others ; 
the Problem will be ſatisfied. 


— 


Probl. IV. 


To cut a given right line into two ſuch parts, that the Rectangle made 
of the whole line and one of the parts, to the Square of the other part 
may have a given Reaſon. 

' OO” 


Smppoſ. | 
1. 6 = AB is a right line given to be cut into two parts. 
2.3” = $$ are the Terms of a given Reaſon. 
Reg. to find | 
3. AC and CB ſuch parts of AB, tw AC + CB = AB. Ala, 
4. OAB,CB. OAC :: R A wa 
Reſolution. 
5+ Pur à for one of the parts ſought, viz. . f 8s = AC. 
6. 3 = 
Toy from 1* and 5* the ene 336 


7+ Therefore the Square of the firſt part is . 7 4 (= Q AG.) 
8. And the Rectangle of the given li 
latter — r 94 1 . 3 * — (= QAB.CB. 
9. Therefore to anſwer whe the Problem re- 7 + 22 Mam bo 
quires, theſe muſt be Proportionals , viz. C: i we: 
10. Now to avoid rio? ob e ; p 
AE . 


let it be made, 28 1 to 2, ſab to a fourth Pro- 
portional, which may be called d, therefore . 
11, Therefore from g* and 10˙, ( per prop. 11.2 3 Hig 
Elem. 5.9 ” . "7 2» +a” Y '$ y oy 
12. And by drawing 6 — a8 2 common altit 
into b and d ſeverally, this Analogy is mani 
(per prep. i. Elan. 6.) © «© «© © © « 
13. Therefore from 11 and 125 (per RAGS bb—ba . as :: bb—-bs. 4 4. 


—_ + CE od CS > 0 
14. And becauſe the firſt Term of the laſt Ana- 
logy is equal to the third, the ſecond ſhall 3 
equal to the fourth, ( per prop. 24. Elem. 5. ) 7 
e 
15. Therefore by adding de to each part of the ? 4 ＋ 4 — &. 
laſt * 0 I, gives , er 
16. Which la uation ma reſolved i * 
. k 1 1 '£ * 9 2 1 
In which Anal conſiſting of three Proportionals,) the mean, to wit, /db is given, 
as alſo d the Fir 222 4＋ A4 and 4, therefore the extremes ſeverally , 
( the lefſer whereof is one of the Parts ſought by this Problem,) thall be given alſo by 
Prabl. 12. Chap. 5. Whence alſo this 


CANON. 


17 oo + „ „ vt: 2+ D:'— 24 = AG. 
That is, in words, 

Let it be made, As R the firſt Term of the given Reaſon, to the latter 8; ſo A B 
the line given io be cut into two parts, to a fourth Proportional, which may be called D. 
Then to the Square of half that fourth Proportional, add the Rectangle made of the ſame 
Proportional and the given line A B, and from the ſquare Root of the ſumm ſubtract half 
the ſaic fourth Proportional D: The remainder ſhall be one of the parts ſought, which 
may be called the firſt. Laſtly , the ſaid firſt part being ſubtracted from the given line A B, 


gives alſo the other part. 


18. Note. Whether the firſt Term of the given Reaſon be er or leſs than the latter, 
it ſhall always be; As the firſt Term is to the latter; ſo the R le made of the 
given line and the latter part found out by the Canon, to the Square of the firſt a 


bb — ba as 


. d :: bb—bs ; hb —ds. 


4, 


Mathematical Reſolution and. — Book IV. 


The Compoſtio of Probl. 4. 
8 C 4 


Suppeſ. 
19. AB is a right line given to be cut into two parts. 


20. R and 8 are the Terms of a given Reaſon. 

Reg. to find 
21. AC and C B ſuch parts of A B, that AC - CBS AB. Alf, that 
22. AB, CB . o AC 1 


Conſtruction. 


23. By Probl. 8. Chap. 5. let it be made, as R to 8, 
10 KE a ecke ge beclld D, ee * AB . D. 
2 By Probl. 9. Chap. 5. find a mean proportional line, * 
* . therefore 3 M :: M . D. 
a5. Therefore ( per prop- 17. Elem. 6.) . „ OM = OD, AB. 
26. Then eſteeming che line M to be the mean of three Proportionals, and D the difference 
of the extremes, find out the exttemes, (per Probl. 1 2. Chap.5.) the lefler whereof ſuppoſe 
to be L, then conſequentiy the greater is equal to L D, thereforetheſe are 8 8 


dals, vis 4b NM : M 1. 


27. Therefore, per Ther. in 245 of Probl. 12. Chap. 5, 1 LS : DENN: 20. 
28. From AB cut off AC = L, whicheffeRion is poſſible, if A B c L, but that 
AB is greater than L, I prove thus 5 


Firſt, it is — - ++ +* ABD D, AB g 0D CD, AB. 

And by cxratingthe quareRootout 2 15. De- bf CDA. 

And by ſubtracting £D from each part, AB cy: DD, AB: — £D. 

oy 2 wn — 4M * L=y: r ED, AB: =D. 

Therefore from the two laſt preceding 
ſteps, (per Ax. 3. Chap. 2.) 8 AB g L. Which was to be Dem. 

29. | fay the given line AB is cut in C into two parts, according to the tenour of the 
Problem propounded. Now we muſt ſhew , that the Rectangle made of the whole line 
A B and one of the parts, is to the Square of the other part as R to S. But that Analogy 
is made manifeſt by the following Demonſtration , formed out of the ſteps of the pre- 
wy Reſolution, by returning backwards from the 16% ſtep to the Analogy in the 

th ep. | 

3 eg. demonſtirtrtk. R. 8 :: AB, CB. AC. 


e | 
31. Becauſe by Conſtruction in 26, . LD. M:: M. I. 
32. — 3 A 3 5 4 ae =: i ON 
Therefore from 31“ a at y exc nge 
* equal quantities ; "+ AC+D.M::M.AC. 


That is, in 16*, . * + «> «. &+4 . a:: y/db. 
34. Therelore, (per prop. 17. Elew. 6.) 9 > OAC+DDAC: = ok. 
25. And becauſe by Confer. in 24. and 25 0 3 b, aB = OM. 


6. Therefore trom and 35*, Ax. 1. 

. e 18 DAC-+ODAC = ODAB. 
That is, Þ w "HF Ys S 2 | da = 4. 

7. Therefore by ſubtracti 2 A om each 2 

/ part of the Equation ing © 2 9 DO AC = D — , ac. 
%%“ - £00 0, 080 REES 


38, And 
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38. And from 37%, ( per prop. 2. enn bb - ba .. 
Elem. 5.) this AM e is mant- OAB-CABAC . that is, in 13®, bs - + 


feſt, CD ABCD AC . ids 
39. And by reaſon of the common Ab. b 
altitude AB AC, this following 1 * 
Analogy is maniteſt , ( per * AB — CIAB ac* that i, in 3.2%, bb—be . 
poſ. 1. Elem. 6. ) 4 CID ABCD . db — 44 


o. Therefore from 3 $* = I. 
N Elem. 5.) +» 3 G 39's Gre. 1 AB. D :: OGAB-QABAC . nAC. 
That is, in 11*, . s „ %%  &Y bb — ba x: P94 
41. And beende by Gifs in 23* 556 „ 9 % 
8 os „„ a5 
2. Therefore from oe an 1 er 11. 
4 — « 2 5 G prop 8 R . 8 :: DAB-CABAC . oAC. 
W RET" . 9 bb — ba + Fas. 
43. And becauſe ( — Diagram , ) : CB = AB — AC. 
44. And conſequently, [per prop. 1. Elem. 6. ) 


by drawing A B into each part, . 9 AB, CB = AB — aB, AC. 


5. Therefore from 42* and 44*, by ex- | 
b changing equal quantities 8 R . 8 * AB, CB. GAC. 
Which was to be Demonſtr. Therefore the problem is latisfied. 


Probl, V. 


To cut a given right line i into two ſuch parts, that the difference of the 
Squares of the parts, to the Rectangle made of the ſame parts, may 
have a given Reaſon. 


Supp of. . 


1. 6 = AB is a right line given to be cut into two parts. 
ph : je 7 8 are the Terms of a given Reaſon, 
Reg. to find 
4+ AC and CB, ſuch parts of AB, that ACE CB= AB 
5. O AC -C 38 CB 2: * ! Al, that 
- ES 3 © AB = 12 
A | | | B KR = 3 
R = — — S = 2 
188 D 2 8 
D I = 4 
L BY Vf AC= 8 
Reſolution. CB = 4 
6, For the difference of ** — ſought par „„ 
7. , out of 1 and 6* y 7 © 4p. 4. 
greater part ſhall be e th * 25 
8. 204 (by the ſame Theorem) the leſſer p ſhall be >. a 


10. And (from 15 and 6, per Theor. 8. c 1 
the difference of the Squares of the . 
11. Then according to the import of the Problem 
propounded „ this Analogy ariſeth, (out of 2,3“, 
10 and 9g?, vid. 

12. Now to avoid an Equation between Solids, let it 
be made, asr to 7, ſob to a fourth Proportional, 


which may be called d, therefore 
13. Therefore ont of x 1 and 12 (per pro. i 1. Kl. ) 


9. Therefore * 7* and 8e, the Product or Rect 2 hh — 4 
angle of the parts ſhall be 1 — 744. 
> 6 


— es 
— — — 
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14. And. by drawing a as a common altitude into 6 

and d ſeverally, this following Analogy will be} . 4 :: ba . 4s. 

manifeſt, (per prop. 1. Elem, G.) vx. 

15. Therefore from the 13 and 14" ſteps, (per ; 
n 
16. Therefore from the 15 ſtep this Equation ari- : W EP 

ſeth, ¶ per prop. 14. Elem. 5. ) vid. 43 * * 

17. And by multiplying each Term of the Equation 2 335 — 4 _ * 

in the 16 ſtep by 4, this Equation is produced, vic. f 

i 8. Therefore = adding aa to each part, . . .> bb = aa + 4de. 
19, Which Equat. may be reſolved into this Analogy, > - 44. 6 :: b 4. 
20. But that Analogy doth manifeſtly conſiſt of three Proportionals , whereof the mean 6 
is given, as alſo 44. ihe difference of the extremes « + 4d and 4; therefore the extremes 
ſeverally , the leſſer whereof is the difference of the parts ſought by this Problem, ſhall 
be given alſo, by Prebl. 12. Chap. 5. whence alſo, ( reſpeR being had to the Theorem 
in 2 4? of the ſame Problem,) there will ariſe this 
| CANO N. 
1 y/:bb|-4dd: — 24 = a, the difference of the parts ſought, 
That is, in words, 

Let it be made, as the firſt Term ( whether it be the greater or leſſer) of the given Rea- 
ſon, is to the ſecond , ſo the line given to be divided, to a fourth Proportional. Then add 
the Square of the double of that Proportional to the Square of the line given to be divided, 
and from the ſquare Root of the ſumm ſubtract the double of the ſaid Proportional, fo 


ſhall the remainder be the difference of the parts ſouit. Then by the ſumm and difference 
of the parts, the parts (hall be given ſeverally by Theory. 9. Chap. 4. 


The Compoſition of Probl. 5. 


a . 0 — :: ba 44. 


. Suppeſ. 
22. AB is a right line given. 
23. Rand S are the Terms of a given Reaſon. 
Reg. to find 
24. AC and CB ſuch parts of AB, that AC-- CB = AB. Allo, 
ese OAC,CB:: K. 8 


G B ::C 


—_ 


899 22 


Conſtructiom. 
26. By Probl. 8. Chap. 5. let it be made, as R to 8, ſo the given line AB to a fourth 
Proportional, which may be called D, therefore | 
K > 8 212 AG a 
2 7. Then eſteeming the given line AB to be the mean of three Proportionals, and 4 D 
the difference of the extremes, find out the extremes, (per Probl. 12. Chap. 5. ) the 
leſſer whereof ſuppoſe to be L, then conſequently the greater is equal to L -+4D, 
and theſe are Proportionals , viz. 


Gt gD , AB :: AS, 
Whence , (per Theor, in 24* of Probl. 12. Chap. 5.) L = Y. UAB 4D: — 20. 
Thus far the Conſtruction hath been made according to the direction of the Canon in 2 1*, 
28, Divide the given line AB into two equal parts in E, whence EA = EB = 4 AB, 
29. From EA and EB cut off EG and EC, ſuch parts, that each may be equal to 2L, 
which is poſſible to be done, if SZAB = £L; but that *AB &= +L, I prove thus, 


Firſt , it is manifeſt that. .> OAB-þ 4DABD + 40D - oAB- 40D, 


Therefore by extracting the ſquare Ro? | : 
out of each part, X 8 5 AB FZD C AB +40D: 


And 
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And by ſubtracting 2D from each part. .> AB C y/: CAB 40D: 20. 
But by Conſtr. in 27*, + » © +. «£ +» L = y:DAB-+4qoD:-:D. 
Therefore , ( per Ax. 3. Chap. 2. ) WS ABC Lz and *AB - 2L. 

Therefore it is poſſible to cut off from 3 AB, that is, from EB = EA, aright live 
equal to + L.; ſuppoſe therefore EC = EG = 21. 


30. | ay the given right line A B is cut into two parts in C, as the Problem requires; vt. 
The ditference of the Squares of the parts AC and C B, is to the Rectangle made of 
the ſame parts, as R to S; which Analogy may be demonſtrated by a retrograde 
repetition of the ſteps of the preceding Reſolution , in manner following, 


31. +» Req. demonſtr., . .'. R. S :: QAC—aCcB. Ac, CB. 


Demonſtr ation. 
32. Foraſmuch as by — „ 2 > Le „%% a LL an_sx 
That is, in 25 . - > 8+ 44. © HE xs i 
Thereto m32*, k 
yp. fe ro of ere * o AB = oL 40D 
That is, in 18⸗% . > . . 8 = „ 7 44s. 


34. Therefore from 33 , by ſubira- 8 LY 

cting the q L from each pan, CO... L = 4ODL 

That is, in 12% Ü 2. « bb — aa = 44. 
35. And by taking a quarter of 1 10 AB 20L. = ODL 

Equation in 347, it gives | "© "Ti 

Thar is, in 165 . F . 2% — Zan = da. 
36. Therefore from 35* this following 

9 (per 7. 78 CIAB.L . ZoAB-3oL :: AB, L. CLI. 

S-Elem) . . 250 

That is, in 15% . . be 460 — 4% :: ba « dn. 
37. And by reaſon of the common alti- 

5 AB . D 


rule L, this following Analogy will AB, I. QDI. 
be manifeſt, ( per prop. 1. Elem. 6.) 


That is, in 14 „ ba : 44. 


38. Therefore from 36 and 57 5 ( per AB D :: OA B, L . 20AB — cl. 
prop. 11, Elem. FT i” þ ; 2 


| > 3 
39. And — 4 by Cr. in 26 > AB. D:: R. 8. 
That is, in 122, 5 #3. £4 Gal 
5 R . 8 :: AB, L. 30 AB —4 l.. 
«Mi _— ba . bb —+ 
> 3 "EC = = 3L = BG 


40. Therefore out of 38 and 397 ( per 
11. prop. 5. © lems. ) . 
r „ 123 -, 
. And becauſe by Confer. in 29% : 
2. Therefore by taking 2EC, that is, / 
4 GC, inſtead of L in the Analogy _ R. S t QABGC . Ln AB - 5aGC. 


40%; this will thence ariſe , vir. 


43. And becauſe (per Diagram, ) > .- AB = AC ＋ CB. 
44+ And by Conſty. in — — 77 8. . . GCS AC - C (48) 
Theretore rom 43* a 44 - = 
© Ther 4, YY RR” 8 OAC-oaCcB — CQJAB,GC. 
46. And becauſe by Conſtr. in 295 „ 2. . AC S454 1 66. 
47. And by ( enſtr. allo in 297, p S8 . CB w SST 
8. Therefore from 46* and 47, (per 
. Chap 4 m 46 and 47", (per Acc = 20 AB—40GC: 
49. Therefore if inſtead of the two f 
latter Terms of the Analogy in 42*, 
you take their equivalent quantities, R. 8 :: nAC—nCcB . Ac, CB. 


to wit, the firſt parts of the Equations 
in 45* and 48*, this Analogy will | 
arlle , VIS. :@ © 
Which was to be Jementtr, Therefore the Problem is fatisfied. 


Ex Probl, VI. 
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Probl. VI. 


Tocut a given right line into two ſuch parts, that the Rectangle made 
of the whole line and the difference of the parts, to the Square of the 


leſſer part may have a given Reaſon. 

8 Sappoſ. SID 
1. 6 = AB is a right line given to be cut into two parts, 
$. 3 4 are the Terins of à given Reaſon. 


Req. to find | 


2 VY WW 
(IM! 


3. AC and CB ſuch parts of AB, that AC-- CB = AB. Allo, 


eee ocCB :: N 


2 
C 

A —j— 8 

-1 | 

8 


AB = 16 
R 16 
5 S = 9 
Re ſolution. 
5, Put for the greater part ſought, vix. 2 

aſſumne . 
6. Therefore out of 1 and 5, the leſſer 
nm OBE CT 
7. And from 5* and 6“, the difference of 
ESE . 

8. And from 15 and 7*; the Rectangle of the 
given line into the difference of the parts is 8 
9. And from 6“, the Square of the —_ 
P 
7 
e 


—_ —m— — —— 


9.3 CB. 
4 — 6. 

264 — bb. 

bb + aa — 264. 


rt is V 
2 Thabbbe from 2, 8 and 9“, accordin 
to the import of the Problem , theſe muff 
be Proportionals, vx. 
r 
12. And by Compoſi tion 
r 
14. Now to avoid an Equation between So- 
lids, let it be made, as to 2; ſo 6 
to a fourth A which may berg r 
D 
15. Therefore from 13 and 14, (per 2 
prop. 11, Elem. 5. F 
16. And by drawing 24 — 6 as a common 
altitude into b and 4 ſeverally, this Analogy > - . - . 6.4 :: 
is manifeſt , (per prop. 1. Elem. 6. 
17. Therefore from 15 and 16*, (per 
prop. 11. Elem.y.) « «© « +» +» « 
18. And from 17; (per prop.1 4- Elem.5.) > 2da — db = aa. 
19. And by adding 4b to each eee 24s = as + db 
IE iS vo + 5;::5: "2 
20. And by ſubtracting 44 from each part, > 24a — 44 = db. 
21. Which laſt Equation may be teſolved | , * 
into this Analogy, . . y 


* 


2a -U 
s ,r 2: 444 — 264 


4. . „ $3.08 
264 — bb 44. 


2ba—bb . 2da — db :: 


AC = 16 
CB = 6 


bb ＋ 4a — 264. 
264 — bb. 


264 — 


22 268-8. 44. 


iba — bb . 2da — db. 


2ba—bb . as. 


y/db » 4. 


n= 54 op : 
22. But that Analogy doth manifeſtly conſiſt of three Proportionals, whereof the mean d- 


is given, as alſo 24 the ſumm of the extremes 24 — 4 and 4; 


therefore the extremes ſeve- 


rally, the leſſer whereof is the greater part ſought, ſhall be given alſo, by Prob. 13. Ch. g. 
And from the premiſſes and the Theorem in 2 1® of the ſame Problem there will ariſe this 


following CANON. 


23. 4 ½½ dd — db: = AC, the greater part ſought. 


That 
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Thar is, in words, 

Let it be made as R the firſt Term of the given Reaſon, to R-j-S the ſumm of hoch Terms; 

ſo AB the line given to be cut into two — to a fourth Proportional, which may be 

called DO. Then from the Square of that fourth Proportional, fubtra& the Rectangle made 

of the ſaid fourth — and the given line A B, and extract the (quare Roat of the 

remainder. Laſtly , ſubtract the ſaid ſquare Root from the ſaid fourth Proportional, and 
this remainder ſhall be-the greater part ſought, 

24. Note.' Although the Equation found out in 20* may be expounded by either of the 
two extreme Proportionals mentioned in 22, yet the leſſer of them is only capable 
of ſolving the Problem propounded ; for the greater extreme is greater than the line 
given to be cut into two parts, and therefore cannot be equal ta gither of the parts; 
which [| prove thus, | 

If y/db be the mean of three Proportionals, and 2d the 5 

ſumm of the extremes, then (by Probl. 13. Char. 3. he 6 AS x: 4d - db: 

greater extreme ſhall be equal to „„ 

Now we muſt prove that , ? Ab d= db: ob. 
4 4 6. 


Firit, by Conſtructian in 14, (and by Sebol. prop. 14. 
% 

And conſequently, by drawing 4 into each part, . .> 4 g= 4. 

Therese „ © o® fi = 001 © oe 

And conſequently, by adding d to each part, . . , 4 dd — ab: = 4. 

— Leh 5 . 1 5, 246-6 5 — b. 

Therefore (per Ax. 5. Chap. .) „ d+-yidd—t4: eb, 

Which was to be Dem. | 


The Compoſition of the preceding Probl, 6. 
C 


A — R © oY 

R — AB—16| M=20' 
8 —— | Rezi6| L =19 
— otence ppogetecgenmtn cg S 2 9 AC Sto 
M — een —— I ———_— DSC 6 


Suppeſ. ö 
25. AB is a right line given to be cut into two parts, 
26. R and 8 are the Terms of a given Reaſon, 
Reg. to find 
27. AC and CB ſuch parts of AB, tha AC CB S AB. Al, 
28. AB AT- TOI. oa CB :t.R .. 5s. 
Conſtruction. | 
29. By Probl. 8. Chap. 5. let it be made, as R to SR; | 
ſo AB to a fourth Proportional, which we may ſuppoſe p R. 6 -R :: A8 . 0. 
8 — 3 
30. By Probl. 9. - 5. find a mean proportional line, 4 
' as M, between ABandD, — bY 8 AB . M:: M . 
31 Theſe alws Gm the e 2 AB, D = en 
11 Then by Probl 14. Chap. 5. cut the double of the right line D (before found in 29% 
into two ſuch parts, that the line M may be a mean Proportional between them 3 
which Eſſect ion is poſſible, if M be not greater than D; but that M is Jes than D, 


1 prove thus, 


By the C 
Proportional AB and D, derefare M => D. Therefore 'tis $9.cx 2D 
jonal between the parts. Suppoſe then it 
theſe Mall be Proportionals , ur. 


er . 'S . 
Tt 2 33. And 
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33. And conſequently, (per Theor.in 210 of Probl. 1 3.Chap.5.) > L=D-y: 0E: 

34. From AB cut off AC — L, which is poſſible to be done if AB g L, but that 
AB Sg L, I prove chus; 

Firſt, from the Conſty. in 29%, . -> D Az. 

Therefore, by drawing A B into each part, ?* OD, AB g AgB. 

And by adding D to each part, .*# oD + OD, ABoOD+oAB. 
=_ by ſubtrating 2 CID, A B from wy oD—ODAB-oD+0AB—:OD;AB. 

exc par extracting the ſquare Root out _ //TD<EDODAE: p- A. 

7 . * 
And by adding AB to each part, . -f AB+ OD — D, AB: g D. 
And by ſubtracting /: L D U, AB: | : 

from each part, AB CD-EADD-—-OQD,ABr. 

_ it hath been ſhewn in zi and 33 "2 L = D— /: SDB<ODAB: 

Therefore from the two laſt preceding ſteps, Þ ADE © 

Which was to be Dem. Therefore tis poſſible to cut off from A B a ſegment equal to L, 
as AC. 

35. 1 ſay the given right line A B, in the point C is cut into rwo parts, AC and CB, 
which will ſolve the Problem; vi. the — made of the whole line AB, and 
che exceſs of A C above C B, is to the Square of CB, as the line R to the line 8: As 
will be made manifeſt by che following Demonſtration, form d out ot the toregoing 
Reſolution , by a _— repetition of the ſteps thereot. 


36. . . ., Reg. . R. $ :: GAB INI. o CB. 


Demonſtr ation. 

37. By Conſtr. in 32%, . . „ 2D=-L ., M:: M . I.. 
38. And by Conſtr. „ by -e AC = L. 
39. Therefore trom 37* an 38 pe 4 

changing equal quantities, '$ DAC. M.:: M. AC. 

That is, in 22, . 24 — . 1a :: J. 4. 
40. Therefore from 3 9e, (per prop. 1 J. El. 6.) > DAC LAC = GM. 
41. But by Conſtr. in 3 15 1 .> O D, AB = 0M. 
1 . Ae 8 2 DD,AC— OAC =, a. 

That is, in 20*, . „„ . 248 a= % = 4 
43. And by adding Ac — of the 


Equation in 42*, . . 5 20 D, Ac ACD, AB. 


That is, in 190“ . . 24 = as + db. 


44. And by fubrraCting c- Co D, AB from exc}, 11 
part in 43 . . O D, AC - D, AB = NAC. 


That is, in 18 . . » > - „ % 8 
45. And from 44 s (arr ares, 7. Elem. 5. ) this Analogy will be manifeſt , 
2 DABAC, — AB " 26a — bb. 


2D, Ac. — CD, AB :: he i 244 — dh:: 
: DABAC,—oOAB . e, % 3 
OAC. 44 . 
46. And by reaſon of the common altitude 2AC— AB, this following Analogy is ma- 
nifeſt, (per prop. 1. Elem. 6. ) 
2 DAB, Ac - AAB 264 — bb . 
erde Säge Cam * 
80 D 4: 
47. Therefore from 45* and 


6®, 
r bs 2 DABAC,—gAB . OAC. 


tis, in 15%, ff d.. 41: 264 — 6b £5 ans 
48. But by Conftration in 29%. f AB. D:: R. S ＋X. 


That 
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28 ms - 4 2-3 e „„ 4,12 # -» 0b 

refore trom 47* 2 | 

. Eew 3.j . R.8+R: C -A. n 
That is, in 13% „ 7 . e:: 264 — 66 44. 

50. Therefore inverſl y . .> S+R.R :: HAC. 200 AB, Ac. AB. 
D 8 a, ad 

51. Therefore by Divilion of Reaſon, 


by 


8 
22 2 T 
AB + OAC — 10 AB, AC. that is, in 10, 66 -doflnim abs 
2CIABAC,—oAB 2b4— bb . 
52. Therefore inverlly , 
R 
8 


20 AB, Ac, — OAB dais, into, ROE - | 
OAB +SODAC — 2A B, Ac. bb ＋ a8 —:2ba . 


Now the Scope in the (ix ſteps next following is to prove, that I AB AC —CB 
is equal to 2 AB, AC - n AB, to wit, the third Term of the Analogy 
in ;52*. : 

53. By Cemfr. in 34% . „ AB = AC + CB. 

54. And by adding AC to eich part, > AB-þE AC = 2AC -þ CB. 

55+ . AB T Ac - CB ZA 


part in 54*, 
5 2 ACC AB, 


56. Ir is evident by the firſt part of the 
Equation in 44*, that 

57. Therefore A B may be ſubtrated 
from each part of the Equation in 5 5* | 
and this Equation berween two real AC—CB=2AC m_ AB. 

ght lines will remain, viz. | 

58. Therefore by drawing AB as a com- 
mon altitude into each part of the laſt 298.77 , wal 5 
Equation, it will produce (by Theor 1. C AAB ACC = 2DIABAC, — A. 
WS vi vc ec x 

Which was to be ſhewn. It remains to prove that ci CB is equal to AB + HAC 
— 2 AB, A C, to wit, the fourth Term of the Analogy in 529. 

59. By Conf. in 31 „% CB = AB— AC. 

60. And becauſe the Squares of equal 
right lines are alſo equal, —7*0 CB = oO AB-EOAC— 2 UAB, AC. 
from 59*, ( per Theor. 5. Chap, 4. ) | 

Which was to be Demonſtr, 


61. Laſtly, inſtead of the third and fourth Terms of the Analogy in 52*, their equivalent 

ntities , to wit, thoſe in the firſt parts of the Equations in 5 87 and 60 being taken, 

this following Analogy ariſeth, x. * 
R. 8 : OABnnAC ECB. oM. 

Which was Reg. demonſtr. in 36*, Therefore the Problem is ſatisfied, 


— yu. — 


Probl, VII. 


To find two right lines that their ſumm may be equal to a right line 
iven , and that the difference of the Squares of thoſe two lines, to the 
{ nook of the leſſer of them , may have a given Reaſon, 


This Problem is the ſame in effect with the preceding ſixth; for the difference of the 


res of the two right lines ſought by this Problem, is to the Rectangle of the ſumm 
— of the parts ſought by the lalt preceding Proflem, "rata 4 8 
LEMM 
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A LE MM A, leading to the following Probl. 8. 


If four right lines be in continual proportion, the ſumm of the means is a mean Pro- 
int be wenn the fume of the 2. and the ſumm of the third and fourth 
Proportionals. 


A —— A = 125 
B — — B = 100 
C — — C = 80 
D D = 64 
Suppoſ. 
A. 8 erb , W. A. 3 :: 3. :: CC. DB. 
2 Neg. demonſir, . . . « +» » AB. BC: B＋C. Cr. 
e 
3. By Sappoſ.in 1,Ü .> - 2 B C. 
4. Th by Compoſition f Reaſon » > A 4 B. 23 +C C. 
2 And alternately, . . . : wn date 80 C. 
6. Again, by S 3 . D. 
7. fore by ompoſiion , 3 34.0 . © * D. 
8. And . {A „5 B4-C. C+D :: D. 
9. 6* 8*, It. 
Elm. 5.) 5 (per prop. 2 B+C. CD :: C. 
3 rom 5*an and g*, (por pp. 11, '$ A+B.B+C : BC. C-+D. 
Which was to be Demonſtr. 
Probl, VIII. 


The ſumm of the extremes, and ſumm of the means of four right 
lines in Continual proportion being given ſeverally, to ſind the Pro- 
portionals. But the firſt ſumm muſt be greater than the latter; the 
reaſon whereof is manifeſt , (per prop. 25. Elem. 5. 


F G 11 EF = 16 
E — 1 | - | FG = 8 
B _ — GH = 4 
C — HI = 2 


F, FG, GH, HI ==, wiz, EF. FG :: FG . GH :: GH . HI. 
= EF + HI is given. Alſo, 
= FG + GH = FH isgiven: Therefore, 
—= 6b + 6 2 18 given. 
&” 6 Determination. 
Reg. to find EF, FG, GH, HI. 
Reſolution. 


6. By ape a, - - . .> EF, FG, GH, HI =. 
7 ore Lemma refixr 
before this Problem, nm 1 EF-+FG . FG+GH :: FG OH. GH4HI. 


8. That is, as is evident by the EG FH :: FH Gl. 


Di 

+. abi . „ FH, chat is, c, is given, as alſo 
l, (=EG + 81% thatis, 4, the ſumm of the extremes. Threfore , by the 
Theorem in 21 of Probl. « 3. Chap. 5. 7 
ef 3 : = EG = EF + FG. 
, 1 = GI = GH-þ HI. 
11. Therefore, from 10* and 3* tis manifeſt, that of theſe three Proportionals , EF, FG, 
GH, the ſumm of the firſt and ſecond , to wit, EG, is given; alſo the forum of the 
fecondand third, to wit, FH, is given. Likewiſe of theſe three Proportionals, F G, 


1 29 2 
Nr 
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GH, HI, the ſumm of the firſt and ſecond, to wit, FH, is given; alſo G1 the ſi 
of the ſecond and third is given; therefore, (according to the Gi. 44* of Probl. 1 
Chiep. 7.) FG and GH ſhall be given ſeverally by theſe following Analogies, vir. 


8 3 e 1d : 44d — ce: c :: Sd yi ec: FG. 
"BA ies e 23 Men yid—a@X . GH. 
Which Analogies , reſpect being had to the Equations i and Di . 
give this following 8 quations in 10, and to the Diagram, will 
CANO N. 


13. From the Square of half the aggregate of the given ſumm of the extremes and the given 
ſumm of the means, ſubtract the Square of the ſumm of the means, and extract the ſquare 
Root of the remainder. Then add and ſubtract that ſquare Root to and from the ſaid 
half aggregate, and reſerve the ſumm and remainder. Then it (hall be, as the ſumm 
reſerved together with the ſumm of the means, is to the ſumm of the means; ſo the 
ſumm reſerved to the greater mean ſought. Or, as the remainder reſerved together 
with the ſumm of the means, is to the ſumm of the means; ſo the remainder reſerved 
to the lefler mean. Laſtly , the ſumm before reſerved being leſſened by the greater mean, 


gives the greater extreme: or, the remainder reſerved being leſſened by the leſſer mean, 
gives the leſſer extreme. 


The Compoſition of the foregoing Probl. 8. 


B —— B =18'] .K =36 
C E G H C=11f L —-18 
. —— f — I EI =3o | GF= 8 
L ts Gl—= 6 M = 4 
M — 
Swuppoſ. 


14+ B = the ſumm of the extremes of four right lines in continual proportion is given. 
15. C = the ſumm of the means is given. . 
16. BY C. ( Determination. ) 


Reg. to find the four Proportionals ſeverally. 


Conſtrattion. 
17. Make EI = B + C. 
18, Divide E I into two ſuch parts in G, that the line C may be a mean Proportional 
between the parts; which effection is poſſible, (per Probl. 14. Chap. 5.) if Ede not 
greater than 3 EI, but that C is leſs than 1 EI, I prove thus, | 


By the Determination in 15... CB. 
Therefore by adding C to each part. 20 BC. 
But by Conſtruction in 17%, . . . - . EI = B--C, 
Therefore, ( per Ax. 3. Cheb. z) 202 kl. 
And conſequently , s + ii v. 1%; oi wo © TEL 


Which was to be (ſhewn, 


Therefore tis poſſible to cut EI into two ſuch parts, 
chat C (hall be a mean Proportional between them. C E G 
Suppoſe then E I to be ſo cut in G, and that EG is 


greater than GI; therefore , . 
. * K=EG+CG; alſo, IGI C. 


19. Mike en ; da. 08 
20, Let it alſo be made (by Probl. 8. m_ 5.) as K | 
to C, ſo EG to a fourth Proportional G F, there- 11 


21. Again, let it be made as L to C, ſo GI to 2 8 
fours Proportional GH, therefore L . nh. GH. 
22. Then from EG cut off GE, and from GI cut off GH ; (which ſubtraRions are poſſi- 
ble, for by Conſtruction in 1 9?, K is greater than C; therefore from the Analogy in 20*, 
EG is greater than G F: Likewiſe by Conſtruction in 19*, L is greater than C, and 
conſequently from the Analogy in 21*, Gl is greater than GHz) ſo the remainders 
EF and HI are the extreme Proportionals ſought, Ifay EF, ä 
our 


— 


- 08-- 
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four continual Proportionals, which will ſatisfie the Problem propounded. But to make 
the truth thereof evident, I ſhall prove three things, vsz. Firſt, that FH the ſumm 
of the means FG and GH is equal to the given ſumm C: Secondly, that the ſumm 
of the extremes EF and HI is equal to the given ſumm B: Thirdly and laſtly , 
that the faid EF, FG, GH, HI are in continual proportion in this order, vi. 
. EF . FG :: FG. GH :: GH . HI. 
Firſt, that FH the ſumm of the means FG and GH is equal to the given ſumm C, 
I prove thus; 


Preparat. 
23. To the lines K and C find a third Pro-) 
portional, as M, (per Probl. 7. Chaps.) EG XN. 
therefore, FFF 
24. 8 0 6 Reg. demonſtr. . . . * 0 . . P . FH — e 
Demonſtration. 
25. By Confer. in 18*, . >d EG GI. 


„ ä 6 ode.. ES 
26, Therefore by Compoſition of Reaſon, > EG4C , C:: C4GI . GI. 
27. That is, by exchanging equal right lines 8 K 8 81 
according to the Conſtruction in 19% 8 by . 
28. 2 altern) 5 2 K Ns . 
29. And by drawing C as a common altitude 
Ro the "- — WW K 1 ac 0 
30. But from the Conſtr. in 230 and 21“, 
( per prop. 17, & 16. Elem. .)) 
31. Therefore from 29* and 30, by ex- 
change of equal Rectangles . 


CIKM = oC; and L, GH = OC,GT. 


; K . L :: RM. CI, Gn 
32. ea * K L :: OKM . CI, u. 
33. t from 310 and 32, ( per prop. 1 1. 8 8 
Elem.5.) . . 8 , M. CI, Gti :: CK, M. C., M. 
P 
P 
P 
7 
8 


34. Therefore from 33, (per prop. 14. El. 5.) p. . OL, GH = Cl, M. | 
35. Therefore from 34*,( per prop. 14. El. 6.) „ cy, 
36, Therefore from 3 5*,(per prop. 1 4. El. 5.) „ M= GH. 

37. Again, by Conſtr. in 20%, . . . ' 
38. And by Conſtr. in 23%, „% 
39. Therefore from 37* and 38*, (per. 


One, Herlgen. © prope. 12. Biw.s.) C5 + 2 EG4C . GF+M 
40. And beeauſe by Cenftr. in 19%, . .. . . K = EG-C, 
41. Therefore from 39 and 46®, . uM 2 C K , GF+M 
42. But ( per prop. 15. Elem. 5. ) S 2K 2C::; K C 


43. Therefore from 41* and , e | 2 

n.) K . GF+M :: 
44. Therefore from 43*®, E GF MSC. 
45. But it hath been proved in 36, that r GH =— M. 


46. Therefore from 44 and 45, ( Da SS. 
Ca 2)! - . N 38 = GF + GH = C. 

47. But 1 1 — by the Diagram, that 9 GF +- GH = FH. 

7 f. Ch. . „ (PT FH = c. Whichwatobe Dem. 


Secondly , that the ſumm of the extremes E F and HI is equal to the given ſumm B, 
1 demonſtrate thus; 


49. SD Reg. aemonſtr, . . P 0 8 . . EF 4- HI — B. 
Demonſtration. 
50. By Confir. in 17% . +> BS B44 Q. 


57. And ic hah been proved in48*, m .> FH = C. 
52. Therefore by ſubtracting C or 9 EI FRS 


Diagram, tha > EI — FH = EF + HL 
45. There- 


each part in F5o*, 


53. But tis evident by the 
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Therefore from 52* and 53, ( per il | ut 
I r 8 EF-j-HI =B. Which was to be Dem. 
Thirdly and laſtly, that EF, FG, GH, HI are in continual proportion, I demonſtrate thus , 
55» + + + Req. demonſir. EF. EG FO. GH : GH , HI. 
Demonſtr ation. 
6 nee,, i fi HC RON . 
57. And by Conſtr. in 19%, . . . „ EG+C—K 
58. Therefore from 56* and 7% . , . . . . > : 
59. And becauſe it hath yr ga x in 48% that f FH = C. | 
60. Therefore from 53* and gg*, , . . . .> EG+FH . FH -:: EG. GE. 
61. It is mani eſt by the Diagram, that of the three right lines EF, FG, GH the ſumm of 
the firſt and ſecond is EG, and the ſumm of the ſecond and third is F H; therefore the 
laſt preceding Analogy is qualified in every reſpeR according to the Theorem in 45* 
of Probl. 5. Chap. 7. whence EF, FG, GH ſhall be Proportionals, viz. 
BF . MG : TW ; Gn 
62. Again, by Conſtr. in 21%, . . „ > L.. C >» Gr. OH, 
63 WY F f 
64. ore from 62* and 63%, ae, - C „ +428. A - O 
65. But it hath been proved in 48*, tht . . 2 FH = C. | 
66. Therefore from 64*and 65% « . +. » «Þ Gl-+FH . FH:: GI . GH. 
67. Therefore from 66*, in like manner as before 8 FG . GH::: GH. HI. 
s 


in 61*, (per Theor. in 45* of Probl. 5. Chap. 7.) | 
EF FG :: FG . GH. 


by. RY I tes dr hr We N ; | 
69. Wherefore from 67 and 68*, (per prop. 11, 4 1 

rr Po EF.FGzEG.GHz GH.H. 
Which was to be demonſtrated in the laſt place. Therefore the Problem is ſatisfied, 


A LEMMA, leading to the folowing Probl. 9. 

If four right lines be in continual proportion, the difference of the means is a mean 
Proportional between the difference of the firſt and ſecond, and difference of the third 
and fourth Proportionals. 

Swppoſ: 
. G. % TT. $$; we Q.. Rt: RB $$ 6: $4 Þ 
2. Q.=—= R Whence RS, and 8 g . 


te ä 

R — — 100 

8 6 80 
| T — — 64 
3. 4 1 4 Reg. demonſtr. . * * - * o o Qi. EMS 2 88. 

Demonſtr ation 

4. By Sappeſ. in 1, SEE Q R Na 
5. Alſo by Sappe/. in 25, 9 „ Q KR 
6. Therefore by Diviſion of Reaſon, . .. A . R. R R-S. 8. 
7. And altern). . ,} QR. R—S 1 
8. Again, by 5 "4 BW" be” - oe 1». bd S . I. 
9. Therefore by Diviſion of Reaſon, 55 888 h 
10. And alternly, . . ? R—S . S—T :: 8 Bo 


11. Therefore from 8* and 10®, (per prop. = 2 ä 
enn 
13. Likewiſe from and 11, per prop. 1 1. El. 5. P Y R. R- S:: R-S. S- T. 
Which was to be Demonſtr. | 
| Probl, IX. 


The difference of the extremes, and difference of the means of four 
right lines in Continual proportion being given ſeverally, to find the 
A Proportio- 
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n. - 
— — ha DIED = 


Proportionals. But the given difference of che m—_—— greater 
than the triple difference of the means. | > 


E 
— 5 125 


R — — — — 109 


. A. 5, 1 , w . . 
2. Qc R, whence Rr 8; and 8 g . 
4. c = R — is given. 
5. 4 = 6 — 6 is given. 
6. zo. ( Determination. ) 
Reg. to find Q, R, S, I. 


Ee ſalut ion. 
7. B = a * i* and 2, ... . „% Q,R,$,T +, db Qc-R 
8 Ti heretore by the Lemma prefixt before this * 


F - ot RES S-T. 
9. Of which three cominual Proportionals in 8* the mean R—S, that is, c, is given; 
as alſo d ( =Q+S—T—R,) the ſumm of the extremes Q R and S—T, 
therefore by the Theorem in 21 of Probl. 13. Chap. 5. the extremes ſhall be given 


ſeverally, viz, - MEETS, 
2d +4: d —cc: = Q—-R. 
e. Re 
24 — J. add — c: =S—T. 

11. Therefore from 45, 5 and 107 tis manifeſt, that of rheſe three Proportionals Q, R, 8, 
the difference of the firſt and ſecond, to wit, G — R is given, alſo R 8 the difference 
of the ſecond and third is given, Likewiſe of theſe three Proportionals R, 8, T, the 
difference of the Grſt and fecond ; to Mu, R—S is given, alſo S—T the difference 
of the ſecond and third bs gion z therefore, (according io the Canon in 13. of Probl. 6. 
Chap. 7.) R and 8 ſhall be given ſeyerally by theſe following Analogies, viz, 

2d -V: dl - cc: -W :: d / dd - . X. 
6 Id — N: add — ce: 5 1 ad — J: Ida cc: . 
Which Analogies, reſpe& being had to the Equations in 10%, do afford this 
CANOYXN. g 


13. From the Square of half the exceſs by which the given difference of the extremes exceeds 
the given difference of the means, ſubtract the Square of the given difference of the 
means, and extract the ſquare Root of the remainder ; then add and ſubtract that ſquare 
Root to and from the ſaid half-exceſs, and reſerve the Summ and Remainder. Then it 
ſhall be, as the exceſs of the Summ reſerved above the given difference of the means, 
is to the difference of the means; ſs is the Summ reſerved to the greater mean ſought. 
Qr, as the exceſs of the difference of the means above the Remainder reſerved , is to 
the difference of the means; ſo is the Remainder reſerved to the lefler mean ſought. 
Laſtly, if the Summ reſerved be added to the greater mean it gives the greater extreme, 
and if the Remainder reſeryed be ſubtracted — the leſſer mean it gives the leſſer 
extreine. 

But to the end there may be a poſſibility of efſecting the Problem propounded , the given 
lines muſt be liable S this * A 8 5 


12K 


14. The given difference of the extremes muſt be greater than the triple of the given 
4. P z 
difference of the means. 
The truth of this Determination will be made manifeſt by the following Theorem, and 
that tis neceſſary, will be evident in 287 of the following Conſtruction of the Problem. 
S | THEOREM. © | 
15. If four right lines be in continua proportion, the difference of the extremes is greater 
tha the toigle Giſerence of the mega; _ 
| Suppoſ- 


1 
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. | 
16. Q., R. 8, I F: vie X. R :: RSS 8 TT; 
MR Whence R c 8; and 8 cg T. 

18. . Req. drr Q—-TE3R— 35S. 


Wen 
40 By y Suppoſ in x6* and 17%, . > Q, R, 8, T —; alſo, QR. 
by the Lemma prefixt befi 


oy. if four quantities be Proportionals : the 
* fowm ot the extremes is greater than the ſumm 
of the means, (per prop. 25. rr Tran 
fore from 20%, . 


22. And by adding R to each part in 8 ; * QS — T C 3R — 28. 
23. Wherefore by — 8 * each * 


in 229, = 5 2 — Do 3R— 35. 
Which was to be Pm. 


The Compoſition of the foregoing Probl. 9. 


- 5 2 Pt B = 66] L an 4 
E 1— 1 I 1 C=20;]| RSD 00 
* , 5 EI =4i S = 80 
R —— — EG =25 | Q= 125 
1 __ —— Fa 5 Gl =16| T'= 64 
1— —U d 6-2 K F. 

Suppoſe 


24. B = the difference of the extremes of four right lines in continual proportion i given, 
23. C = the difference ot the means is given. 
26. B C 3C. ( Determination 


Reg. to find'the Proportionals ſeverally, 


Conſtruction. 
27. Make EI = B — C. 


28. Divide El into two ſuch parts in G that C may be a mean Proportional between the 
parts, which may be done, ( per Probl. 1 4. Chap. 5.) if C be not greater than 3 E I. 
But that C is leſs than * EI, I prove thus; 


By the Determination in 260 ̃ ö& 5028. 
Therefore by N C trom each part, | - 2+C'D BG 
But by Conſtr. in 27*, . . >. © 6 EI = BG 
Therefore, ( per Ax. 3 Chay. 2. ) a - o „„ SG EL 


1 


And conſequently, 2 .' 0 © „„ eee 


Which was to be (hewn, Therefore * tis polllble (per Probl. 14. Chap. 5. ) to cut E 
into two ſuch parts that C may be 2 mean Proportional between them. Suppoſe then 
that E l is ſo cut in G, and that E G is the greater part, and G1 the leſſer , therefore, 

EG „ C Gl. 
29. Make K EG C, which is poſſible to 1 for by Conſtr. in 289 EG c- C. 
30. Make L C- Gl, which is poſſible to be done, for by Conſtr. in 18% CG 
31, By Probl. 8. Chap. 5. let it be made as K to C, fo EG to a fourth Proportional, 
ſuppoſe it be found R, therefore 
K © 35 BD ©. i 
32. Again, let it be made, as L b. ſo = 5 — , therefore 
L 8. 
33. Make Q EGN-R, whente Q— R = EG. 
34. Make T=S—GI, whence $ — T = GI, but that GI is left than 8, as is 
implied by his geen, prove thus; * % 1 
Vu 3 | By 
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OO pr rar on Ty. 5 22, WPYRAgT one ran nc ep ers eres rr 
* 


e + © © + GW S—GL 
Therefore by adding Gl to each part.. L Gl=cC. 
gy UM RR RT cr , ET: *..-q 
Therefore from the Analogy in 32*, (per Schol. prop. 14. Elem. 5. } GIs. 
Which was to be proved, 
35. I ſay Q, R, 8, T (found out by Conſtr. in 335, 315, 32* and 34*,) are the four 
continual Proportionals ſought. But to make it manifeſt that they will ſatisfie the Pro- 
blem, 1 ſhall prove three things, viz. Firſt , that the difference of the means R and 8 
is equal to the given difference C: Secondly , that the difference of the extremes Q 
and T is equal to the given difference B: Thirdly and laſtly , that the ſaid Q, R, S, T 
are in continual proportion in this order, vis. Q. R:: R. 8 :: S. I. | 


Firſt then, that the difference of the means R and S is equal to the given difference C, 
I demonſtrate thus : | 
Prepar. 
36. By Probl. 7. Chap. 5. let it be made as K 
to C, ſo C toathird proportional line M 8 11 
/// ¾ ¾ĩ in.» =.» -& 8 


Reg. demonſtr 


C. X. 


„ . - R — 8 — cc 
. Demonſtration. 

REDS, : 4. 21 
38, And by Conftr.in28*, . .- +...  Þ HOES 
39. Therefore __ ”; by — . EG- C. C:: C- CI. GI. 
40. That is, by anging equal right lines _ 

according to the Conftr. in 297 and 30“, 'F K . :: L . GL. 
41. Therefore alternly, . . . + 5 2 61 

2. And by drawing C as a common altitude 8 55 
, into each of the two latter Terms in 41%, 8 K IL : QC. l. 
43. But from the Couſtr. in. 360 and 32*, „ QK,M=oC; and OLS=OC,GI. 
44. Therefore from 42 and 43®, by exchange K . L :: CM. OLS. 


of equal Rectangles, „ 
45. But by reaſon of the common altitude M 2 K L 1: CM. CLN 

» . » - 5 * 
K, M. L, S:: CK, M. UL, M. 


this Analogy is manifeſt, . „ 
46. Therefore from 44 and 455, (per prop. 1 1. 
Elew 5. 


47. Therefore from 460 (per prop.14.Elem.5.) > CDIL,S = AL,M: - 
48. And from 47, (per prop. 14. Elem. 6.) . > „ . 8. 
49. Therefore from 487, (per prop. 1 4. Elem. 5. M = 
50. Again, by Coaſir in 31»⸗ , . «> K C N. 
51. And —_— in 36*, F I WT. _— -. 2 
5 2. Therefore from 50 and 5 1*, (per prop. 11, , 5 
S *. 'S EG . R : C M. 
3 — ng B55„%%ũ łũ 35 R M. 
54. Therefore from 3 87 and 353, by Diviſion > 
ES (r I. EG-C. C R-M . XI. 
55. And becauſe by Conſtr. in 29%, „ K = EG — C. 
56. Therefore from 54 and 55 . . > R. C:: EM. M. 
on” R in 2 . . 7 . . „ > K * C 4 C = a M. 
5 8. Therefore from 56* and 57, (per prop. 11. 
Elm 5.) * > R-M. M — NI. 


59. Therefore from 58•ù her 8 0 14 Elem.s.) > R — M= C 
60. But it hath been — 5 that e M = 8. 


TT TY no GS nm Wk wanieDe. 


Secondly , that the difference of the extremes Q and I is equal to the given difference B, 
I demonſtrate thus: 1 2 


1 210 Req. demonſtr. „ CC” @ Q—T =ÞB, D ft 
emonſtr. 


1 


Chap. 9. Mathematical Reſolution and Compoſation. 


341 


t Demonſtration, 
63. By Cone. VR 
64. And by Conſtr. in 34%, . « + 


: EG R. 
65. And from 61*, .. . f 5 


S — l. 


= 
66. 2 krone, 63®, 16 5 and 65 3 c= IT; and EG＋-Rœ r S8 -l. 
67. y ſubtracting the . in 6 . | 
from the Equation in 63*, . . 9 AT 
68. But by Conſtr. in 28*, . < „e EIS EG¶H l. 
n rom 67" and 68*, ce ann ER 8 
2 . coy f * 
70. Again, by Cenſtr. in 27, 8 . B:— C = Eb: 
71. And — been proved in 61 * that » > CSR 
72. Therefor - CREE TRL, B=Bi4R—S 
and 71 gives IE —_— 
ar x Ts oy apts oy a 4 Which was to be Dem. 
Thirdly and laſtly, that Q, R. 8. 7 are in continual proportion I demonſtrate thus : 
74» « <. Sula . - oi 0 R :: N. 
| Waun | 
75- By Conf. in 315%; wi 1 „ : EM 
76. And by Conſtr. in 297 and 33® 5 $row and Q R= EG. 
77. ——— in 61 8 . 'R-8=C 
78. Therefore from 75, 76“ and 77, by ex- 
changing equal right lines, 5 8 Q-R—-R-S . R-S : -R. R. 
79. Therefore from the laſt 1 Analogy, | 
by the Theor, in 14* of Probl, 6 5 „ 
. Q, R, In =p WAY RR 8 
o. Again, by Conſtr. in 32%, . . 1 21 8. 
31, And by Conſtr. in 30% and 34* 1 3 Coal and 8 Gl. 
82. And it hath been proved in 61*, that. f R—S=C. 
E. Therefore from 8007, 81“ and 825 9 re 
equal right lines, . 1 ; n 
% Therefore from the laſt preceding Analogy 
by the Theor. in 14? of Probl. 6 3 G „% 
R, 8, T are , viz. . 
nie dee prope £ a. tn adn Tr 
Which was to be demonſtrated in the laſt place. Therefore the Problem is ſatisfied. 


Probl, X. 


A Rectangle FG HK being given by Poſition, to draw a right line 


GN from G one of the angles oppoſite to the Baſe F K , tocut the Baſe 
produced, ſuppoſe in N, ſo as to make the Triangle KLN (lying with- 
out the Rectangle) equal to a given Space; ſuppoſe the Square of the 
right line D. 


G N FK E 12 [RLS 10 

L — G2 7 | GN:= 39: 
OD =izo | LN = 26 
KN= 24| GL =13 


Suppoſ. 
2 FGHK is a O given. 
. 6 EK or GH is given. 
5 c = FG or KH is give. 
4. 4 = D the ide of a Square given. 


Reg, 
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Reg. to find 
5. KN a right line to be added to FK, ſo, as FKN may be a ſtrait line, and that 
GN being drawn it may make A KLN = qD. 
Reſolwgion. 
6. Put à for thedeſired increaſe of the Baſe FK, viz. PF a = KN. 
7, Then becauſe ANKL and A NEG are equi- 


angular, theſe (ides are Proportionals, (per prop. 4. H FEN. FG ::'KN . KL. 
Elem. 6. ) viz. »« 


8. That is, in the letters belonging to the Reſolution, Þ „ 37 2 = 
9. And becauſe (per prop. 41. Elem.1.) . . „%% OKN,KL = 2AKLN. 


10. Therefore from 8, 9, 4, 5˙ and 6%, . ax r 244 zA K LN. 
11. Now to avoid an Equation between Solids, 4-6 


let it be made as c to d, ſo 24 to a fourth Pro- , 4 :: 2d Ras 
portional, call it :, therefore 4 Io 
12. Whence, (per prop. 16. Elem. 6.) . „ & = 2d, 
13. Therefore from 10 and 127, (per Ax.1. Ch. 2) > a * pry: = cf. | 
14. Which Equation may be reſolved into theſe 2 K 4:2 4 OO ca 
Propertiecals, wiz. -' - » - »- «© » o > : 15 r 
15. And by drawing 4+|-6 as a common Factor 
into each of the two latter Terms of the laſt Ans-C 4 2: cane , ca. 
LSD, - »- © - + © © © © 
16. And by caſting away the common Factor , 6. 
this Analogy ariſeth, . g * ag 


17. And from the laſt Analogy , by Diviſion of 
—_— 7 - „ pF 5 1 
18. Therefore, by comparing the Rectangle of the * 
extremes to the Rectangle of the means, . .F © —4 = th. 

eee 
But the laſt Analogy doth manifeſtly conſiſt of three Proportionals, wheredf the 
mean, to wit, tb is given, as alſo t the difference of the extremes 4 and a—t; there- 
fore the extremes ſeverally , the greater whereof is the deſired increaſe K N, ſhall be given 
alſo, per Probl. 12. Chap. 5. and the Theorem in 24* of the ſame Probl. gives this following 


CANON. 
*t + „/t + tb: = KN. That is, in words, 
Let it be made as F G the altitude of the given Rectangle, to D the ſide of the given 
Square; ſo 2D the double of the ſame (ide, to a fourth Proportional, which may be called I. 
Then to the Square of half that fourth Proportional T, add the Rectangle of T into FK 


the Baſe of the given Rectangle, and extract the { Root of the ſumm. Laſtly , that 
ſquare Root added to half T, gives K N the deſired increaſe of the Baſe. 


The Compoſition of the foregoing Probl,” 10. 


a—! . r 32 b * 4. 


20. 


8 H — 
E T 5 
33 
N A * 
Suppoſ. 


21. FGHK is a Q given. 
22. D is the ſide of a Square given. 
Reg. to find 


23. KN arightline to be added to F K, ſo, as FKN may he a ſtrait tine, and that 
GN being drawn, it may make AKLN = aD. 


Conftr, 


Chap. 9. —Mothematical Reſolution end Compoſition. 


Contract ion. 
24. By Probl. 8. Cbap. 5. let it be made as FG to D, fo | | 
2D zo a fourth 1 line, * it be found 7 n. 
T, therefore, . . 
25. By Probl. 9. Cha bad a mean Rropoetional , 1 
as M, nn therefore T. Mun M. FR. 
26. Making M o be che wean ef three Propottionals, 
and T che difference of the extremes, find the extremes 
(ſeverally, ( per Probl. 22, Chap. 5+ ) the greatiy> A- T. M M. A. 
whereof ſuppoſe to be A, then the Jefler (hall - | 
A — Ef therefore by"; 76 69 0 
That is, in 195 the 1aft ſtep of the Reſolution , . a—t „i:: th. 
27. Produce FK to ſuch aà point N, that KN may be equal tothe right line Ae 
in 26*, and draw GN; ſo ſhall A K LN be equal to the Square of the given line D, 
3s was required, Bum that AKLN = D, the following Demonſtration, form'd 


out of rhe preceding Reſolution by a r ition of the thereof in a backward 
(not direct) order will make manifeſt © * 


28. Neg. demonſtr. . . ' «- . © SR, 
AR 
29. By Conſty. in 6“ and 277, , 6 nn Hs 
That is, in 19* the laſt ep of the Mr 
Reſolution, 3 * * D . 6 
30. Therefore rom 29, ( pro 17. at 2 
Elew. 6.) per prop N- TN = o M. 
31. Likewiſe from the Coxſty. in 235 '> „„ - ». OR. 
32. Therefore from 30 * * 
Ax 1. Ch. 2.) O KN — COT.AN = COT.FK. 
That is, in 18*, > 46 — „% i=" 8 


33. Therefore from 32 e kN T T i; BK . KN. 
Elem. 6.) 
That is, in 17*, + > a—t - % 
T 


* from 33 by ey . KN 1: KN+EK , KN. 


That i 7 A 16*, , , > © A „ a 
35. And 34", by raking in he 

the common altitude FG, > N. T. : FG KNC AFC K. Or G, N. 

That is, in 155 898 ca +'b .; 6 4. 

are equiangular , therefore ( per . :: KN . KL, 


prop. 4. Elem. 6.) . « 

37. And —— per prop. 16. 
Elem. 6. ) 

38. Therefore from 35 Land 375 , by 
exchanging equal — 8 
9. And from 387% by rejecting t | 

: the commen altitude * _ KN 2200 
that is, FEN, 


OFEN, KL = FO, KN. 


36. And becauſe ANKL and irc 
5 KN . T:: FG, NFC, FK. FEN. RI. 


That is, in 14, ML . > th TTh 
40. Therefore from 35. por rep 6 

Elem.6.) + ny * = Ort. 

| Thats, inn3% = > anl = 


. And becauſe from the Conf. in 4 
"le „(ber prop. 16. Elem. 6.) . . 20D = F,. 


4. Theretore from 40* and 41*, CKN,KL = 200. 


Ax 1. C. 2. 
La — . —_ & on —r7x = 14h 


43. Bur (per prop. 41, Elem. 1.) . URN, KL = 24AKLN. 


\ 


44+ There 
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44. Therefore from 42* and 43*, (per Ax. 1. Chap. 2.) . 
45. Therefore from 44* , ( per Ax. 21. Chap. 2.) 


> 2A 
> AKLN = oD, 
Which was to be demonſtr. Therefore that is done which the 


Problem required. 


Probl. XI. 


In a given Triangle to inſcribe a Rectangle equal to a given Rect- 
angle. But the right line ariſing by the Application of the given Rect- 
angle to the Baſe of the given Triangle , muſt not exceed a quarter of 
the Perpendicular falling upon that Baſe, and conſequently the double 
of the Rectangle muſt not be greater than the Triangle. 

Note. By the Baſe of the Triangle given in this Problem, is meant ſuch a ſide as hath 
not an obtuſe angle at either of irs ends within the Triangle; for tis eaſie to conceive, 
that if the Triangle be obtuſangled at the Baſe, a Rectangle cannot be inſcribed within 


the Triangle, ſo, as that the Bale of a Rectangle may be a ſegment of the Baſe of the 
Triangle, and all the angular points of the Rectangle lye in the ſides of the Triangle. 


5 „ 
Fappeſ. In | 
1. CDE is a A given. 
2. 6 = CD the Baſe is given, and neither C C nor < D is obtuſe. 
3-p = EK the Perpendicular is given. | 
4. © ST, and the ſides thereof, to wit, SV and SQ are given. 
5. = SN —= CL or DN is given; whence, (5 CN = CST. 


Reg. to inſcribe 


6. FGHO a U within the A CDE, with condition that 
7. OFGHO may be equal to SJ. 


Re ſolution. 


8. Put à for the altitude of the Rectangle requi- 
— n 1 EB, 
9. Which altitude ſubtracted from the Perpendi- 2,  __ 
cular EK, leaves El, therefore from 3* and zo, $ þ — 6 = BY 
10. It is manifeſt by the Lemma pretixt before bay 
Probl. 11, Chep. 7. hat. '+ EK. EI :: CO. GH. 
11. Therefore (from 3*, 9® and 2*,) in a—_— p Fo LEES. by — ba 
ters belonging to the Reſolution, . . . 
e 


12. And becauſe according to the import of he? QFG.GH = OST. or c Ci. 
problem Ex. 4 * 


$ 4 = FG = KI = OH. 


13. Therefore (from 8* 1 15 2* and 50 in the by — be __ 
letters of the Reſolution, 0 7 = . 
14. Which laſt Equation is reducible to this Ana- „ by — ba 
logy, ( per prop. 14. Elem. 6.) . ' . .C *® * 22 d — 
15. Therefore from 11 and 14 (per prop. 1 1. 3 
E lem. 5. ) 0 o * . 0 . 9 By 5 * P 0 P — 4 . » — . . 


16. Which 
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16. Which laſt Analogy gives this Equation, (per prop. 16. 
Elem. 6.) . . he 64 » (i bo 8 „ 
17. And that Equation may be reſolved into theſe Pro- = 
portionals , 7 he — 8 9 
Of which three Proportionals the mean, to wit, „r is given, as alſo p the ſumm 
of the extremes, therefore the extremes ſeverally, (to wit, KI and EI, or EB and 
K B, the ſegments of the Perpendicular E K,) ſhall be given alſo, (by Probl. 13. Chap. 5.) 
and the Theorem in 2 1* of the ſame Probl. 1 3. gives this following 
CANON. 
G * * * 2e 5 viz. in words, 
215 — v:ip — pr: = KB (= EI) 

Firſt , let it be made as the Bale of the given Triangle, to one of the ſides of the given 
Rectangle; ſo the other ſide of the ſame Rectangle, to a fourth Proportional, which may 
be called 1. Secondly , from the Square of half the Perpendicular falling upon the ſaid 
Baſe, ſubtract the Rectangle made of the ſaid Perpendicular and fourth Proportional . 
Thirdly , extract the ſquare Root of the remainder. Fourthly , add and ſubtract the ſaid 
{quare Root to and from the ſaid half Perpendicular; the ſumm and remainder ſhall be 
ſegments of the Perpendicular, either of which may be taken for the altitude of the Re&- 
angle required to be inſcribed. Laſtly, the Baſe of the Rectangle ſought is equal to ihe 
right line ariling by the Application ot the given Rectangle to the altitude before tound, 

This Canon may be propounded in the form of a Theorem, which may eaſily be demon- 
ſtrated by a repetition ot the ſteps of the preceding Reſolution in a direct ( not retrograde) 
order; but taking the truth of the Canon tor granted, I thall proceed to the Compolirion 
of the Problem, tor the etfecting whereof, tis neceſſary that the given quantities be qualified 
according to the tenour of this | 


Determination. | 
19. The right line ariſing by the Application of the given Rectangle, to the Baſe of the 
given Triangle, mult not exceed a quarter of the Perpendicular falling upon that Bale ; and 
conſequently , the double of the Rectangle mult not be greater than the Triangle. 
Which Determination ſhews it ſelf openly in the Canon, 
where it appears, that to the end there may be a 5 6 pr not = 1p. 
of ſubtracting py from 3, tis neceſſary that . 
And conſequently , by dividing each part by p S »r not ©” 9. 
And by doubling each r. © <# 20 mt Co oof 
And by drawing b into each pact, . . , „ 276 not ©” 6. 
1 Id pn PE xrnrCAPRFRrATTTT 2"Þ 
8 


. * . . . . © _ 250 — CDE. 
Therefore from the three laſt preceding ſteps, by exchanging 2CIST not g ACDE 
equal quantities, . | : 


Therefore from the premiſſes , both the riſe and truth of the Determination are manifeſt, 
The Compoſition. of the foregoing Probl, 11. 


And by prop. 41. Elem. 1. . 


LEE 
ES SS WS 2 = * 


Suppoſ. | 

20. CDE is a A given, | N 1 f 

21, CD the Baſe is given; and neither ds > is obtuſe. 
* 


—_—_— 
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22. EK the Perpendicular is given. 
23. (AST, and the ſides thereof, to wit, SV and SQ are given. 
24, CL = DN = 55 is given, (per Probl. 8. Chap x.) 
25. CL not SEK. ( Determination.) 

Reg. to inſcribe | 
26. IFGHOin ACDE, fo, tha OFGHO = SJ. 


Conſtruction. 


27. By Probl. 9. Chap. 5. find a mean Proportional, as M, between E K and C L, therefore, 
„ nn 

28. By Probl. 14. Chap. 5. cut E K into two ſuch parts in I, that M (before found) may 
be a mean Proportional between the parts , which effection is poſſible if M be not 
greater than 2 EK; but that M is greater than 2 EK, I prove thus; 

By the Determination in z5*, . . - „„ ef SI ce SEK. 

Therefore by drawing E K into each part, . . . . «> OVER, CL not © 40ER. 

Bat from the Conſtr. in 27e, (per prop. 17. Elem. 6.) . . QEK,CL = OM. 

Theor tw the ts lnftprocing e ou en © $0 EK. 

Therefore by extracting the ſquare Root oui of each part, . > M not ? EK. 

Which was to be proved. Therefore tis poſſible to cut E K into two ſuch parts, that 
M ſhall be a mean Proportional between them; — — then it be done, ( per Probl. 14. 
Chap. 5. ) and that the parts are EI and K I, theretore El -|-Kl = EK. Alſo, 

| El (or EK — Kl). M:: M. Kl. 

That is, inz9*%, . .., p—4 + pr :: Vr. 4. 

29. Then ſet either of the ſaid parts of EK, ſuppoſe the greater part, from K to I; and 
by the point I, draw GIH parallel to CD. Laſtly, from the points G and + let fall GF 
and H O Perpendicularsto the Baſe CD, ſo ſhall FG HO be the incribed Rectangle 
required, But to make it manifeſt that the ſaid Rectangle will ſatisfie the Problem, wo 
things are to be proved, viz. Firſt, that all the angles of the quadrilateral Figure FGHO 
are right angles; and then that the (aid Rectangle is equal to the given Rectangle Sv. 

9300. . . 5 - » . - -  FGHBO na 


, 


Demonſtration. 


31 SpSrnEbERs —_ <> - . -- > GE ES 
32. Alſo by Conflr in 29%, . . „ GF and HO are LEO. 
33. Therefore, (per defin. 10. Elem. 1.) . . „ <GFO=J=<HOE. 
34. Therefore from 3, 32”, 3 3*, (per prop. 29. Elem. 1.) > FGHO is . 
Which was to be Demonitr. 

It remains to prove that CI FG, GH (that is, Ft Ii) = CST; but that 2 will 
be manifeſt by the following Demonſtration, torm d out of the preceding Reſolution by 
2 retrograde repetition of the ſteps thereof. | 


35. Neg. demonſlr., . . . . S, Gti (that is, Y FH) Qs. 


36. By Conſtr. in 2% „% EK-KI. M:: M . Kl. 
That is, in $975 . ” . . 29 * . . 

37. And from 22 297 and 34, 8 : 

38. Therefore from 36* and 37% % EK-FG. M:: M . FG. 

39. And from 38*, (per prop. 17. Elem. 6.) .> QR, FG. - FG SM. 

40. Likewiſe from the Conftr. in 27%, «. ER, CL M. 

rr) en ORG —oIG=OEKCL. 
That is, in 16*, MY er PT > Laby view Wo «> „ 4 — 44 — 7. 

42. Therefore from 41, (per prop. 14. Elem. 6.) > EK . EK - FEG :: FG . CL. 
That is, in 15%, * . * . » . . = *P 8 . p47 $ > = . . 

43. By Conſtr. in 287. | RS. ©." d *v „ H I CD. 

2 7 44. There- 
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44. Therefore by the Lemma prefixt before? EK. EK-FG :: CD. GH. 
Probl. 11. Chap. 7. „„ E! 
W /// / ĩ „ pP « p—4 :: 6 
. *and 44*, » 3b. | 
ET een oc os 
46. And from 45*, (per prop. 16. Elem. 6.) „ AFG, GH Cb, CL. 
47. But from the Conftr. in 24, e. 0 
4 ler 40 ; ws ( mf ys . , Oni (that is,FH) = ST. 
Which was to be Demonſtr. Therefore that is done which the Problem required. 
49. Note. If KB be madeequalto EI, then ſhall E B be equal to I K, (by reaſon of the 
common interſegment I B, ) and conſequently EK is cut in Bas well as in I, according 
to the import of the preceding Conſtruction in 2 8*%. Therefore if by the point B 
a parallel be drawn to theBaſe CD, as X BV, and fromthe points & and V, perpen- 
diculars be let fall upon CD, as XW and YZ, the inſcribed (I WY, that is, WX YZ 
ſhall be alſo equal to _— Rectangle ST, that is, SQTV,, and the D:monſtra- : 
tion may be formed as before, by taking KB or WX inſtead of KI, So two Rect- 
.* * inſcribed in the given A CD E, each of which is equal to the given Rectangle 
SQTV. 


| by—ba 


* 


Examples in Numbers to illuſtrate the preceding Reſolution of Probl. 11. 


Q 1 r 4 
| 
pl „ 
Suppoſ. 
go, CD S 168 the Baſe ; E 
115 oY — 5 the leggs | of ACDE are given ſeverally. 
* K 13 5 the ſides of ST, therefore aST = 1680. 
$5 OFH = OST = 1680. 
56. EK L CD. 


Reg. to find in Numbers, 
55 — >. +4 the ſides of © FH. 
; Solution Arithmerical. 


59. EK = 45, found out by the three ſides of A CD E given in 50*, 51*,52*, by 
the help of Theor, 4. in 68* of Probl. 8. Chap. 8. 
- 0 - "7 - 5 found out by the Canon in 187 of this Problem. 
62, FG = 3o = Kl, found out in 60“. | 
63, GH = 56 — FO, given from 55* and 62%, For £643 — 56. 
The Proof. 
64. FG, GH = 1680 = (QQSV,SQ, (= CAST.) Alf, 
p 15 (or 45 — 30) 56 :: 45 - 168; that is, 
px 4 EI (or EK—-KI) . GH :: EK . CD, 
66. Therefore by the converſe of the Lemma prefixt before Proll. 1 1. Chap. 7. 
GHH CD. Aſo G and H are in CE and DE. 
XX 2 | Another 
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Another Example. 

67. Again, the ſame A CDE. and its ſides being given in numbers as before in 50®, 51* 
and 51% you will find ( by the like Operation as in Example 1.) XW = 15 = YZ, 
and XY = 112 = WZ; whence the Area of (5 XL i is 1680, which is the ſame 
with the Area of 3 ST preſcribed in Example 1, And that the Rectangle XZ or 
WXYZL is inſcribed in AEDE, may be proved in like manner as before in 65* and 66. 


Probl, XII. 


Within a given Rectangle ro make a Rectangle, with this condition, 
that there may be an equal parallel diſtance between their ſides; and 
that the Space lying between the ſides of both the Rectangles may be 
to the inſcribed Rectangle in a given Reaſon. 


of, = _ x O- 
17 G\ | 


[ 
: 


wo 

OG > 

hh 
* 
0 

0 


"T1 
O 
| 
+> 
0 


hy 
2 
11 
(7) 
[ 
8 
O 


2 
£ 
* 
wh 
N 
> 


Smppoſ. 
CD is a O given, 
BC = AD is given. 
BA = CD is given. 
C. 
b — 


—= BC— BA is given. 
and s the Taxis of a given Reaſon. 

Reg. to make 
7. 2 EFGH within the H AB CO in ſuch manner , that 
8. Fl = GX = HL = EN. Ale, that | 
9. ABC,BA— FG, FE FC, „„ 


Prepar. 
10. By viewing the Diagram, and reflecting upon 7 
— is +. and required, it will be — lh. $ BC = FG +2GX (FI) 
— = . . 5 .> BA FE FZG (2 Fl.) 
12. An ubtracting the uation in 11 from 
that in 25 „ this — * — R 8 BC —BA=FG — FE (S4) 
13. Whence tis manifeſt that the difference between the length and breadth of the Rect- 
angle required to be inſcribed is given; for tis equal to the difference between the wag 
and breadth of the given [A ABCD. 


W 


[ 


Reſolution. 
2 - L, * — — of ihe n Rec- = rp — HG. 
8 from 5*, 1; 13˙ and wn i the longer BEL (= EG.) 
n pe * 55 . ' the Area of 7 „ 4 (= QEFGH.) 
Y ge nn E avec and 3* the Area of the e ghenz be (= © ABCD.) 
1 8, and 


y fubtraQing the Area in 16* from het be a4 — da (= BEGCHDEA.) 


in 17, - ms cone remain * | 
19. Therefore from 9“, 18* and 16 * 
the tenour of the Problem ghivAnalogy u Tis, vs An-. 08-66 


20, There- 
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20. Therefore from 19, by Compoſition of Reaſon, > . . „ :: be. 44 da. 
21. Now to avoid an Equation between Solids, let 
it be made as r-|-s to 3, ſo 6 io à fourth Pro- r 4s , . :: 6 „. 
portional, call it F, therefore . . | 


22, Therefore from 20 and 21 per prop. 11. El. 5.) > b . :: le. 474. 
23. And this Analogy, by reaſon of 72 N ; 
Factoc c is evident, (per prop. 1. Elem. 6.) viz. 27 * 


en 
25. Therefore from 24, ( per prop. 14. Elem. 5.) > aa + da = fe. 
26. Which Equation may be reſolved into theſe 2 * 
Proportionals, de... % i: „ 474 
Of which three Proportionals the mean, to wit, „fe is given, as alſo d the difference 
of the extremes 4 + d and 4, therefore per Probl. 1 2. Chap. 5. the extremes ſhall be given 
ſeverally, (which are the ſides of the Rectangle required to be infcribed;) and the Theorem 
in 24* of the laid Probl. 1 2. gives this following 
CANON. 
5 V: 2dd -|- fe: — 1d = EE. 
CV add fer: + 2d = FG. 
Make 7-|-s the ſumm of the Terais of the given Reaſon the firſt of four Proportionals, 
s the laiter of thoſe Terms the ſecond Proportional, BC or AD the longer ſide of the 
given Rectangle the third Proportional, and to thoſe three find a fourth, which may be 
called f. Then to the Square of half the difference between the length and breadth of 
the given Rectangle, add the Rectangle made of the ſaid fourth Proportional and the (aid 
breadch. Then to and from the ſquare Root of that ſumm, add and ſubtract the faid half 
difference, ſo (hall the ſumm and remainder made by that addition and ſubtraction be the 
deſired length and breadth of the Rectangle to be inſcribed; which length or breadih being 
ſubtracted from the length or breadth of the giyen Rectangle, the half of the remainder 
is the parallel diſtance between the ſides of both the ſaid Rectangles. 


An Example in Numbers, to sluftrate the preceding Reſointion of Probl, 12. 
Suppoſ. | 


W564 


5 viz. in words, 


. BC = 8 
" = 155 — 4 the (ides of the given Rectangle ABCD. 
= © 6 ö 8 the Terms of the given Reaſon. 


Reg. to make . * 3 
32. WEF OH within the C3 AB CD, in ſuch manner, that 1 5 
33. FI = GX = HL = EN. Alſo, 
34. OB C, 53A - FC, FE. FC, FEI :: R. 8: 23. $e 


Solution Arithmetical. 


35. BC, BA = 176000, from 28* and 299%. 
_ 4 „ > found out by the Canon in 279. 
38. FG, FE = 144000; from 36“ and 37*. 
39. — BC, BA — — FG, FE = 32000, from 35* and 38% 
The Proof. 
40. R. S :: BC, BA — FG, FE ◻ FG, FE. 
G 32000 . I 44000, 
42. FI = 20 = GX = HL = EN the parallel diſtance.. _ 
Another way of reſolving the preceding Probl, 12. 
43. The ſame things bei given and required as befc ' 


us beſo 8 | 
let 4 be put for the ſide of a Square equal to the in- 44 = (I EFGH, 
ſcribed Rectangle, therefore .. .. » +/+» » +> 1 
44. From 2 and 3* the Area rn r 
45. Therefore the difference of thoſe Rectangles is. be — 44. 1 ct 
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46. Therefore according to the tenour of the Problem 


this Analogy ariſeth , viz. «5 : be—aa . 44. 


47. Whence, by Compolition of Reaſon, this Anale y 
ariſeth , which gives the Area of the Rectangle 10 8 1 
„ 
From the laſt Analogy ariſeth G NON 2. 


. as 


As the ſumm of the Terms of the given Reaſon is to the latter Term, ſo is the Area 
of the given Rectangle to the Area of the inſcribed Rectangle; therefore the Area of the 
inſcribed Rectangle is given alſo. Then the Area of the inſcribed Rectangle being given, 
as alſo the difference of the ſides, ( for this difference, as before hath been thewn in 13%, 
is equal to the difference of the ſides of the given ReRtangle, ) the ſides (hall be given 
ſeverally by Probl. 1. of this Chapter. And laſtly , the length of the inſcribed Rectangle 
being ſubtracted from the length of the given Rectangle, or the breadth from the breadth, 
the haif of the remainder is the parallel diſtance between the ſides of both the Rectangles. 

This Canon may be exemplitied by the numbers given in the preceding Examp. 1. And 
in regard the Compolition of this Problem according to either of the ſaid ways of Reſo- 
lution will not be difficult to him that underſtands the preceding Problems of this Chapter, 
I thall wave the Compolition, and leave it as an exerciſe to the induſtrious Learner. 


— ——— = 


Probl, XIII. 


A Nobleman having made choice of a plot of ground for the making of 
a Garden of pleaſure, gives direction to a Surveyor to trace out a Rect- 
angle, or long-Square, whoſe length and breadth ſhall be equal to two 
given right lines BC and BA. Allo to make another long-Square 
within the former, in ſuch manner, that there may be an equat parallel 
diſtance between the ſides of both the ſaid —— Moreover, 
the Nobleman's deſign is, that the ſpace lying between the ſides of both 
the lon — —— ſhall be ſunk perpendicularly, to make a Mote or Ditch 
whoſe depth ſhall be equal to a given right line S, and the breadth thereof 
ſuch , that the earth digged out of the intended Ditch being layd upon 
the (aid interiour * as a Baſe, may be capable of raiſing a rect- 
angular Mount whoſe altitude ſhall be equal to a given right line R. 
The Queſtion is, to find out the length and breadth of the interiour long- 
Square, as alſo the breadth of the Ditch, that is, the parallel diſtance 
between the ſides of both the long - Squares. 


B I WE: ©.. 


7 2 „ 
P r = 
| "I 
L 1D 
11 A ye 
N . 42 
AW TV LDP 
Suppeſ. 
— * 28. the ſides of (I A B CD are ſeverally given. 
3. R = a right line given for the height of the deſired Mount. 
4+ 8 =. a right line given for the depth of the deſired Mote or Ditch. 


Reg. to find 2 
54 FG, or EH, the length of the interiour (I EF GH, 
4. EF, or HG, the breadth of the faid CO EF GH. 
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7. FI = GX — HL = EN the parallel diſtance. 
e, Rx (QDEFGH = $ x Plane BEGCDHEA, 
Canſtractian. 

9. By the preceding Prob/. 12. let a Rectangle or long Square be made within the given 
CI4A8BCD, in ſuch manner, that there may be an equal parallel diſtance between their 
lides, and that the Space lying between the ſides of may have ſuch 
proportion to the inſcribed Rectangle, as the given right line R. ( tbed for the height 
of the Mount,) hath to the given tight hine 8, ( preſcribed for the depth of the Ditch.) 
Now ſuppoſe that by the ſaid 12“ Problem the CO EFGH & fo made within the 
CIABCU, chat the ſides of the one keep an equal parallel diſtance to the ſides of the other, 
vis. Fl = GX — HL -- EN; and that as R is to S, fo the interval er Plane 
BEFGCDHEA, tothe EFG H. Then it will be manifeſt ( per prop. 34. 
Elem 11.) that RK x () EFGH ( which is equal to the Solidity of the Mount,) is 
equal to 8 * Plane BEGCDHEA, ( which is equal to the ſolidity of the Ditch ; ) ; : 
as was required, 

The quanities of che length and breadth of the inſcribed Rectangle ( or Baſe of 
the Mount,) as alſo of the parallel diſtance (or breadth of the Ditch ) may be found out 
3 numbers by cu her of the Canons ot the preceding Prebl. 1 2. and for the greater evidence, 

ſhall here add l 


An Example in Numbers , to iluſtrate the preceding Conftruttion of Probl, 13. 
S uppoſ. ' 


10, BC = 440 : the ſides of the given ABCD. 


11. BA = 400 
8 8 F 993 of the Mount to be raiſed perpendicularly upon 
9 b the given depth of the Dich BFGC DHEA. 
Reg. to find out in Numbers, 
14. FG and F E the ſides of Ꝙ E FGO H. Alſo, ö 
15. Fl = GX = HL = EN the parallel diſtance; with condition alſo, that 
16. RF G, F E may be equal to 8 * Plane BFGC DHEA. 


Solution Arithmetic al. 


— 
ö 

2 

[| 


17. FG = 400 > found em by the . = 0 : 
— quantities given in 107, 11”, 125, 137 according 
4 3 0 to the preceding Conſtruction in g* of this Probl. 13. 


The Proof. | 
20. FG, FE = 144000, the Area of CO EFGH, vic. the Baſe of the Mount. 
21. Rx AFG, FE =— 258000, the Solid content of the Mount. 
22. U BC,BA-COFG, FE = 320co, the Area of BFGC DHEA. 
23. $ x Area of BEGCDHEA = 288000, the Solidiry of the Ditch. 
24. Rx FG, FE = S* Plane BEGCDHEA = 288000, as was required. 


1 Proll. XIV. 


Within a given Rectangle AEF B to make a Rectangle CG H D, 
with this condition, that after the right lines E G and HF are drawn, 
the Spaces CG HD, EGHF, HD BF and G CAE may be equal 
to one another, and conſequently every one of them equal to a fourth 
part of the given Rectangle AE FB. 

E LX. 


Suppoſ. * 
1. AEFBis a O given. 
„an DB. M ge” 
z. EM = FK = HL = IG. | | 
4. IL GH = CD.. | 
5. £ AB = EF s given. A 
, AE = BF is given. 


1 1} 0! 


3 
n 
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Reg, to make 
Te DOCCGHD = EGHF = HDBF = GCAE — 2D AEFB. 


Reſolution, 


MN I] BASE ORE =3-ir ww, . 
9. en becauſe wy = , tis 
manifeſt from 25, 5 and 8, that 8 g—4a=IE TT L F. 
10. And becauſe by Suppoſ in 2* IE LE, - 
q 7 half of the Equarion in 97 gives 8 £ — 2 = IE = LF. 
And the ſumm of the e in 8* and 
10® gives 8  +:i:s= IF = EI. 
12. Then ſuppoſing QOCGHD to be equal ) W ; 
to 1 AEF B, that is, /; ler 4ſg be di- A = HD = BK. 
vided by a, that is, Gl, and the Quotient gives 1 
n . 13. And becauſe BE—BK = KF, by ſub- 


tracting UE from þ, that is, BK from BF, FA = KF = LH. 
A 


there will remain „ 
14. Now the Problem requires „ > IF,KF (chat is, EGHF) — *COAE,EF. 
15. That is, in the letters belonging to the N 4 : 
Reſolution, ( as appears by the 11 and wy 28 + ta x f — I. 42. 
ſteps,) * 
16. Which laſt Equation may be reſolved i into 
theſe Proportionals, viz. . 
17. And by doubling the two beſt Terms of : 
- that Analogy, this ariſeth , vis. S «If :: fo. f— *. 


18. Whence by Converſion of Reaſon, . t „ 2 * as 
19. And by drawing 4 into each of the two Sore RF. 4 


latter Terms of the laſt preceding — Z ＋ . A:: . K. 
20. And by dividing each of the two 49 
4 A 


2d teſto if 1: K. 


Terms of the oy in 19* by f, this 
gg 8 
Whence, by com aring the Rectangle of 
* means to the Rectangle of the * 8 aa + 2g. = g + 19a. 
this N . v vix. 
22. And by ſubtracting 3g from each part of the 
the _—_— 21 31. ariſeth, Ss 8 as ＋ N A. 
23. Which laſt Equation may be reſolved into oy 
— 2 4— vi. c 'F A E * E * 
24. But of thoſe three continual Proportionals, the mean, to wit, 2g is given, as alſo 3g 
the difference of the extremes 2 ＋ Zg and &, therefore the extremes ſhall be given ſeve- 
rally, ( per. Probl. 12. Chap. 5.) the lefſer of which ſhall be equal to the delited line 
CD, (= GH = IL,) repreſented by 4 in the precedent Reſolution of this Pro- 
blem : And the Theorem in 2.4* of Probl. 12. Chap. 5. gives this following 


0H > . | Ms « CANON. 
5 — e He: Le ee 
-That i is, ech, | 
To the Squate' df ori ei ighth part of the Baſe ( that is, either of the ſides ) of the given 
Rectangle, ——— the Square of the ſame Baſe, and from the ſquare Root of the 
ſumm ſubtradt ones kth part of the (ajd Baſe ; the remainder ſhall be that (ide of the re- 


quired Rectang h is a ſegment of the Baſe of the given Rectangle. Whence the reſt 
of the lines i ond am belonging to this Prob/. 1 4. ſhall be given alſo. 


26. It i . evident, t hat ro Term of any Analogy or Equation in the foregoing Reſolution 
ee rene of a — and therefore the forming of the Compoſition of 

this Prob e tion of the ſteps of the Reſolution will not be difficult 
to 5 that s the Reſolutions and Compolitions of the precedent Problems of 


this 


„nn 8... 1s. 
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this Chapter; waving therefore the Geometrical Effection and Demonſtration , I ſhall 
apply the Canon before expreſt to the Arithmetical Solution of the Problem propoun- 
ded, ; | 1 7 ; ( i% 


An Example in Numbers, to illuſtrate the preceding Reſolution of Probl. 1 4. 


Suppeſ. 


27. AEF B is 2 U, whoſe Baſe is AB» 
and altitude A E. 
28. AB = 10 = EF is given. 


29. AE = 6 = BF is given. 
Reg. to find in numbers , 


32. The quantities of the lines CD, (IL,) IE, (= LF,) HD, (= BK,) ERK, (HL, 
with thus condition, that the Area of every one of theſe four Spaces, to wit, (3 CGHD, 
EGHF, HDBF and GC AE may be equal to a quarter of the Area of the given 
Rectangle AEFB, viz. 


DOCGHD = EGHF = HDBF = GCAE = 15 = 2c AEPB. 
Solution Arithmetical. | : 
33. From 28%, by the Canon in 25% you a > CDS GH = IL. 
34. And by ſubtracting / g + from 10 x * a 
F 1 8 * —v/*12 =IE LF. 
* 4 6 
r mim Mona 
36. And the ſumm of the numbers in 33 and 35* 
37. Then by dividing 1 5 the Area of (5 CGHD, | 
that is, 2 of 60 the Area of U AEFB, 98 i ＋ 9 DH = BK. 
23+ — 2, chat is, CD, the Quotient gives 

38. And by ſubtracting 1 sg from 6, that? a 1444 FK HL 
is, BK from BF, there will remain nne 


So in the (ix laſt preceding ſteps the quantities of all the lines ſought by Probl. 14. 
— found — in numbers; but that they will ſatisfie the condition preſcribed in 325 will 
evident by 


The Proof. 
„ . y/*22 into 1 V 


4 400 


Mc ᷣ „ —˙ eo > into DH = CGHD. 

40. The Produt of . , . . *5+ y/*3% into 44 — aL — 

OY! EP TE Hr__R into FK 
Om Product BA 5 K 48s — n = CHDBK. 
42» The product of e 12e into A Arg AHKE 

That is, . . D . RF. into KH e N 
——— Producte nd i5 = OHDBK + A HKF = HDBE. 
44- And from 27*, zo“, 31* and CAE — HDBF = 15, 

43*, . . "Cz 7 0 2 \ 
45. Therefore from 39“, 40*, 43 and 44*, tis evident that 

OCGHD = EGHF = HDBF = GCAE = 15 AEB, ER. 

Which was to be done. All which Calculations will be evident to him that underſtands 
the Acichmerick of Surd- numbers, handled at large in Chap. 9. Book II, of this Tres 


bs 
= Yy Probl, XV. 
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Probl, XV. 


'T he Baſe , Perpendicular _ Proportion of the leggs of a plain Tri- 
angle bein feverall given, to find out the Triangle. But the given 
lines muſt to the — hereafter expreſt. 


Note. There is more than h given in this Problem, unleſs it requires a Triangle 
that hath either unequal acute or elſe an obtuſe angle at the Baſe ; in the firſt of 
thoſe Caſes the Perpendicular falls Within the Triangle, in the latter without; but the 
following Reſolution may be applied to each Caſe. 


D C * 
Stppoſ. 

1. A'ACN is acute-angled at the ends of the Baſe A C. 
2. A ACA is obtuſe-angled at C, the end of the Baſe A C. 
3. 6 = AC the Baſe is given. 
4 p = ND Xe Perpendicular is given. 
5. r and 5 are the given Terms of the Proportion of the * vic. 

pP . „ „ AN-, MC 3. AL IS 
6. #1” 8. 


Reg. to find the Triangle. 
1 Reſolution. 
7. Put 4 far the diſtance from the foot of 
the Perpendicular to the remoter end > 4 = DA or YA. 
of the Baſe, viz. ſuppoſe SM, 
8. Therefore from 3* and 7%, the di ance b—s, © 6—b; ws 


from the foot of the Perpendicular to 
the nearer end of the Baſe is DC or YC. 
9. The Square of which diſtance i is -> 44a—:ba+bb(= u DC ora xc. ) 


10. The Square of the diſtance in 7* is ? 4 (= u DA or d YA.) 


I. The f the given Perpendicu- 
8 y Sn (= a ND= aXY.) 


12, By prop. 47. Blow. 1. 8 S 
13. Lew aYC+aYrx(aND)=-pcxX, 


14. Therefore from 9 45 12 nd 13 
aa— 2 . bb 4- pp(= CN or Cx.) 


> 
the Square of the leſſer lens int 0 
_— of the Reſoluion, _= 
ain, by prep. 47: Elew. 1. -} a DA+aND = o AN. 
TS E oO YX (ND) = Ax. 
4 


* the Spare ts che greater EB F. EI n AN or O AR) 
conſequently the greates legg is Vas +pp: (= AN or AX.) 
19. Ayd from 4* , the lefler legg i is .> 4: 44—2be+bb+ pp: (=CN or Cx.) 
20, Therefore from 5, 18* and 197, ac- 


— Therefore from 10 5 _ , 16 and 


cording to the tenour of the Problem, 7 + * ** VA: . V/ a4—2bambbyh : 
21. Therefore from 2c* , (per prop. 22. 


Elem. 6. rr. un D. 4 zla TAU pp 


22. No in order 888 ales 
wherein the er. Power of the line 4 ; 
D's) 8 5 


22 exvece a Squate; tor 
find —— * 
may be called t, therefore, — 


23. There- 
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23. Therefore from 22* , ( per _— FE 


% EDS 


* — Elem. 6. & I. Rig* | 
24. Therefore from 217 and 230, (2 r.t:: AN. 44—2ba+bb4-pp 


. 11. Elem. 5. ) * wo 6% 
1 ore fi „ by Cony 
"If Reaſon, - 6%; 1 3 „% in an 1 2ba—bb. 


26. Therefore inverſ , , „ rt „ :: 2ba-bb | , 
27. Let it be made as t to y, ſobto | — 
a fourth Proportional, which may be P-—=8, n i. £ | 

FO, CMP ER! © 
28. Therefore from 26* and 27*, 
prop. 11. Elem. 5. II ny 3 
29, And by drawing 24 — 6 as 2 com- 
mon Factor into þ and F ſeverally, this 8 . f:: 2b4—bb 2 —fb. 
Analogy is manifeſt, (per prop. . EI. 6.) | 


©. Therefore f 8 and 29*, 
3 bn. Bhs. K * 5 2ba-bb , aa-pp :; 2ba-bb . 2fa-fbr 


31. Therefore from 30 ( 1 , 
Elem. 5. ) this Equation Me +2 ifs — fb = aa + pp. 
32. Whence, by adding fb to each part, > 2f« = as + pp + F6. 


33. And by ſubtracting as from each part * 
Ae laſt jon, thi ariſe, «7 2fa — 44 = op + f6. 7 


Which fl eding Equation — 1. | 
I; converted into this Analogy 2 1 -. „f: : vip: . 4 
35. But that Analogy doth manifeſtly conſiſt of three continual Proportionals , whereof 
the mean, to wit, : -b: is given, as alſo 2f the ſumm of the extremes 2f — 4 
and 4; therefore the extremes (hall be given ſeverally , (by Probl. 1 3. Chap. 5.) either 
of which may be taken for the line a Bagis, vie. * 9 
TVD = YA; 
Or, a= f—y:ﬀ#F — pp — fb: = DA. | 
6. From 34* and 35* tis eaſie to perceive that /: : cannot be greater than 7; 
. for the mean of three Proportionals never exceeds mt ſumm of 1 02 
bath been ſnevon in 20 of Probl. 13. Chap. 3.) But the faid /: pp : may ſome- 
times be equal to, and ſometimes leſs than 7; to the end therefore there may be a poſſi- 
bility of finding our a Triangle to ſatisſie the Problem propounded ,. the given lines muſt 
be ſubje to this following ven 
„„ . NR ** 
That is, in words, | 37 7 | 
Firſt , if it be made as V to 2, ſo 7 to a third Proportional :. Secondly, as the exceſs 
of y above t, to r; ſo the given Baſe 6 to a fourth Proportional f - Then the fide of 
a Square equal to the ſumm of the Square-of the given Perpendicular p and the Rectangle 
ff imo þ , muſt not be greater than f; for when the (aid lide to be greater than f, 
*tis impoſſible to find a Triangle qualified as the Problem requires, by the help of the given 
lines „ 4, b and p. | 4 NY 
This Determination is diſcovered by the three Proportionals in 34*, which are right! 
inferr'd from the precedi — and ſince the Reſolution is clearly i 
as well as Arithmetical, I ſhall take the truth of the Determination for granted. 


37. It hath before beeſſ declared in 3 55, that the diſtance ſought , which is repreſented by 4 
in che Reſolution, may be either of the two right lines or extreme Proportionals found 
out in the ſaid 35" ſtep Wh ey RI He Os Ye Een 
s/: pp + fb: , for then each of lines will be equal ro is evident by the 
ALA Tribes Chor 2 
the Problem , and that Triangle will always be obtuſe-angled ar che Baſe. But when 

it ha that /: ff: Af, wen the ſaid. extreme Proportionals, (to wit, the values 

1 Er xt | ——— in this Caſe the Problem pro- 


264 — bb . Er. 


pounded may be ſolved by tither of thoſe MK lines, or extreme Proportionals , 
Y 2 vic 
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viz. rwo different Triangles may be found out wherein theſe three things will be common, 
to wit, the Baſe, the Perpendiculat, and the Proportion of the leggs; of which Triangles, 
that which is formed by the help of the greater of the ſaid two right lines, (or extreme 
Proportionals ,) wilt always be obtuſe-angled at the Baſe ; but the other Triangle form d 
by the help ot the leſſer of the ſaid two right lines will ſometimes be obtuſc-angled at 
the Baſe, ſometimes acure-angled , and ſometimes right angled. Now to diſcover 
which of thoſe three kinds of Triangles will happen, 1 ſhall give three Rules , which pre- 
ſuppoſe the quantities of the given lines to be expreſt by Numbers. 


Rule I. 

38. If 2 + b cf, but * E not c 7; then the leſſer value of 4 in 33 
(chat is, f— /: f- pp :) is greater than the Baſe 6, and conſequently the Tri- 
angle form d by the help ot the ſaid leſſer value ſhall be obtuſe-angled at the Baſe 

Rule II. | 
39. If tf. + b = f; then the leſſer value of 4 in 3 5 is leſs than the Baſe, and con- 


ſequently the Triangle form'd by the help of the aid lefſer value ſhall be acute · angled 
at the Baſe. 


Rule III. 
40. If 2 ＋ Az then the leſſer value of à in 35% is equal to the Baſe, and conſequent. 


ly, the Triangle form'd by the help of the ſaid leſſer value ſhall be right-angled at the Baſe. 
The truth of Nale 1. may be demonſtrated thus; 


4l. « » « Suppoſ. in Rule t. ＋E＋ 1. but . + & nor . 
42. +» Req. demonſr. FV. F y = N: 1 as is afficmed in Ful f. 
Demonſty ation. 

,, ; >» > - + 2721 


44. Therefore by multiplying each part by b, . > pp + bb = fb. | 

45+ And by adding ff to each part in 44%, . » .+ #4 p + bb co ff . 

46. And by (ſubtracting pp from each part in 455, 
( which « r or the Deter mina - > ff E bb = ff — pp. 
tion in 30 ſhews to be poſſible,) it follows that 


47. Likewiſe by ſubtracting 276 from each part 2 ff + bb — 2 fb ff — pp — fb 


D 
8. And by extraRing the ſquare Root out of each — 
1 „„ 8 Ie: 
49. And by adding & to each part in 48%ũꝶ + FS Y- -f: 6. 
0. Wherefore by ſubtracti TW — — 'T 8 . 
f from each part in 49, IP 5. . 1 it F vf: . 
Which was to be Demonſtr. | 
After the ſame manner the truth of the preceding ſecond and third Rules may he de- 
. Monſtrated , and from the premiſſes the following Canon is deducible, for the Arithme- 
tical Solution of the Problem propounded. | 


CANON. 


51. Let it be made as y the greater Term of the given Reaſon, ( or jon, ) to - the 
leſſer ; ſo the ſatne « to a third Proportional, which may be called r. Let it alſo be 
made as the exceſs of 1 above r toy, ſo the given Baſe AC to a fourth Proportional, 
which may be called f. Then from the Square of f ſubtract the Square of the given 
perpendicular N D (= X Y) with the Rectangle made of f into the Baſe A C, 
and out of the rertainder, if any „ eutract the ſquare Root. That done, add the 
te ſaid ſquare Root to f before found , and the ſumm ſhall be the diſtance from the foot 
of the r falling without the Triangle upon the Baſe continued to the remoter 

- end of che Baſe ; which di we may ſuppoſe 40 be AY dN. 3, 2; 
S472 | and 3. 
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and 3. Whence CY = AY—AC is given; and conſequently, (per prop. 47. Elem. i. ) 
CX=4:oOCY+oXxt: is gin, and AX = UAF U Y &: is given alſo. 
Therefore A ACX, whoſe angle A C is obtuſe, is given, which f Gall call che firſt 
of the two Triangles that will ſolve the Problem propounned. 3 

Again, ſubtract the ſquare Root betore found, from the before memioned fourth 
Proportional f, and reſerve the remainder. Then obſerve whether the (aid remainder 
be leſs, greater, or equal to the given Baſe A C; if leſs, then the fait remainder (half be 
equal to A D, to wit, the greater ſegment of the Baſe A C made. by the falling of the 
Perpendicular ND within the Triangle ANC in Fig. i. 3 W 
is given, Likewiſe CN = y/: CD ADN: is given, and thereſare A ACN 
acute · angled at A and C is given, which I cahj the latter of the two Triangles chat will 
ſolve the Problem. But if the remainder befoge reſerved happens to be greater than 
the given Baſe AC, then the aid remainder (halb be the diſtance from the foot of the 
P-rpendicular falling without the Triangle to the remoter end of the Baſe, which di- 
ſtance we may ſuppoſe to be A D in Fig. 2. whence CD = AD—AC is given, and 
conſequently, ( per prop 47. Elem. 1.) CNS CD + ODN : is given. Likewiſe 
AN = N OAD +4- DN: is given; and theretore in Fig. 2. AA CN obtuſe- 
at C is given, which ſhall be the latter of two Triangles that will ſolve the Problem. 
But if che remainder before reſerved happens to be equab ta the given Baſe K C, then 
the latter of two Triangles that wilbſolve the Problem ſuall be right-angled at the Baſe, 
as the AACN right-angled at C, in Fig. 3. and conſequently, AN = /: GAGCþ-GN : 
(per prop. 47. Elem. 1.) is given. Therefore in Fig. 3. AA CN is givenaalo. 
| ly, when it ha that nothing remains after ſuberaction is made of the ſumm 
of the Square of the given Perpendicular N D and the o of the Baſe A C 
into the tourth Proportional f, from the Square of the fame 7; then f it felf ſhalt be 
the diſtance from the foot of the Perpendicular falling upon the Baſe cominued to the 
remoter end of the ſaid Baſe ; which diſtance we may ſuppoſe to be AD in A ADN 
in Fig. 4. Whence CD = AD-AC is given, and conſequenely, (per — 
CN = N CD DDN: is given: | Likewiſe AN = ASADE-O DR: is 
given. Therefore in Fig 4. AAC N obtuſe- angled at C is given, which is the only 
Triangle in this Cafe that will ſolve the Problem. 


TRIANGLES in Numbers , 15 illuſtrate the preceding 
Canon of Probl. 15. 


F I G6: 1. 


52. In this Fig. 1. the 
Triangles A CX and 
ACN, the firſt of 
which is obtuſe-angled 
at the Baſe AC, and 
the lattes acute-angled, 
have one common Baſe 
AC, alſo equal Per- 
pendiculars N D and 


XY; and the legps AC = 39 
AX,CX of A AG — 5.40 AX = 8153 
have the ſame Propor- ND OY SS = 5153 
tion one to the other, D 24 * ” 
as the leggs AN, CN DO — * YO 2 

of A ACN. =. = 57 


AN » CN. :: AX e:: 9. 3. 


F 


« 
+ # * 
» * a 46. td r 


— 


* FIC. 2. 


—— EÜ—wũãů 


—— a 
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53. In this Fig. 2. the Tri- 


angles ACX and ACN, 
each of which is obtuſe- 
angled at the Baſe A C , have 
2 e 
| Perpendiculars 
ad XY, and the ſeggs AX, 
CXof A ACX have the 
ſame Proportion one to the 
other, as the leggs AN, 
CN of AACN. 


* 


FIG. 2. 


7 2 

_ = = 
= 44/1025 

CN = 1% 


ND = 960 
DC = 36 
DA = 848 
AN. CN :: 


2111 — X 


- 
CORO OO SS SO „% „ GO „„ „ „% „ cccs us 


— 


= = $12 
= 44/570256 
SX = 34570256 
XY = 960 
YC = 2052 
YA = 2864 


AX . S: 4. 3: 


54. In this Fig. 3. the Trian- 


les AC X and ACN, the 
rſt of which is obtuſe-angled 
at the Baſe AC, and the 
latter right-angled , have one 


common Baſe AC, alſo e- 


| Perpendiculars ND and 
XY, and the leggs AX, 
CX of A ACX have the 
ſame Proportion one to the 
other, as the 4 AN, 
CNof AA CN. 


— 


55. In this Fig. 4. the Tri- 


angle ACN obtuſe-angled 
at C cannot be matcht with 
any other Triangle that ſhall 
have its Baſe, P * lar, 
and Proportion of the leggs, 
equal to the Baſe AC, Per. 


icular ND, and Pro- 
—8 8 leggs AN, A 1 
CN of the ſaid A ACN. AC =— 30 ND = 206 
AN = 24500 | DC = 10 
CN = 14500 AD = 40 
AN CN :: 2 1. 


Caſes, viz. 


Caſe 1. when 'y/:pp-Ffb: = f. 


56. It is preſcribed by the preceding Determination in 6% th STF ; 
greater (had 7, 1 had erefore divide the Compoſition of Wed, . 


15. into two 


Caſe 2. when /: p: = f. 


The Compoſition of Caſe 1. Probl, 15. 


Swppoſ. 


57. B a right line equal to the Baſe of a 
58, Þ a right line equal to the Perpendicular is given. 


plain Triangle is given, 


59. R and 8 
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59. K and > two right lines expreſſing the Reafon ( or Proportion) of the leggs of the 
ſame Triangle, are given. 
60. Rc 8. 


7: X 


A £ | — — qq... 7 
Reg. to find out the Triangle, 


— 


—— 


- KNA 


Conſtruttion. 
61. To the given lines R and 8 find a third on R. 8 
( by Probl. 7. Chap. 5. ) ſappoſe the line T, therefore . : 

62. Alſo (by Probl. 8. Chap. 5.) let it be made as RT KY; 
to 9 the given Baſe B to a fourth Proponional line E, R—-T.R::B. F. 
ther re % „„ & „ te. 5 - 

63. By Probl. 2. Chap. 5. find a right line M, ſuch that its SR | 
12 may be equal to P- ◻Ꝙ B, F, therefore '$ MSA PTR 

64. By Probl. 14. Chap. 5. divide the double. of F into two ſuch parts, that the line M 
may be a mean between them; which Effection is poſſible. for by Suppo/ in Caſe t. 
( betore expreſt in 56*,) the line M (thatis, V/: h :) is les than F; ſuppoſe 
then that 2 F is cut into two parts, Whereof the greater is equal to the line K, and the 
lefler equal to the line L; and that the line M is a mean Proportional between K and L. 
therefore theſe are Proportionals, viz. 5 { 

z:F -K . Mi: M. X. £9 RD. ou FW” 

L K | 
Each of which Analogies is correſpondent to that in the 34” ſtep of the preceding Reſo- 


ſolution, vid. 1 
2f —4 „in: :: h ,,: . 4 
Now by the help of the line K, found out as above, an obtuſe-angled plain Triangle 
to ſolve thc Problem propounded may be made in manner following, ve. 


65. Make AC = B, (the given Baſe. ) | | 
66. Produce AC to Y, ſo that AY may be equal to K, which is greater than A C, as 
may be proved thus , 5 | 


. 


TT x3 TJ ⁵- r 

Tho mn the Analogy in 625 ( per Coroll. of 14. prop 8 1880 

But by C. in 6% %% % „ „ „ „ ob ere 

Therefore ( per Ax. 3. Chap. 2.) , F C AC (or B.) 

And becauſe the greateſt of three Proportionals is greater than 2 K — FP 

half the ſumm of the extremes, therefore from 64*, . . . 

Therefore ( per Ax. 5. Chap. 2.) „ AT or KAC. 
Which was to be demonſtr. | 

67. Make YX L AY, alſo make YX = P, the given Perpendicular. 

68. Laſtly, from A and C (the ends of the Baſe AC) draw the right lines A X and 
CX to meet with the top of the Perpendicular YX in X, ſo the Triangle ACX 
obtuſangled at C, ( for as before hath been proved in.66*, AY = AC) ſhall be 

one 


_—y 


—__ 
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one of the two Triangles which in Caſe t. will ſatisſie the Problem which I prove thus, 

69. Firſt , by Conſtraction in 65* the Baſe AC is equal to the * Baſe B; ſecondly, 
by Conſtr. in 67 the line Y X is (yu to AC continued, and equal to the given 
Perpendicular P. It remains only to prove that the greater legg A X hath ſuch pro- 
portion to the leſſer legg CX, as R to S, which Analogy will be made manifeit by 
the tollowing Demonſtration, formed out of the preceding Reſolution by a repetition 
of its ſteps in a retrograde otder, viz. by returning backwards from the end to the 
beginning of the Reſolution. 


% ůͥͤͤ H n $ $$ AB Cx: 
Demonſtration. 


71. Foraſmuch as by Conſtr. in 64*, . 2F—HK.M :: M. X. 
72. And by Conſtr. in 6 „„ . . „ „Ar = K. 
73. Ther . . > «© 2F-AY .,M :: M Ax. 
That is,in 34*,\the laſt ſtep of the Reſolution,) > 24 . y/:pp+fb: :: y/:pp-fb: . 4. 
74. But from 73* (per 17. prop. 6. Elem ) EA N Mr ; 
75- And by Conſtr. in ss. „„ DP + OF,B = OM. 
76. 2 irom 74* and 75, (Peri. Ax. . r, Ar- NAVY = OP--OE,B 
Chap. 2. cc 8058 * 
77. ou becauſe by Conſtr. in 67*, 
78, And conlequemly, . . « . «. +» 
79. And by Conſtr. in 66% -- « «© « „ — B. | 
80. Therefore out of 76*, 78* and 79%, .> 2QCIFAY-DOAY = OYX-|-COF, AC 
That is, in 33%; . , „%% + » 2fa—ansa = pp + fb. 
81, And from 80*, by adding GAY to each part, > 2CQQF, AY=DAY-þ+OYX4-CF,AC, 
e SEPA: 2. - % = as. + pp + fb. 
82, And by ſubtracting QF, A GC from eat „ 
part of the Equation A 8 f AY -f, AC = DAY-OYX. 
That is, in 31 „„ 2 — f = an -| pp. 
83. And this following Analogy is maniteſt, ( per prop 7. Elem. 5. ) for the firſt and third 
Proportionals are one and the ſame , and the tecond and fourth equal one to the other, 
(as hath before been proved in 82*, ) 
20 AC, AV — AC. 264 — 66 
oAY + £ Wr WW . aa 22 
eee R mere GER : 
2 0E, AX - OF, Ac 2 — fb . 
84. And by reaſon of the common altitude 2 AV - A C in the two latter Terms of the 
ſubſequent Analogy, it will = manifeſt ( per 1. prop. 6. Elem. ) that 


b 


F 72 hat i 2 o f 23 
rg eee 
2DOAY — UF, AC 24 — 
85. And becauſe the two latter Terms of the Analogy in 84, are the ſame, and in the 
ſame order with the two latter Terms of the Analogy in 83% therefore from 8 3* and 
84* ( per 11. prop. 5. Elem. ) theſe ſhall be Proportionals , viz. | 


AC SB 


VV NN 
— 
de 
l 
* 


AC . 
2 that is . in 80 * 
20 AC, Ax - MAC. * 3 an . 
' oOAY +oaYXxX.. 44 E pp 
86, But from the Conſtr. in 62 and 65% . AC . F:: RT. K. 
That is, in 27%, «„ „ , „ 
87. Therefore from 85 and 86®, (per 1 1. prop. 5. Elem.) theſe ſhall be Proportionals, viz. 


R—T » Fm , 
K 21 " * p' 20 
2 CAC, AY - MAC et, in 26, 4 1 — 6 
AT + OYX . aa - pp . 
88. And 
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88. And from 87, by Reaſon Inverſe, thefe are Proportionals , viz. 


R « * 
RT :: 6. — 2: 
OAY + OYX. ee wk x 

2CIACAY — AC — . 
89. And from 88*, by Converſion of Reaſon, theſe are Proportionals, vie. 


R * 
T :: which anſwer to thoſe in 24 
OAY--oYX. in the Reſolution, . 
OAY—2DOACAY + oAC+ori . 
r . 8 :: aa+pp a-. 
90. And becauſe by Confftr. in 61%, . . „% R. 8 :: 8. T. 
That is, in 22”, ITS THY any BIS CT LED Be OE * e t. 
91. Therefore (per Cerall. of 20. prop. 6. Elem.) . f R. T:: MR. os. 
IDSTEHS oo oo >. A d 20 OA 
92, Therefore from 89* and 91, (per 1 1. prop. 5.Elem.) theſe ſhall be Proportionals, viz. 
| OR. | 


28 :: 5 which anſwer to thoſe in 21 
OAY -+aYkx. vir. 

OAY-2DACAY+oAC--aYytx. 

r. „ :: 24 t- + a4— ba bb+pp. 
93. And becauſe by Conftr. in 67%, 6 YX LAY. 
94. Therefore (per 47. prop. 1. Elem.) . . .> OAX = OAY + OYX, 
o5- Lhenie © » © » + +» © 63> OR = OCY + OBYEC. 
96. Moreover by Confty. in 66“, and by the agr. T CY = AY — AC, 

97. And conſequently , ( per 5. Theor. 4. Chap.) > 2CY=DOAY-2QACAY-H-OAC. 
That is, in % . ob D „ 2bea o+ bb. 
98. Therefore if inſtead of QCY in 95“, we take that which in 97 is found equal to 

C, the Equation in 95* will be reduced to this, viz. 

| CX S NAT —:DOAC,AY+-oAC-+E ofa 
99. Likewiſe if inſtead of the third and fourth Proportionals in 925, we take thoſe | 

which are found equal to them reſpectively in 94* and 98*, the Analogy in 92* will be 

reduced to this, viz. R. 8 * AX. a cx. 


109. Wherefore ( per prop. 22. Elem. 6. ) 
R. S * AK. CK. Which was to be Dem. 
101. Another Triangle to ſolve the Problem in Caſe 1. before expreſt in 56*, may by 
the help of the keller Root L before found in 64*, be formed thus, viz. Let the lines 
before given and found out in 57*, 58*, 59*, 60%,61*, 63%, 63*, 64*, together with ie 
Diagram ſanding berween 60* apd 61" be here repeated , then will the Conſiruction 
as followeth. 


7: | X 


A ML : 1 —.—. 


i 


to find out the Triangle. 


& 


MoS AO 
| 


by 
| 


* 
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IT Conſtruction. 

102. Make A C = B (the given Baſe. ) 

103. Upon A C, continued if need be, make AD = L, which leſſer Root L, (as before 
hath been ſhewn,) will ſometimes be greater than the Baſe; but ſuppoſing it be dilcovered 
(by Rule 2. in 39“ of this Probl.) that L is leſſer than B, or AC, cut off from AC 
a ſegment equal to L, as AD. 

104. Make DN AC in the point D, alſo make DN = P the given Perpendicular. 

105. Laſtly, from the ends of the Baſe A C draw the right lines AN and CN to meet 
with the top of the Perpendicular D Nj, in N; fo the Triangle ACN acute-angled 
at A and C, (tor by Suppoſition A D is lefler than A C,) will ſatisfie the Problem, as well 
as the A A C before found. For firſt, by Conſtraction in 102 the Baſe AC is 
equal to the given Baſe B: Secondly, the Perpendicular DN (by Conſtr. in 104*® ) is 
equal to the given Perpendicular P; and by a repetition of the ſteps or the Reſolution 
in a backward order, in like manner as before in the preceding Demonſt ration, ſaving 
that L muſt be uſed here inſtead of K, and N D inſtead ot XY; it may eaſily be 
proved that the leggs AN and CN are in the given Reaſon of R to &. 


Moreover, when the leſſer Root L is greater than the Baſe, the Triangle formed by the 
help of ſuch leſſer Root (hall be obtuſe-angled at the Baſe, and the Conſtruction and De- 
monſtration in every reſpe& like to that by the greater Root. 

But it muſt be remembred, that when the Perpendicular falls within the Triangle, 
then the Square of D C is equa] to the Square of AC — AD; bur when it falls without, 
then the Square of YC is equal to the Square of YA — AC: So that before the Con- 
ſtruction and Demonſtration by the lefſer Root be entred upon , it will be requilite to find 
out the kind of the Triangle, by the help of the three preceding Rules in 38*, 39%; 40*; 


and when it happens that . s : J U ＋ pp: . p, then tis evident (by 47. prop. 
I. Elem. ) that the Triangle formed by the leſſer Root will be right-angled at the Bale, 
and in ſuch Caſe there is no need of further proof. 


The Compoſition of Caſe 2. Probl. 15. 


106. Which Caſe, in the letters belonging to the pre- 2 
. ceding Reſolution preſuppoleth . . . . . . .$ * 


f = V/: = 4. 
107. And conſequently , by ſquaring each part., . ff = pp+ fb = 44. 


108. That is, in the lines of the enſuing Conftr. and Diagr. > DAD = DN CAD, AC. 


Suppoſ. 
109, AC = the Baſe of a Triangle is given. 
110. DN = the Perpendicular is given. 
111. Rand & two right lines expreſſing the Reaſon of the leggs are given. 
113. RS 8. 
Neg. to find the A. 


4 N 
; | © 4 
| 2 1 — 
. r 
A C 
Conſtruction. 


113. By Probl. 7. Chap. 8. let it be made as R to 8; fo $ to a third Proportional, ſuppoſe 
it be found T, therefore, 


„ © „„ 


114. By Probl. 8. Chap. 5. let it be made as R-T to R; ſo A C to a fourth Proportio- 
nal, ſuppoſe it to be AD, therefore, 


R 
Which fourth Proportional A D ſhall neceſſarily be greater than A C, becauſe R is 
greater than R— T, 
ONE 9 475. Make 
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115. Make DN AD in the point D; then from A and C, the ends of the given Baſe 
AC, draw the right lines AN and CN to meet with the top of the Perpendicular 
DN in N; ſo ſhall A CN be the Triangle required. For firſt, the Baſe A C is equal 
to the given Baſe; alſo the Perpendicular N D is equal to the given Perpendicular. 
But that the leggs AN and CN gre in the given Reaſon of R to S, it may eaſily be 
demonſtrated by a backward repetition of the ſteps of the foregoing Reſolution, in 
like manner as before in the Compoſition of Caſe 1; with this Caution, That as often 
as à is found in the Reſolution, f mult be taken inſtead of 4, becauſe in this ſecond Caſe 
F is equal to 4; for ſince by Suppoſition in 106*, F Vp fb: it will be evident 
trom 35*, that f = 4. But in regard the Demonſtration of this ſecond Caſe differs 
not from that of the following Prob/. 16. I ſhall wave it here. 


COROLL ARY. 

116, From the premiſſes it follows, that the Perpendicular D N of the Triangle ACN 
formed in Caſe 2. (before expreſt in 1069, 107® and 108®,) is a mean Proportional 
between A D and DC the diſtances from D the foot of the Perpendicular falling with- 

out the Triangle to the ends of the Baſe ; and conſequently, (per prop. 6. Elem. 6.) 
the Triangles ADN and CDN are equiangular. See the laft preceding Diagram, 
and compare it with this following Demonſtration. 

AD. DN :: DN. DC. Alſo, 

17. 49 Es 2 AADN and ACDN are equiangular. 

Demonſtration. 

118, — S «nat „„ 2 OAD = aDN-þ QAD,AC. 

119. Therefore by ſubtra ing AD, A = 
from each part , IE = hes '$ OAD — QAD,AC = oDN. 

120. And from 1197, (per prop. 14. Elem. 6) 3 
theſe are do Lo — 2 '$ AD . DN :: DN. AD-AC. 

121. But tis evident by the laſt preceding Dia- 
VSS | 

122. Therefore from 120* and 1215, f AD. DN:: DN DC. 

123. Therefore from 12 2*,(per prop. 6. Elem. 6.) > ADN and AC CDN are equiangular. 

Which was to be Demonſtr. : 
From the preceding Corollary and Conſtruction of Caſe 2; the following Probl. 16. 
is deducible. 


— — 
— — — 


Probl. XVI. 


To find a plain Triangle obtuſe-angled at the Baſe, and that the Baſe 
may be equal to a right line given. Alſo, that the Perpendicular fal- 
ling upon the Baſe continued may be a mean Proportional between the 
diftances from the foot of the Perpendicular to the ends of the Baſle: 
And that the leggs of the Triangle may be in a given Reaſon, ſuppoſe 
as R to S. 


— — 


R — 

| •——ͤ 
Suppoſ. N 

t. AACNis obtuſe-angled at C. 

2. AC the Baſe is given. 

3. ACD is a right line. 

4 DN LA. 

5. AD. DN:: DN. DC. 


6. R and S are right lines given. 
E 
Reg. to make the A A CM. 3 i 
Conſtruct ion. v | 
8. Making R the Grſt of three Proportionals, and 8 the ſecond, find a third, ( per 7. Probi. 
5. Chap.) let it be T, therefore | 11H | 
R 


0 =” 27 8 . ; | 
22 2 ge Alſo 
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9. Alſo making R— T the firſt of four Proportionals, R the ſecond, and the given Baſe 
AC the third, find a fourth, (per 8. Probl. 5. Chap.) ſuppoſe it be AD, therefore 
e 
Which fourth Proportional A D ſhall neceſſarily be greater than A C, becauſe the ſecond 

Proportional R is greater than the firſt R — T. 
10. Find a mean Proportional, as DN, between AD and D C, (per 9. Probl. 5. Chap.) 


therefore , AD. DN:: DN. DC (= AD—AC,) 


11. Make DN L AD in the point D; then draw the right lines AN and CN, 
ſo ſhall A C N be the Triangle required. Now we muſt ſhew that it will ſatistie the 
Problem: Firſt then, A C the Baſe is equal tothe right line preſcribed for the Baſc , 
and from the g* ſtep it is leſs than A D; therefore the angle ACN is obtuſe : Se- 
condly, the Perpendicular ND, (by Cenſtruction in 10, ) is a mean Proportional 
between A D and D C, (to wit, the two diſtances, from D the foot of the Perpendicular 
ND, to A and C the ends of the Baſe AC.) It remains only to prove, That the 
leggs AN and CN of the Triangle ACN, are in ſuch proportion one to the other 
as R to S; which Analogy I ſhall make maniſeſt by the following Demonſtration , 
formed out of the Reſolution of the preceding Probl. 15. by a backward — 
of the ſteps of the ſaid Reſolution, in Caſe 2. (but reſpect muſt be had to the Caution 
given in 115 of the ſaid Probl. 15. 


„„ ON. 


Demonſtration, 


13. Foraſmuch as by Confty. in 10%, , . .> AD. DN DN. DC(AD—AC.) 
14. Therefore (per 17. N Elem.) . .} AD -O AD, AC = DN. 
addition of HAD, AC, > AD = a DN + CO AD,AC. 


Ad, AC, q. © « LEO * ” 
13. And becauſe in the following Analogy the firſt and third Terms are one and the 


Proportionals, 
20 AD- AD, AC 

19. And the ſubſequent Analogy , by reaſon of the common altitude 2 AD — AC in the 
two latter Terms, will be maniteſt, ( per 1. prop. 6. Elem.) viz. 

AC. AD :: 20 AC, AD - AC. 20AD-OA D, AC. 

20. And becauſe the two latter Terms of the Analogy in 19 are the ſame and in the 
ſame order with the two latter Terms of the Analogy in 18*, therefore from 187 and 
19%; ( per 11. prop. 5. Elem. ) theſe ſhall be Proportionals, viz. 

AC . AD :: 20 0AC, AD —- oAC . pBAD-+ DN. 

21. But by Coenſtruction in 9, 

Ae. AD f: RA. . R 

22. Therefore from 20 and 21%, ( t ü. p. 5. Elem. ) 

- Rai , ab -dAC. daD HDN 

23. And from 225, by Reaſon inverſe, 11 0 | 

| R.R—T :: DAD + DN « LCIACGAD — DAC. 2 

24. 
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24. And from 23*, by Converſion of Reaſon, theſe * be Proportionals, viz. 


| T' 2 . 
o AD + 0 DN . e *roportionals, 
oAD+oDN+oAC—:0 ACAD 


25. And beet by Cnfln m8”, . c' Þ Re $3: $2 Te 


26. And conſequently , (per Coroll. of 20. prop. * 
6, Elem ) A (P at R . T . QR . As. 


27. Therefore from 24* and 265 ( _ T Arch. 5-Elem ) theſe ſhall be Proportionals, viz. 
 __ 
1 Proportional 
oAD-+ oa DN. 1 
AD tFNODN TLM AC - 20 AC, AD 
28, And becauſe by Conftr. in 11*, „ DN I AD. 


29. Therefore, per 47. prop. 1. Elem. ( teſpect . 
being had to the Diagram,) © ted '$ O AN = DAD + 0 DN. 
zo. Lane, «© co.» + dd 
31- Again, by Conſty. in 9*, and by view of the — 1 
1 T ĩ˙Ä’—ðÜvdü AG 
32. And conſequently, (per Theor. 5. Chap. 4.) > QDC=OAD4OAC-:2QADAC. 
33. Therefore if-inſtead of DC in 30*, we ſet that which in 32* is found equal to QDC, 
the Equation in 30* will be reduced to this, viz. 
OCN = GAD -+ OAC - 2:zDAD,AC + DN. 
34. Likewiſe, if inſtead of the third and fourth Proportionals in 27% we take thoſe 
Squares which are found equal to them reſpectively in 297 and 33*, the Analogy in 27* 


will be reduced to this , OR. as:: AN. OCN. 


Is. Whedon . - B44 :32 AN. CM 
Which was to be demonſtrated. Therefore that is done which the Problem required. 


Two points (A and C) being given in a Plane, to deſcribe a Circle 
in the ſame Plane, that two right lines drawn from thoſe points to concurr 
in any point of the Circumference may have a given Reaſon; ſuppole 
the greater line to the leſs, as R to S. 


Conſtruct iam. : 

1. Upon the given line A C as a Baſe, to wit, the ſhorteſt diſtance between the given points 
Aand C, make (by the preceding Prob/. 1 6.) a Triangle ACN obtuſe-angled at C, 
and ſuch , that the Perpendicular N D falling upon AC produced, may be a mean Pro- 
portiona] between AD and DC; alſo, that the leggs AN and CN may be in the 
given Reaſon of R to S. Therefore by that Conſttuction theſe are Proportionals , vis. 

AD . DN :: DN . DC. | | 


=. 5" 250 Ss | as 
2. Then from the Center D, at the diſtance of the icular DN, deſcribe the Circle 
DGNEQ, which ſhall neceſſarily cut A C,; for by Conftrwdion DN is a mean 
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Proportional between D A and DC, which DC being but part of DA is leſs than 
D A, therefore the mean, or Semidiameter DN or DG is leſs than D A, but greater 
than DC. Now | ſay the Circle DGNE Qis that which is required by the Pro- 
blem, and therefore we muſt ſhew that if two right lines be drawn from the given points 
A and C to meet in any point of the Circumterence of that Circle , thoſe right lines 
ſhall have ſuch proportion one to the other as the given lines Rand S8; the demonſtration 
whereof I ſhall divide into three Caſes , in regard there may be a threefold polition of 
the point taken in the Circumference; for the point may be either E, or elſe G, to wit, 
the ends of that Diameter which lyes in the ſame ſtraight line with the given line AC, 
or laſtly ,- the point may be taken in any other part of the Circumference, as H; which 
Caſes I ſhall demonſtrate in their order. 


Preparat. 


3. Foraſmuch as in the Triangles A DN and C DN the angle at Dis common, and the 
4 ſides about that angle are Proportionals , for by Conſtructiom in 1* it hath been made, 
as AD. DN:: DN. DC, therefore (per prop. 6. Elem. 6. ) 
A AD N and A CDN are equiangular. | 
4. But we muſt enquire which n_= in thoſe like Triangles are equal one to the other. 
Firſt then, becauſe the angle at D is common, the angle C N D in A CDN muſt be 
equal cither to the angle AND, or totheangle NADin A ADN, but the angle 
C ND being but 8 of the angle AN D cannot be N to it, therefore 
<CND = < NAD. Alſo, <NCD = AND. 
5. In like manner, becauſe by Conſtr. in 1* and 2*, 
AD . DN (or DH) :: DN (or DH) . DC. 
6. Therefore, ( per prop. 6. Elem. 6. ) 
A ADH and A CDH are equiangular. 
7. And for the like reaſon as before in 4*, 
CHD = < HAD. Aloo, <HCD = <CAHD. 
Theſe things premiſed , I ſhall proceed to the Demonſtration of the three CASES 
before mentioned. 


Q 
E . „ID... een. 
Demonſtration. 


9. Becauſe by Conftr. in 1%, . . . . . 
10. Therefore by Compoſition of Reaſon, 22 
11. And becauſe ( per deſin. 15. Elem, 1. „„ DE = DN. 

12. Therefore from 10 and 11%, . . AD-DE . DN :: DE--DC . DC. 


Bros . DN :: DN . DC. 
P 
13. r AE , DN :: CE . DC. 
| 


AD DN. DN 


14. Therefore altern . . . . . .} AE . CE :: DN . DC. 
15. Again, it hath been proved in 37, that A ADN and A CON are equiangular. 
16. 2 1 3 <NCD = <AND. 
17. Therefore from 15 16*, A 

K* Elem. 6. ) . < - "© "> AN - DN 8 CN 5 DC. 
18. Therefore altern) . . .> AN , CN :: DN , DC. 
19. But b Con „ in 93 . 62S. £8 „ AN * CN 72 R 4 S. 
20. Therefore from E R 8 


& 
2 
O 
9 


prop. 5. Elen.) 
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21. But it hath been proved in 14*, that AE. CE :: DN . DC, 
22. Therefore from 20“ and 21, (per 11. 0 
L 8 N n K 
Which was to be demonſter, 
d3- - - - 3h Ap Dao. , Ke 
Demonſtration. 


24. Foraſmuch as by Conſtr. in 1, „ AD . DN:: DN . DC. 
25. Therefore by Divilion of Reaſon, . .> AD-DN . DN:: DN-DC. DC. 
26. And becauſe ( per deſin. 15. Elem. 1.) >, . . « , DG = DN, 
27. Therefore from 25 and 26%, „ AD—-DG . DN:: DG-DC . DC. 
28. That is, (as is evident by the Diagram, p AG. DN:: CG , DC. 
, , e DC. 
30. — —— ge er xe — . DM DC. 
31. retore from 297 and 30% “ per 11. IF 
. ? a '$ RS Bt G00 SG 
Which was to be demonſtr ated in the ſecond place. 
J2 + «.o. 43k og Don = »> - © © . $ 3x AB CH 
Demonſtration, 


33. It hath before been proved in 6*, that . > A ADH and A CDH are equiangalar. 
34. And in 7%, tht . . . ... . .5> <HCD = <AHD. 
FO "_ 9 ( per . C CH . CD :; AH . HD: 
36. And akernly, . . . „ CH. AH: :: OO. HD(er DN.) 
37. Therelore invarfly, - . . „ AH. CH :: DN e. 
38. But 1 mn 20% th >» N d 3 DN C2 
39. Therefore from 37* and 38*, (per 11. 8 

og TR or ß * AH . CH. 

Which was to be demonſtrated in the laſt place. Therefore that is done which the 
Problem required. | 


— — H— — — 


Probl, XVIII. 


To divide a given Triangle AB C into two parts which ſhall be 
in a given Reaſon, ſuppoſe as AH to HB, by a right line D K drawn 
from a given point D without the Triangle. 


FIG. 1. . 2 FIG. z. 


Prepar. 


1. By the given point O draw D E parallel to the Baſe A B, and continue the leggs C A, 
CB beneath the Baſe , then the point D will either lye between the Increaſes of the 
leggs , as in Fig. 1. or elſe in one of the ſaid Increaſes, as in Fig. 2. or laſtly , between 
the Increaſes of the Baſe and one of the leggs , as in Fig. 3. | 

2, Divide the Baſe AB in H in the given Reaſon, and draw CH, therefore ( per 
prop. 1. Elem. 6.) AACH. AHCB:: AH. HB. veh 

3. In Fig. 1. let a line be drawo from the given point D to C the angle oppoſite to the 

Baſe AB, as the line D C, which will either cut the Baſe A B in the point H, n 


UI GLA <A A 47% eas 4 rs 4 
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. In every one o 


the Baſe is divided in the given Reaſon, in which Caſe the Problem is evidently ſatisfied; 
or elſe in ſome other point N, and then the point H will either lye between N and A, 
or between N and B; if H lye between N and A, then the deſired line of partition 
to be drawn from D will cut AB and AC; but if H lye between N and B, then the 
ſaid line of partition will cut AB and BC. 


. In Fig. 2. where the given point D lyes in CB increafed, tis evident that the line 


of partition to be drawn from D ſhall neceſſarily cut AB and AC. 


. In Fig. 3. the line of 1 to be drawn from D will ſometimes cut AB and A C, 


ſometimes it may paſs by the angular point B and cut AC only, and ſometimes it will 
cut BC and AC; but which of theſe lines will happen to be cut when the given point D 
is polited according to the Definition in 15, relating to Fig. 3. may be diſcovered by the 
Rule hereafter given in 34* of this Problem. 

* thoſe three Caſes before defined in 1*, which may happen by the various 
poſition of the given point D, the Reſolution of the Problem propos d will be one and 
the ſame. Suppoling then it be diſcovered, that the line of partition to be drawn from D 
muſt cut AB and AC in each of the three preceding Figures, the Scope of the Re- 
ſolution is to find a point in AC, as K, to which a right line being drawn from D, 
as DK, this line D K may cut the Baſe AB between H and N in Fig. 1. or between 
H and B in Fig. 2. likewiſe in Fig. 3. between H and B, (or elſe pals by the angular 
point B,) fo as to make the Triangle AK L equal to the Triangle ACH, whence 
it evidently follows that LK CBS AHCB, and AAKL . LKCB :: AH . HB. 
Theſe _—_ premiſed , the Reſolution of the Problem propounded may be formed in 
manner following. 


Suppoſ 


— —— ro tome tf and W_—_ 


7. ABC is a A given in Fig. r. 

8. D is a point given without the A ABC. 
9. AH and HB are in a given Reaſon, 
10. 6b = AC & given, 

11. c = AH is given. 

Iz.g = AE is given. 

13. ) = ED (HAB) is given. 


| Reg. to find E = 
14. AK ſuch a ſegment of A C, that DK being drawn, it may make 


D 


15. AALK . LKCB :: AH . HB :: A ACH. A HCB. 


Reſolution. 


16. Suppoſe that done which is required, and put . > AK. 
17. Then by conſidering 2 what is "__ 1 _ 
by viewing Fig. 1. it will appear tht A AL K ; 
— AACH, and that CAL is common to AK. AH :: AC 
both Triangles ; therefore (per prop. 1 5. Elem. 6.) 
18. That is, in the letters of the Reſolution, . 
19. And becauſe A AKL and A EKD are equi- 
angular, ( for by Conſtr. in 1* ED H AL,) 
therefore (per prop. 4. Elem. 6. 
20, That is, in the letters of the Reſolution, . . 5 
21. And becauſe the fourth Proportional in 19? 0 


5% S003 =o 
EK . AK :: ED. 
. 


the ſame with the fourth in 197, therefore the 

fourth Proportionals in 187 and 207 ſhall alſo 

be equal to one another, vis. . . . . . 
22. Now to avoid an Equation between Solids, let 


W> 
* 

BU 
© t 
* 


it be made as h̊ to h, ſoc to a fourth Proportional, 
gon be called m; ue 5 
23. Whence, by comparing the Rectangle of the 
extremes to the Rectangle of the means, this 
Equation is produced, 1s. . . , | - 


a 


AL. 


* 


AL. 
ha 
a+g 


24. There- 
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24. Therefore from 21* and 2 3*, by exchanging 2 5 
equal quantities. „% g a” 

25. Whence tis eaſie to inferr that theſe are Pro- 4 1 
gartieaals,- ,, é, ĩͤ vv., ]ĩ— - S_— 2 


26. But it hath been ſhewn in 20% that. ,> g. an hb . 


27. Therefore from 25* and 26*, (per prop. 11. 
5 Ys 8 2p 

28. And from 277, by comparing the Rectangle of > Ky 
the extremes to the Rectangle of the means 8 RT I nts Ll 

29. And from 28*, by ſubtracting m from each 


„ nrg - 4. 


ON EDT ano opti e bk 
30. Which laſt Equation may be reſolved into theſe 3 
Proportionals, x '$ e $3201 Ss 
31. Of which three Proportionals , the mean, to wit, „ng is given, as alſo m the dif- 
ference of the extremes à and 4 ; therefore the extremes ſhall be given ſeverally, (per 
Probl.12. Chap. 5.) the greater whereof is equal to the deſired line AK, which (by the 
Theorem in 247 of the ſaid Prob/. 12, Chap. 5 ) will be found equal to this right line, 
(or number,) viz. 


N am + 4: 4mm ng: = AK = a. 
Fram which Equation and premiſſes we may deduce this following 
CANO XN. 


32. Let it be made as E D to AC, ſo AH to a fourth Proportional, which may be 
called M; then to the half of M add the ſquare Root of the ſumm of the Square of 
half M and the Rectangle of M into AE, ſo ſhall the ſumm of that addition be the 
value of A K ſought. 


33. This Canon ſerves to find out the value of the line AK in every one of the three pre- 
ceding Figures, and when the given paint D js poſited according to the Definition of the 
Grſt and ſecond Caſes in 1, as in Fig. 1, and 2. it is eaſie to diſcover from what hath 
been ſaid in 3 and 4*, which of the ſides of the given Triangle AB C will be cut by the 
line of partition to be drawn from D. But when the point D is polited according 
to the Definition of the third Cale in 15, as in Fig. 3. then it may be doubtfull which 
of the ſides are to be cut; to remove therefore this ambiguity , obſerve the followin 
Directions, viz. Firſt, draw a right line from the given point D (in Fig. 3.) to paſs 
by the angular point B, as DBP; then is EABD a Trapezium, having (by Con- 
fraction) two parallel ſides AB and ED, and the other two ſides E A and DB 
which are not Narallels, being continued will meet in ſome point in AC, as in P, for 
(by Conſtruction) EA C is a right line. Now if AB, E D and E A be ſeverally 
given in numbers, the line A P ſhall be alſo given in number, for puiting g = AE, 
and h = ED, ( as before in the Reſolution,) alſo K = AB; the line A (by the 


Theorem in 9® of Probl. 18. Chap. 7.) will be found equal to 4 dis alſo 


manifeſt, that if a right line be drawn from any point in AC, between P and C, to 
the given point D, the line ſo drawn muſt neceſſarily cut BC, tor the line PB D is 
ſuppoſed to paſs by the angular point B; but if a right line be drawn from any point 
in AC between P and A to the point D, the line ſo drawn. will evidently cut A B. 
From the premiſſes theretore we may interr this following 

E TJ. 

34. If z / *mm + gm: the value of A K, be not greater than 758 7 the value 
of AP in Fig. 3. then the line of partition to be drawn from the given point D, ſhall 
either paſs by the angular point B, as the line DBP, or elſe cut AB in ſome 
point between B and A, and AC in ſome point between P and A. But if the 
ſaid value of AK be greater than the ſaid value of AP, then the line of partition 
will cut BC and AC, and in this latter Caſe a Parallel is to be drawn by the E 
D to BC, which is to be eſteemed the Baſe, and then the giyen lines b ing 

A a a reſpectively 


— 
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reſpectively changed, the line found out by the Canon muſt be ſet from C to- 
wards A. | | 

35. The Problem propounded needs not any Determination to be annexed to it, either 
to limit the quantities of the me lines , or the polition of the given point without the 
given Triangle. But becauſe from what hath been ſaid in 1*, 2®, 3®, 4® and 5˙, it evi- 
dently appears, that in every one of the three preceding Figures the given ſide A C 
muſt be greater than the quantity of the _ line A K, except only. in one Caſe in 
Fig. 1. when H lyes in the line DC, and is the ſame with the point N, for then 
AK is equal to AC; it will be requilite to prove, that in all other caſes the ſide A C 
is greater than that fight line which the Canon finds out for the value of AK, viz. in 


the letters of the Reſolution , that cu aum gn: The truth hereof 1 (hall 
firſt demonſtrate in this following 
25 FIG. 1. 


6, Let it be wade 28 E D te AH, ſo AC to a fourth Sas: 
, proportional line, which ma be called M, — ED . AH :: AC. M. 
37. Let it alſo be made as E D to AH, fo AE to 1 ED. AH :: Af . 

fourth proportional line, Q, — „ 2 . 

38. Then from thoſe Analogies it follows (per prop. 1 t. TO 

" {4 that Z 5 . We 5 5 AE . Q. :: AC . M. 
Reg. demonſtr. . . AC © iM+ : AEN 30M: 
2 Thar is, in the letters of the Reſolution, b c 3m T E . zm: 


| = Demonſtr ation, 

40. By Conſtr. in 1* , AN ED, there- 5 
fore in Fig. 1. A ACN and & ECDC EC Db mm. 

are equiangular, and conſequently, (per : 

prop. 4. Elem. G.)) | 

41. Therefore from-40*, (per guar: DOECAN = OE@AC. 
Sand. 6} .- Soo 37 5 ; wc : 

42. By Suppoſ. in Fig. .. . AN c AH. 

43. T I nn ER Ang c EC, AN c HEC, Ak. 
part, . - * > lth: - s 

44. Therefore from 41 ahd 43* (per QGED,AC = EC, An. 
Ax. 4. Chap. 2.) * . ” 0 * . . : 

45. And becauſe (as is evident by Fig.1.)> AC + AE = EC. 


6. Therefore from 45* , by drawing O AE, AH = QEC, AH. 
An into each part, 0 195 8 CAC, AH 4 : uo 


475. Therefore from 44* and 46* , ( per D, DAC, AH + OD AE, AH. 
Ax. 4. Chap. 25 S 6: ED, AC c „AH + 


48. From 36 it follows ( per prop. 16, M = AC, AH. 
Elem. 6.) thallt.. 2 by 3 

49. 2 — 3 .. ED, = AE, A. 

rern Db. Sc, AHT AAE, At. 
to that in 38˙ it mes EDM ED. f FO 


51. Therefore from 47* and'5o",' (pre CED, AC © © ED, M , © ED, Q. 


Ax. 4. e. 
52. 1 — 44, , 
day —ů—ů alhrode ED, 8 ACCMTQ 5 FR 


Chap. 9. 
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53. And from 52, by taking in the | | N 
common altitude A C, g 8 a AC OA, M2 OAc, q. 


e e ele, u 


5. Therefore from nd J 
1 Chap. 2. ) 5 6 885 (pe OAC - QAC,M + QAE,M. 


56. And from 55*, by ſubtractin ; CI | 
AC, M from exthpart, . . AC — DAC,M & DAE, . 


And by adding 2QM t h * | 
ne eo FRE DACHOM-QACMcCAEM+oM. 
58. From 52 tis evident, that > AC © EM. 
59. 2 = pk Fo _ 47 8 A: ACM: HAC M- AC, M. 
„ 8 ( af d: MN: © AE, M ＋ 20 M. 
61. And becauſe if one Plane exceeds 
another, the lide of a Square equal to 
the former iliall exceed the (ide of a> AC - Mc . AE, MT ITUNM: 
Square equal to the latter, therefore th! 
from ”_ 5 b 8 8 0 8 
62, Therefore from 61, by adding M | "= 
ro each — SI IE : * : AC SAM +4: AMT ZUM: 
Which was to be Dem. The like Demonſtration may be applied to Fig. 2, and 3. after 
N is ſer in the place of B in Eg. 2. and C in the place of P in Fig. 3. 


The Compoſition of the preceding Probl. 18. 
C \ 


I - 
8 . 

A * 
1 . 
* . 
P * 
. 
bo 
* 


FS 


L. 
D 


A 
EK * 2 


| Suppoſ. 
63. A ABC is given. | 
64. AH and HB are in a given Reaſon. . 
65. D is a point given without the A ABC. 
656. D E is AB, and given. | | 1 
67. AE the _— of CA continued until it cut DE is given. 
Ng. to 
68. AK fuch a ſegment of AC, that D K being drawn, it may make 
69. A ALK . LKCB :: AH . HB. 
Conſtraction. 1 
o. Suppoſin ( by what hath been ſaid in 1 25 3*, 4*; 55335 and 34) it be diſ- 
: . the line of partition to be drawn from D muſt cut the fides A B and AC; 
draw DE parallel to AB, and cutting CA continued in E. 
21. Then by Probl. 8, Chap. 5. let it bemade, as ED we ED. Ac :: AH. M. 
AC, fo AH to a fourth proportional line M, therefore a . 
72. Find a mean proportional line, as S, GIS W 8 „ 8 as. 
AE therefore 5 33 5 C50 + 8 2 4 
73. Then eſteeming the line S to be the mean of three Pro- 
portionals, and the line M the difference of the extremes, 
find out the extremes, (per Probl. 12. Chap. 5.) th 
pm whereof ſuppoſe to be the line R, whence the 
leſſer ſhall be equal to R—M, therefore theſe are 
P ionals ,, vis. 


Tha is, in 30“, the laſt ep of the Kae, IS 
22 2 
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74. From AC cut off AK R, which may be done, for that AC is greater than R, 
1 prove thus; 


By Conſtr. in 73*, O „ „ r . 
n N of Prob. 12 R = IML NUM. 


And becauſe from 72, (per prop. 17. Elem. 6.) AE, M us. 

. —_— the two laſt ſteps, * Ax. 6. 8 R = IML LEAE MH: 

But it hath been ſhewn in 62%, that . . f AC M- /: DAE,M4+0M : 

Theret6re from the two laſt PR ſteps, Ac R. Which was tobe Dem. 

( per Ax. 3. Chap 2.) 

75. Laſtly, draw the line DK , cutting ABi in Ks then ſhall the Triangle ALK beto the 

Trapezum L K CB, as A H to HB; which was required. The truth whereof will 

be made manifeſt by the following Demonſtration , formed out of the foregoing Reſo- 
lution by a repetition of its ſteps in a backward order. 


76. Fes. dem ftr. ALK. LKCB :: AH. HB. 
2M Demonſtration. 
77. By Conſtr. in 73 > Rn — @ 
That is, in 30“ (the * ſlep of the Reſolution,) > 4—m «omg :: Mg. 4. 
78. Thetefore from 77*, (per prop.17. Elem.6.) > OR — AMR = ad. 


79. And becauſe by Conftr. in 74? - % „ 

80. And from the Canſtr. in 72, (per prop. = OM.AE=0D0S. 
Elem. 6. N MI 

81. Therefore from 78%, 79* and 80· 


1 ex- 
changing equal — 5 $ AK — QM, AK = AM, AE. 


bender ien 81) by adding 2M, AK DO”. 
82 ercipre from 81* ing 0 D 0 
to each part, 8 1 AK = M, AK + QMAE. 

That is, in 28%, Pp + 44 = E. g. 
83. Therefore from 825 . Elem. 6.) > AK. M:: AKYCAE . AK, 

That is, in 275 8 6 , 6 :: . <4 
84. But becauſe A ER D and A AKL are like, 

(for by Conſtr. in 70° EDIIAL,) — ED. AL :: AK4-AE . AK. 

(per prop. 4. * 8 5 h 

2 ud R #IM 1 3 $- a +g » @Þ 
85. Therefore n 

IIe (per prop "SC AK. M:: ED. AL. 

That is, in 255, in 1 2 N. 

F | 474 4 

86. But by Conſtr. in 71, . rh. AC AH ED 
87. Therefore from 8 5 and 86, ( ( per prop. 23. 

Elem. 5. ) agreeable to Defin. 8. Chap. 3. 2 AK I. 

cerning Inordinate proportion, | 

That is, in 1852 -oÞ c be 
88. And becauſe A ALK and A ACH have a a 
common angle, to wn, <KAL, and ( 

pears by the Analogy i in 87*,) the ſides about > A ALK = A ACH. 


that are reciprocally proportional, — 
tore ( per prop 15. Elem. 6. 

89. Thes:for. y. ſubtracting 4 ALR 2 
A ACH ſeverally from the A ABC, the 
remaining ſpaces ſhall be 2 one to wacher 
vi x. 


90. But (per prop. 1 Elem, 6.) . - «> AACH. AHCE :: AH. HB. 


91. Theretore from $8*, $9* FA 90 2 2 
changing equal ſpaces , a * 5 A ALK . LKCB :: AH. AB, 


. Which was tobe demonſtrated. Therefore that is done which the Problem required. 
"3 © WE" 


Trapez. LKCB = A HCB. 
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An Example in Numbers, to 5Unftrate the foregoing Reſolution of Probl, 1 8, 
Smppoſ.. 555 
97. AAB C is given. 


93. D is a point given without 
the A ABC. 


94. DEH AB. ; 
95. CAE is a right line. : 
96. AB = 200. 
97. AC = 160, . 
98. BC = 120 \ 
99. DE = 140 ; 
100. AE = 25 D 
— — = = 5 in the given Reaſon of 7 to 13. 
Reg. to find 


irres: a de n 922. 
Solution Arithmetical. 
104. AK = 100, found out by the Canon in 32“, by the help of the lines given in 
numbers in 99*, 97*, 1017 and 1009. | 
AK+AE , ED :: AK . AL. 


I25 « $40 33. 30S :» TK 


106. CL (I AB) = 96, foundout by the three ſides of A ABC, by the help of 
T heor. 4. in 68* of Probl. 8. Chap. 8. 


CL:: „ AI 
107, KH (1 AL) = 60, for — — hin — i A 


108. AB x CL — g60o, the Ara of A ABC, 
109. ZAL x KH = 3360, the Area of A AL K. 
110. A ABC — A ALK = 6240, the Area of LKCB. 
| The Proof. 
&ALKE Lier :: BY - BG 2339. 5 
3350 > 0240 2: IS. - WE THER 25 


Probl, 'X I X. 


To divide a given Triangle ABC into two parts which ſhall be in 
any poſſible Reaſon given, ſuppoſe as AH to HB, by a right line K L 
that ſhall paſs by;a given point D within the Triangle. 

C | 
FN 


N a 
3 


105. AL = 112, for 


111. * . 


1 * 


** 


1 b | BF, 
E A. . AY 


2 
Prepar. 


1. By che given point D draw a Parallel to one of the ſides of the given Triangle, as DE 
parallel to the Baſe AB, and cutting AC in E. 

2. Divide the Baſe A B into two parts in the given Reaſon, as in the point H, and draw 
CH; therefore, ( per prop. 1. Elem. 6.) ACH. AHCB :: AH. HB. 

3. Then ſuppoſing it be diſcovered (by the Rule hereafter given in 3 17 of this Problem,) 
that the line of partition required to paſs by the given point D muſt cut AB and AC, 
the Scope of the Reſolution is to find a point in AC, as K, from which a right line 
being drawn to paſs by D, as KD L, the Triangle A KL ſhall be equal to the pry 

* 
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AH C, whence it evidently follows that LK CBS A HCB, and A AKL . 
LKCB:: AH. HB. Theſe things being premiſed , the Reſolution of the Problem 
propounded may be formed in manner following. 


Suppoſ. 
. A ABC is given. 
D is a point given within the A ABC. 
. AHand HB are in a given Reaſon, 
.b = AC is given. 
c AH is given. 
7 AE is given. 


ED (HAB) is given. 
Reg. to find | 
11. AK ſuch a ſegment of AC, that K DL. being drawn, it may make 
AAR . LKCB :: Ad... HB 2: AACH. A BCD. 
Reſolution. 


13. Suppoſe that done which is required, and put > 4 = AK. 
14. Then by conſidering well what is required, and 
viewing the Diagram, it will appear that A A R _ 
= ARCH, adde CAL is commonto AK . AH :: AC . AL 
both thoſe Triangles, therefore (per prop.1 5.E1.6.) 
15. That is, in the letters of the Reſolution, > 
16. And becauſe AAKL and A EKR are like, 
(for by Confty. in 1*, DEH AL,) therefore 
( per prop. 3. Elem. 6.) . . . . +» + » 
17. That is, in the letters of the Reſolution, . t g. a :: 5 
18. And becauſe the fourth Proportional in 145 5 _ 


909 $9 ApS 


; „ = 


1 AR een 4 


the ſame with the fourth in 167, therefore the fourth 
Proportionals in 15 and 1 7*; ſhall be equal to one 
„ 
19. Now to avoid an Equation between Solids , let, 
it be made as h to , fo e to a fourth Proportio- 
nal, which may be called u, therefore 
20. Whence, by — the Rectangle of the 
extremes to the Rectangſe of the means, this > 4m = be. 


I 
* 
0 
I 


Equation is produced, viz. . . «. . . .\ 
21. Therefore from 18* and 20*, by exchanging > bm ha be 
equal Rectangles, tis evident that 8 6 Ly 
22. Whence tis eaſie to inferr that theſe are Pro- 
portionals, G. 


331 Bi (= E.) 


23. But it hath been ſhewn in 17“, that .5 g. 4 :: 


24. Therefore from 22* and 23*,(per prep. 1 f. EI. 5. T a „ :: 2g . 4, 
25. And from 247, by comparing the Rectangle „ YT 


the extremes to the Rectangle of the means oat. 
26. From which Equation , atter due tranſpoſition, * 
this ariſeth, vis. . + = as = og 


27. Which laſt Equation may be reſolved into theſe 
- . - 5” ornate 8 224 % M$. 
28. Of which three Proportionals, the mean, to wit, Vn is given, as alſo the ſumm 
of the extremes, therefore the extremes ſhall be given ſeverally (per Probl.1 3. Chap. 5.) 
the values whereof , by the Theorem in 2 1* of the ſaid Probl. 1 3. Chap. 5. will be ound 
equal to theſe right lines, (or numbers,) vix. 


2 + 4: 2mm — me: 


| the two Roots of the Equation in 26*. 


Im — „„ — mg: 
Hence this 


CANON. 


od 
£ LEW 


N rn F 


Square of half M above the Rectangle of M imo A E, fo ſhall the ſumm and remainder 
made by that Addition and Subtraction be the two values of AK fought., ( repreſented 5 
by 4 in the foregoing Reſolution.) 


29. But to the end the ſaid values of AK may be Real, that is, greater than nothing, 
the given lines muſt be ſubjeR to this | 


Determmation. not , or =, that is, in words, 


The line A E muſt not exceed the right line ariſing by the Application of the Rectangle 
made of the lines AC and AH to the quadruple of the me ED. | 
The truth of this Determination, which is diſcovered both by the Analogy in 27, and 
by the values of 4 in 28* , may be proved thus, | 
It hath been diſcovered in 270, that theſe are Proportio- ? 
—— * 9 — & w—a . ym; : Mg . 4. 
Of which Proportionals the ſumm of the extremes is | 
evidently m, and the mean is ,/mg , therefore (as hath > ng not = zm. 
been ſhewn in 207 of Probl. 1 3. Chap. 5.) 


Whence, by ſquaring each part it follows, that g not . 3mm, 
And by Application of each part to , g net c im 
ahbe / %%% - „„ 4 * and 

And conſequently , by taking 1 of each part, 3 - = 2m 
Therefore from the three laſt ſteps, b 


Which was to be Demonſtr. 


30. It is alſo eaſie to perceive by the rwo Roots or extreme Proportionals found out 
in 2 8*, that if g — z, and conſequently mg = zum, then thoſe Roots will be equal 
to one another, viz. each Root equal to g, which, it it fall within the limits hereafter 
declared in the Rule in 31“ of this Problem, ſhall be equal to the line A K fought g 
But if g 3, then the (aid Roots will be unequal , and the Equation in 26* may 
be ex ed by each of thoſe Roots and ſometimes either of them may be taken for 
the value of the line A K ſought , but ſometimes only one of the ſaid Roots, and ſometimes 
neither of them. To diſcover therefore whether there be a poſſibility of —— 
problem or not, by the lines given in fuck manner as before is expreſt, the value of the 
line A P muſt be enquired ;. to which end, firſt, draw a .— 1 may paſs by the 
angular point B and the given point D, (in the precedene ) then is EABD 
a Tra ium having (by Conftr. in 1% two parallel des AB and E D, and the other 
wwo AE and BO, which are not Parallels, being continued will meet in ſome point 
in AC, as in P. Now if AB, ED and AE be ſeverallx given in numbers, the line EP ſhall 
be alſo given in number, for putting g = AE, and & =. ED, ( as before in the Reſo- 
lution,) alſo k = AB, the line EP (by the Theorem in 9“ of Probl. 1.8. Chep.7.) 


will be found equal to 2 to which adding g, thatis, A E, n makes 
for the value of AF. | 190k 927 47 5 


8 
4 


It is 
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It is alſo evident, that if from any point in A C between E and P, a right line be drawn 


to paſs by the given point D, as IDF, it ſhall neceſſarily cut the Baſe A B continued 
without the . ABC, as in E; but if a right line be drawn from any point in A C 


between P and C to paſs by the point D, as K D L, it ſhall neceſſarily cut the Baſe A B 
between A and B. From the premiſſes we may interr this following 


RULE, 


31. Firſt, if - *mm — mg: and zm — / 499m — mg: (the Roots before found 
out in 28* for the values of AK,) be unequal, and each ot them leſs than A C, but 


neither of them leſs than i , ( the value of AP,) then two right lines equal to 


thoſe Roots or values of à K being ſet from A towards C will end in two points, 
from which'if two right lines be drawn to paſs by the given point D, each of them (hall 
divide the given Triangle A BC into two parts in the given Reaſon. 

Secondly, if only one of thoſe Roots or values of A K happens to be leſs than A C, 
and not leſs than the ſaid value of AP, then the given Triangle A B C can be divided 
only by one right line paſſing by the given point D, fo as to cut both AB and AC, or 
A C only, to divide the ſaid Triangle into two parts in the given Reaſon. 

Thirdly and laſtly , if neither of the ſaid Roots or values of A K happens to be 
within the limits above expreſt , then tis impoſſible to draw a right line that ſhall paſs 
by the given point D, and cut both AB and AC, or AC only, and paſs by the angu- 

lar point B, to divide the given Triangle into two parts in the given Reaſon : And 

- if the like impoſhbility happen after a Parallel is drawn by the given point D to each 
of the other two lides AC, BC, and tryal made as beiore, it ſhall be impoſſible ty 
perform what the Problem requires; but when there is a poſſibility, then oftentimes 
which two ſides you pleaſe may be cut by the line of partition. | 


. 'The Compoſition of the foregoing Probl, 1g. 


- 
EN 
1 1 
BEY 


Suppoſ. 
32. A ABC is given. 
33. AH and HB are in a given Reaſon. 
34. — is KB given within the A ABC. 
35. DE B) is given. 
36. AE is given, 1 — greater than A Con 
termination in 295. 4E 
Reg. to find 
37. AK ſuch a ſegment of AC, that K D L. being drawn, it may make 
rene :: AH . HB :;: 'A ACK ;, oben 
Conſtruition. 
39. By the given point D draw . . . „ DE || AB. 
40. Then ſuppoſing it be diſcovered by the preceding Rule) 
in 319, that the line of partition _ - to _ by br { 
iven point D may cut AB and AC, let it be made i 
(by Probl. 8. Chap. 5. ) as E D to AC, fo AH to ED. AC :: AH. M. 
a fourth proportional line, which may be called M, 
eee ieee, 6 div 296 8 
41. Find a mean proportional line, as 8, between M and? . 8 .. 6c AE 
, > o +» = » #36 t 8 
42. Divide the line M (before found) into two ſuch parts, that the ling 8 may * mean 
| ropor- 


„ agreeable to the preceding De- 
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Proportional between the parts, which may be done (by Probl. 14. Chas. c. V if 8 
be not greater than 4M , but that S is not greater than a | prove dn F-) i 


From the foregoing Conſtr. in 40*, it is eaſie to = M — AC, A 


ceive that —_— 
Whence , by taking 3 of each part. „ 3M = . 
+ 


SAC, AH 
4ED 

Therefore from the two laſt ſteps, (per Ax.3.Chap.2.) v AE not = 4M. 

Therefore by drawing M into each part, , . .> QM, AE not g £ OM. 

-— my trom 41%, (per prop. 17. Elem. 6. .> OS= QMAE. 

erefore from the two laſt preceding ſteps, | 
Ax 4. Chay. 2.) . l . g "0 1 ö 
But if one Square exceeds another, the ſide of the ; 0 
former exceeds alſo the (ide of the latter, therefore 8 not c 2 M. 
from the laſt ſtep, „% as 
Which was to be Demonſtr, Therefore tis poſſible to cut the line M into to ſuch 
parts, that the line S$ may be a mean Proportional between them; ſuppoſe then the right 

line R be found the greater part, and I the leſſer, therefore theſe are Proportionals , vi. 

MM ſ.,. 0c = 
MY „ + 33 xz 

© es. cc-cq»- boo. v/mg :: omg « 4&4. © 

Which two lines R and T do anſwer to the two Roots or values of A K before expreſt 

in the Canon in 28*, is. 2 

R = Em + 4: mm — my: 
Ti doe the values * AK. 

43. Now ſuppoſing that by the limits in 31* it be diſcovered that the greater Root or 
line Ris leis than AC, and not leſs than AP, let the line R be ſer from A towards C, 
as to K, viz. make AK = R, and draw the right line KDL; then (hall A AKL be 
equal to AACH, and conſequently AAKL . LKCB :: AH. HB :: AACH , AHCB, 
as Was required, a 

And if the lefler Root or line T happens to be leſs than A C, but not leſs than A P, 
let the line T be ſer alſo from A towards C, (as to I in the following Diagram be- 
longing to the latter Example of this Problem,) and then a right line being drawn from 
the point in A C where T doth end, to paſs by the given point D, it ſhall likewiſe divide 
the given Triangle ABC into two parts in the given Reaſon. 

But if either of the ſaid lines R and T, which are to be ſer( as before) from A to- 
wards C, happens to fall between E and P, then the line of partition to paſs by D 
will cut the Baſe A B continued without the Triangle ABC, as, if Al be ſuppoſed 
equal to T, and the line 1 D be drawn and continued till it concurr with the Baſe A B 
continued, as in E, then although A A F be equal to A ACH, yet it ſolves not the 
Problem, in regard part of A A1F lyes without the given A ABC. 

It remains to prove that A ALK. LKCB :: AH . AB, but this will be 
made maniteſt by the following Demonſtration, formed out of the preceding Reſolution 
by a repetition of its ſteps in a backward (not direct) order. | 


44. . Req. demonſly, , . . « . ALK. LKCB :: AH. HB. 


By the Determination in 36*%, . . „ AE not c 


Demonſtration. 
45. By Conſtr. in 42%, 5 „ „„ — a - 
That is, in 27*,(the laſt ſtep of the Reſolution,) > m- « 4/myg :1 Ing. 4 


46. Therefore from 45*, (per prop. 17. Elem.6.) > MR — OR = DS. 

47. And becauſe by Conftr. in 43%, - „ AK = KR 

48. And from the Conſty. in 41*, (per prop. 17.0 M, AB = us. 
r 

49. 1herefore from 46*, 47 and 48˙, by =, MAK — OAK = HAM, AB. 
changing equal quantities e 
That b, in %%% „ „ „ % a RTOIEERSS 

B b b 
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50. Therejorp from. 49“, by adding OAK, 
and ſubtracting M, A E from each po, 
Thar is, in 25, 

51. Therefore by reſolving the antes! in 50 5 
into Proportionals 3 
That is, in 24%; l . 

52. But becauſe A EK b and A AKL are like, 
(for by Conſtr. in 39%, ED||AL,) "et 


(ee prop. 4. Elem. 6. ) 

That is, in 23*; . . 
53. Therefore from 51 and * 0 0 ol prop. I1 

Elem. Fo P, >< 4 


„„ 


fl 
To 
54. But by Conſtr. in 40% . "= x 
55. Therefore from 5 3® and . (pe prop. 23 
8 Elem 7. 1 to Defin. 8. Chap. 3. 
| That'i is, airs, © . j 4 
56. And becauſe A AKL and A ACH have 2 
common angle, to wit, TK AL., and (as ap- 
pears by the Analogy i in 55% the ſides about 
that angle are reciprocally proportional, there- 
p 15. Elem. 6. 
ö 0 
2 


fore ( per pro . 
rating,” AAKL and 


57. Therefore 
AAC ſeverally from A ABC, the re- 


Book IV. 
DAK = QM, Ax — QM, AE. 
424 = ma — mg. 
AK . M 28 AR — AE . AK. 
4 mM a—g 5 4. 
ED ” AL -»- AK—AE-, AK. 
' = 2—2 „ 
AK. M:: EO. AL ; 
3 ha „ be 
"WE = 5 (=—.) 
ED. AC AH . M. 
AK AC AH AL. 
3 E. 
4 


A AKL = AACH. 


maining aN _ be * one to another, Tage * CB = A HCE. 
„ 
58. But ( per prop. 1. Elem, 6 "pv A ACH. AHCB :: AH. HB. 
59. Therefore from 5 57 2 58, by * A AKL . LKCB :: AH * BB. 


changing equal Spaces . 
Which was to be demonſtrated. Therefore fy is done which the Problem required. 


An Example in Numbers, to illuſtrate the precedent Reſolution of Probl. 19. in which 
Example the greater of the two Roots or values of AK before expreſt in 287, « only 
— of ſolving the Problem. 


0 


A , * s er * "2p ; F 
T H I. B 

| Suppeſ. 

60. AB = 231+ the Baſe 

61. AC = 185 $ the l df A ABC are given, 

62, BC = 1384 BB 

63. D is a point given within the A ABC. 

64. DE || AB; and DE = 112 is given. 

65. EA = 25 is given. 

45 = _ 74 in a given Reaſon, vir. as 560 to 809. 
— 14 


68, CL, KH, IT are each L AB, 
Reg. to find in number, 


69. AK, ſach , that the right line KD L being drawn, it may make 
70. A A KL , 75 


LKCB :: AH . HB 560 . 80g. 


Solution 
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Solution A eic. 
71. 2 125 = owns tm bwys 28˙. found on by the Canon there 
expr | 


"The Prof.” | TH 
72, AL = 140; for 3 AK—AE , mY 7 AK —— 


100 1 22 Bay | 
73. CL = 111, found out by the three fides'of A AU pat Euere an, 
with the help of Theor. 4. in 68* of 1271 8. 1 8. 
74 KL = 253 for, 207 er 27 1 — Ak 5 N 
75. aB CL = 128344 e | 
76. 1AL * KH == 5250 the Area of A ART. - 
77. ABC A ALK — 75844 the Ares of LRCB.” 8 
8 A AKL . LKCB :: AH . HB :: $667 6. top. 
OE 9250 « 25843 +5: 94744. 136544 33 $60” - 20h. | 
Which wis to be done. I SE 
79. Nee. In this Example, Al Ad heffer of the to Roots or oe 6f AK i 23* fills 
between E and P, Nr for if ID be 
continued , it wil cut A B without the & ABE, inf. But ts work 
— that the A AF is equal to the AAKL, as thef rer 


14 = the leſſer Ban, found om bythe Cann 26 
5, Nei 65% 
z=Al —- AE 


* 522 


5 5 1 — „ ti & - - 
ne” | | bref a 
E EU A e! 
84. AF = 5603 for 505. 112 12 11 0 Fu _ hs > EY 
35. IT — 134; for 4 115 15 * 185 A ? 
85. ZAF x IT = 53550 = © 
Which was to be proved, 
Huther Example in Wikibers , referring 00 l 
a ER before expreſs in 28 uu cap Tail. 


A 22554 he Baſe 
15. 40 11 th b An are given. 
89. BC = 185 
55. D ig a point given within the A ABC. 
DEI AB, and DE = 367#* is given. 
= EA 38 is given. 


— ＋ wana 510. in a given Reaſon, viz. as 32 to 153. 


95. CL, KT 1 AB. 
in n = 
96. AK Wh ſuch , cha he right lines K D'G and 10 being dent theſe Ani 
Jagies. ſhall. enſus y; wit „ NO1815 8 31 | «As, 


KS „RCI A AH, Hd t . 
97.7 4 411 2e 2 AR ys 44> 28d! 16 10FBgi ) ] 


— 
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Selation. Arithmetical. 
95. 2 $455 5 the two Roots ef the Equation in 26: found out by the 2 in 28˙. 
The Proof by the greater Root A K. | 


100. AK = before 1 ont in 989. / | 
101, AE = — gien in | | tA. 
103, EK = 46 K A. 5 « 1:3 


103. ED = 36711 given in 915. * | FEW 
104. AG = 667%; for 2, m_ r 0 — xz aq + #, 
105. CL = 111 found out by, ſhe three given ſides of A AB C. hy > 
* AFI Un, 1. 141 
106, KT = 6734+; for 1211 5 361. n 
107. *AB x CL =, 128346 = — the Area of A A BC. 4 
108. ZAG 3. KT =: 2220 the Arca of A AKG. 
109. A ABC—AAKG = "166148 = the Area of GK CB. 
ris, *$:aiA KG; = GKCB. I 4 "OE IR 
lar Hb 28491 f vl 1064 A5 %% 1915 :: 32 153. 
— ue f by te bes Root 41. —＋ ont in 99˙. dbabnod 
Ad Iv 100 3017 *5%,h,e d! ii! : « y 
111. AL = 80; for 1. A AE 5 EDU . Al . AL 


* 5 ni noon v1 A. 5 . 100 on . - = FA .c? 
112. IH = 551 for 3 1382 ; — ** 692 * 552. BR. 
113. 1 AB x CL = 128344 = A ABC. FER F B 
114. 1AL x IH =: 220 = A A 


5 


115. & ABC — A AIL = 1061 — = urch. at pov; — 1A. 

158 AAIL . LICB 22 A AR - „ 3 +> 292. 

| ae 2220 106144 is. EI 32 053: 11 

D N rer x TT 6 — 
Probl, XX. I'S * 


E ofa bx line AB, w canner OW 
Fan 2 be we: when we cam 222 


S \\ 9 P 1 & 
I 


 Prepar. g 


4 5 x 0 83 8 4 * 1 , X 
H zn , 0197600 — > — bag 30 il 15 


» ſuppoſing 


a Station where A — B way be ben; and that there 


is tom from © N without impediment, meaſure CD u diſta 
7 re, ( in Feet, or 9 2 C DA may bes gt 


line; 
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line meaſure !ikewiſe C E, a diſtance at pleaſure, yet ſo, as CEB may be a ſtraight line. 
Again, meaſure E D; alſo D F, chat is, a diſtance directiy towards B, until you come to the 
point F, where D B and E A cut one another; meaſure alſo. FB. 
Secondly, in ſolving this Problem Arithmetically according to the following Reſo- 
lution, by the help ot thoſe five lines meaſured as above is directed, theſe are two prin- 
cipal Caſes, viz. firſt, when the angle ACB is acute; ſecondly, when tis obtuſe ;, and 
in regard tnc three lides of the Triangle C DE are ſuppoſed (as above) to be ſeverally given 
in numbers, we nay (by the Corollary in 45* of Probl. 10. Chap. 7.) diſcover the kind 
of every one of the angles of the ſaid Triangle. Firſt then, ſuppoſe it be found that the 
angles D CE and CED in the Diagram before expreſt are each of them acute, then if 
a Perpendicular be let fall from the angle CD E, as DI upon the Baſe CE, it will neceſ- 
ſarily fall within the ſaid Triang'ie CDE; likewiſe if the angle DCE be acute, and 
the angle CED obtuſe, then a Perpendicular from E will fall within the ſaid Triangle 
upon the oppolite fide CD; but if the angle D C E be obtuſe, as in the following Diagram 
belonging to the latter Example of this Problem tis ſuppoſed to be,) then a Perpendicular 
from D or E will fall without the Triangle D CE. * bi _*; 
Thirdly, let a Perpendicular be ſuppoſed to fall from E upon DB, as EG; this 
Perpendicular ihali be leſs than the Perpendicular DI, tor E G is manifeſtly leſs than the 
3 K, which is leſs than ID the Hypothenuſal of the righi-angled / Triangle 
K D. , dot , JO Wd | * 1 
Fourthly, ſuppoſing a Perpendicular to fall from A upon C B produced infinitely, it 
will either fall upon the point B, or elſe within or without the Triangle C B A; but in 
this Example 1 (hall ſuppoſe that Perpendicular to be A H, falling within the Triangle 
CBA. Now by the help of thoſe five lines. CD, C E, ED, DF, FE meaſured in Feet, 
or what equal parts you pleaſe, the length of rhe inacceſſible diſtance AB; may be found our 
in the ſame kind of parts, in manner following. „ 


Sus poſ. n 
1. 3 = CE = a | a 0 
2. 6 = CD = ES, Pf Ease 
3-4 = DF = Lines given. 
4+ f — F 5 = 5 , 
1.42 Dh = | | | % N bre 
6. 5 = > 5 bins ' Theſe are conſequently given, for 7 may be fonnd out by 
Tic nee - the help of the given ſides of A CED and A DFE, 
ay panes at (per T or,in2y and 36? of Probl, 9. Chap, 7 ® 

I, Req. to find EB and F. _ 5 

12 | © | 4 » Reſolmion. | p. 8 

10. Put 1 0 » p . 0 o S; 4 0 © = 7 4 - EB. » a4 
11. Then it follows from 7* and 10%, that , a+ kh = 1B... 12 
12. The Square of ile laſt Equation gives f 4 ,- 2 + = DO 18, 
13. To which Square adding the Square of p, thatis,>., , 4 % = l. 
14. The ſomm makes f 1444 tha kb DB. 
15. And becauſe in A'E 1D right-angled at I, % gf MN = ADE, 


16. Therefore from 1 4* 8 xd. 22 a „ 4s TK. ho Fe = D. 
17. And by ex racting the ſquare Root of the TE: : DB. 
| Baade: this Aff „„ „„ fo to 6 6 44 Ta ＋ | __ * 
18. By Suppoſition the angle CE D is acute, and/ e 
conſequently ( & Coral prop. 1 3. Elem. 1.)the angle C CODI,EB=CIEG,DB(=2ADEB) 
DEB is obtuſe, therefore (per prop. 41. Elem.1.) Py TINS. +7 


19. That is, in the letters of the Reſolution, . .7 pa = n * „HNA: 


20. Which laſt preceding Equation may be reſolved a — 
into theſe 8 , => 5 FA eg. 7. 8 2 Vi hee) 4 

21. The Squares of which Proportionals are a 4 * | 50 
2 — . é EO Fre 291%, 441-2 H 

22. Now to avaid an Equation between Solids z = 5 2 2 „ + TTY 

p and = find a third Proportional, call it 3, therefore Nen AN 22 


— ood — —H —— — 
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23. Therefore from the laſt Analogy this _ 23 
ariſe, (per Coroll. of 20. prop. 6. Elew.) . QF - W 27 Fo» $ 
24. Therefore from the Analogies in 215 _ = | 
.-23* chin is manifeſt, ( . — _ FS -#: » * 5 +227 » 4h. 
15. —. KY a0 30 third Pr i _ — *** 
26. unro 2K an a 0- 5 
nal, which may be called 95 nd Prop '$ 2k 1 55 
27. Therefore by — that . into vg th 


E ion, it gives 
8. Suppoſe 7 8 


e dp ii, 4 6 
30. — 2 * — 2 ** „r. 4 28 Ms (to a fourth) t. 
31. Then 290 300, it's maniſe er vo 
11. prop. 5, Elem.) that PS cher :: r 
al —— r tho t b 4 4 . 
33. Therefore from 3 10 and DEE! 11. . l. 
5. Elew. ) mY 
34. In which Jaſt Analogy , ' the firſt Term is 
paler 10 the thitd., therefore the ſecond ſhall > as = ta + ts. 
youu the fourth, vix. * 7 0 
35. Therefore tracting ta from eac ; 2 
Fo ike laſt Equation 38 . n 
36 Ther ore (by the Canon 43 of Probl.1 2. * . 
Chap. 5.) .  s * rn 
From 22, 26; 128% 30 and 36; ue eaſie to deduce this following 


CANON I:. 


37. Firſt, to p and u, (that is, DI and EG,) find | 
a third — which may be called 75 p - #8 :: „ 17 (=422.) 
therefore, . a 
Secondly, unto :k and g. (iat is, 2 IE and DE,) k | 
find athird Proportional, which may cee 24. 708 :: f (241. 
oxe rie ee 2 3 
Thirdly Nas CAS, 2 e pant.) 
Fourthly let i Macs: to « q, ſo to a fourth 7 +4 2 
Proportional, which may be called r; therefore, 5 r (et. 
Fiſthly and laſtly, by the Canon in 43* of © 
Probl. 1 2. Ch. 5. the quantity of EB (repreſented ir- EV: Err-þt5; = 100 = EB = = 4. 
by a in the Reſolution) will be made knoyyn, vi c. 
The Pon ry aur of the aid Canon is manifeſt by the preceding Reſolution, which 
is circa u as well as Arithmetically, and no quantity in any ſtep. thercof 
— 2 a Plane. Moreover, by converting the Analogy in 2 f into 
(Equarion; accorllirig to the vulgar way, the 'fo owing Canon will ariſe , 1 is the 
amen dare git te forme, but not ſo apt for Demonſtration, 
C A N O N 2. : 


bl Matciply k, andthe Square of 8 ſeverally by the Square of » , and divide each Prodo 
Thy the exceſs of the Square of , above the 8 ot en then add the latter 21 to 

- the $quare of ihe firſt, and extract the ſquare Root of the ſumm; laſtly, the 
| Root added to the Hirſt Quotient will give the (ame value of 4, (that i is, 100 = 25 


39. Nowin in order to find FB, fit, ,. f IE +EB=1IB= 126. 
#0; Thin eG 4 eo „ o> /:DIB ID: DBR 210. 
* And *. IM. - "3 0 „ D — DF = FB = 126. 
——- T6 find D A. 5 ; 

CD, DB, BC, DF, CE given or found out, (as before;) the 
gk of DX nog be thotncd by the being yiven or of Probl. 19. Chap. y. viz 


2tha$ths , ad :: 2thahrhs , ta4ts, 
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ma.. . DS. DI:: hf Er oem 
Then, - 2e. ES: CO; Aa 4 = Sn 9548) 


III. To find AH and CH. | | 
43- By Swppoſition A H is perpendicular to C H, and each of them may be found out thus, 
er e DI . AH ( = 33132.) 
IV. To find AB the diſtance required. ern 
44. Becauſe in this Example C H happens to be leſs than C B, (that is, CE -+- E 
ſubtract C H from 122 a * * 
CB — CH = HB = z. fo 
Then in A AHB right-angled at HH, „ — 
J: UAH UHB: = AB — er, thatis, 331, 652, Gt. 


45. Note. When CH happens to exceed CB, then the Perpendicular A H will fall 
without the A CA B, upon CB produced; in which Caſe C B is to be ſubtracted from 
C, and then the Square of the remainder being added to the Square of the P ien 
lar AH, the ſquare Root of the ſumm ſhall be the deſired diſtance A B. And laſtly, 
when C H happens to be found equal to CB, then the Perpendicular A H is the ſame 
with the diſtance A B. | | 7 


The Arithmetical Solution of Caſe 2. Probl. 20. viz. when the angle _ . 
ACB S obtuſe. 1 . 
A < | WED! BE 


BY 


* 
/ 


Suppoſ. | 

pF = CE = 638. 

e = CD = 415. 

4 = DF = 60+#32. > Lines given. 

f —= FE = 29143 

| us * EIS Theſe are conſequently given, for they may be found our 

NL by the help of the given ſides of ACED and ADFE, 
He OS 0 ( per Theor. 2. in 31* and 32 of Probl. 10. Chap. 7.) 

— I 3* ; : 


Reg. to find A B, 
Operation Arithmetical. 

Firſt, by Canon 2. in 38* of the preceding Reſolution 
| ou will find by the help of the reſpeRi enum. EB = 823, 
— 22 „ „ „ +» 
Secondly, . «. ec + oo oo 0 ot of IDSA = IB mages, 
Thirdly, in A DIB right-angled at I, , . . „.: DIB+ D: = DB= 1624. 
Fourthly, (by the Canon in 17 of Probl. 19. Chap. 7.) let it be made, 

DF . DB :: CE . (tcoa fourth, ) M = 16933423, then 

M-CB . EB :: CD. ( toa fourth, ) DA = 14677582. 
Fifthly, ., - « «© +» + + + + « + + rb, 


— 


384 Mathematical Reſ, olution and Compoſition. Book Iv. 


Sixchly, becauſe A CDI and ACAH are like, theſe are Proportionals, vir. 
CD. Cl. :: C . CH: ( = $2 524488, 


645 + ) 


CD!.' DI :: CA . AH (= 2800. 


517 

Seventhly , e "& . 4.0: &; ;@ > CH-CB = HB = 1984858. 

Laſtly, Nur A An Rande H. VHB -+ DHA : = AB = 2687352, Ce. 

Note. When the angle A CB happens to be a right angle, then after EB and DA 

are found out in like manner as before in 38* and 42 of this Problem , there will be given 

8 ad CB the ſides about the right angle A CB of AA CB; therefore (per prop. 47. 
ems. 1.) the ſquare Root of the ſumm of the Squares of thoſe lides (hall be the quantity 

of the Hypothenuſal AB, to wit, the diſtance ſought. 


* - LEMMA rt. leading to Probl. 21. 


lt li 1 Suppoſe 
. 2. ABCD is a Trapezium. 


2,>EFGH is a Trapeuium. 
3. E F | AB. 
4-'F'G || BC: 


12. El=ER= FL=FM = GN 


Reg. 2 
13. Al = — 8 CNS cO. 
13 FBI. 
14.3 S S GCN S GCO. .. S 55 
Demonſtration. 
15. ByS in 8˙ EIL AD, therefore 
1 g et... <AIE 
16. . wand 47. Elem. 1.) + „ DOAI + DIE 


17. —— . „e DAK + OKE 
ages.) = by 16* and 19* , (per Ax. I. 8 o Al + DIE OAK + DKE. 


19. By Suppeſ. in 12 E- KE, and conſequently > »'> © © « SE KE. 

20. T e from 187 and 197 (per. Ax. 9. AK. 
Chap. 2. ) N , = 

21. from 20˙ (. pp 48. .. — AK 


— 
— — 
— 
— 


Elem. 1.) 8 
| "Which was to be Demonſli 
22. Again, becauſe AE is common to the Tri- 
es AI E and AKE, and the other ſides 
of hoſe Triangles are correſpondenaly equa <EAI = < EAK. 
to one another, (as appears in 12 and 21% 
therefore ( per prop. 8. '— Þ © 
Which was alſo to be Demonſtr. 


And by the like — the truth of the reſt of the Equations in 13* and 14 
may be 


ed the 


— 


LEMMA 2. 


re then, ( reſpeR being had 
tt 71. 
* 
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<A 2 , | 
As Radius is to the ſumm of the Tangents of  < BEL 1 
I.» + » Req. demonſtr. So El (or EK) to AI + LB-+ NC PD. I — | 


Demonſtration. 
2. By Smppoſotion in 12* of L IJ... . EI = FL = GN = HP. 
3. Therefore theſe four following Analogies will be manifeſt by a vulgar Axiom in the 
Doctrine of plain Triangles, vix. 

Radius EI :: Tangent ABI . AI. 

Radius. FL, or EI :: Tangent BFL. LB. 

Radius GN, or EI :: Tangent CGN . NC. 

Radius HP, or EI :: Tangent DHP . PD. 
4. And from thoſe four Analogies this that follows is deducible , (per Schol. prop. 12. 


Elem, 5. ) vis. | 
By oo oe 4c o UP) | > 
To 1 . 9 EI 3 
< AE], 
: g < BFL, 
So is the ſumm of the Tangents of theſe angles, to wit, © CG 
< DHP, 


To', - + + + +» „ „ AJ] + LY RCA 
5. But (by prop. 15. Elem. 5.) . - - 4 Rad. 4 EI :: Rad, EL. 
6. Therefore from the two laſt preceding Analogies in 4* and 5 this ariſeth, (per prop. 11. 
Elem. 5.) viz. 


As . . . © . = . . „ . . » * * Rad. 
10 $4 N . ( STS . . . EI; 
< AEL, 
So is the ſumm of the Tangents of ., . . . — 28 
N , < 
1ö0 + + + +» » AI + LB + NC + PD. 
< AE1, 
7. Therefore alternately , As Radius is to the ſumm of the Tangents of ; — S8. 
So EI to AI + LB + NC +ÞD. © < DHP; 


Which was to be Demonſtr. 


= LEMMA 3 
Let the ſame things be ſuppoſed here as before in Lemma 1. then ( reſpeR being had 
to Fig, 1.) 
DEIxAD—AlI+ OE x AB - LBA 
DEI x BE-NC-þ- © El x CD-PD = Space AEFBCGHDA. 
Thar is, in words, ' 

The Rectangle made of the parallel diſtance EI, ( = EK) gnd the exceſs by which 
the ſumm of the four ſides AD, AB, BC, CD of the Trapezium AB CD, exceeds 
the ſumm of the four ſegments AI, LB, NC, PD, is equal to the laterval or Space 
AEFBCGHDA, | 


———— 


i Demonſtr ation. 
2. By Smppoſ. in 8“ and 12 of Lemma 1. > El and HQ IQ, Alo, El HQ. 
3. 1hergtore (per prop. 27, 33, 34. Elem. 1.) 9 EH = I Q. 


4+ Iris evident by Fig. and Lemma 1. 2 **. 1 
ſpect being had to the laſt Equation , chat g I EH = AD— A- (PD.) 


5. e adding AD io each part of the . A0 . EH 240 — Al p (r. 


laſt Equation, n 
6. And by arguing/as.in 4* and 3 this? Ag ＋ Er 1AB -A (Al) —LB. 
Cee +2": lk 


Equation will be maniſeſt, via. 


-» +; 
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7. Likewiſe, . . . « , . - > BC+EFG=2BC—BM(LB)—NC. 
„„ . > CD+GHm=mz 2CD-CO(NC)-PD(QD.) 
9. And by comparing the half ſumm of) *AD .þ- EH + AD— AI + 
the firſt parts of the four laſt preceding. #AB 4-iEF +-({ AB — LBA 
Equations to the half ſumm of the latter BC - FG +0 28. 5 BC NC A- 
parts, this Equation ariſeth, viz. . J 10D - GH C0 — PD. 
5 125 7 
ath two parallel ſides a | FY 
and El. l. Ab, therefore 7 0 QEI x AD +3EH = Trapez. AEHD. 
of — Probl. 1 ) 2 
11. In like manner, (r ng had t 
the Suppoſ. in 125 — 4 wks 2AB ＋. ET = Trapez. AEFB. 
12, Likewiſe, © , . . „ EI *x 4BC-+$fG = Trapez. BEGC. 
I3. Likewiſe, . + + +. +> COEI «x z2CD-+3GH = Trapez. DHGC. 
I 4. By viewing Fig. 1. it will be evident, that the ſumm of the four Trapezia expreſt in 
the four laſt preceding Equations is equal to the Interval or Space AEFBCGHDA, 
therefore from g*, 10% 11% 12* and 1 3*, by exchanging equal quantities this Equation 
ariſeth , viz. 
QEIx AD- ATH x AB- LB + 
CEHxBC-NCEQEIxCD- PD 
Which was to be Demonſtr. 


5 — Space AEFBCGHDA. 


— 1 


1 


Let the ſame things be ſuppos d here as in Lemma 1. and let the line G be found out 
by this Analogy , vix. 


< CGN, 
< DHP, 


> a: V . Radius; 
E AB + BC + CD DA, 


AE1, 
1 As the ſumm of the Tangents of . . . . . . 38825 


. 
To a fourth Proportional | 
2. + + » Ref. dewonſlr. . . . . | 43G © El, ( the parallel diſtance. ) 
Demonſtration. 
3. By inverting the Terms of the Analogy demonſtrated in 7 of the foregoing Lemme 2. 
theſe are Proportionals, vis. 


< AEI, 
r „ 35875 


< DHP, 
* To * . * . . - o . = . * * * * * „ Radius; 
| Id: » . +. A+LB4-NC4-FD; 
To the parallel diſtance , . . . , . .  . EI. 

5. Therefore 


Y 
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5. Therefore from “ and 4*,, ( per prop. 11. Elem. 5. 

AB -|- BC4+-CD+DA . G:: AI+LB+NC+PD . EL 

6. But by prop. 15. Elem. 5. 0 "Þ 

AB-|- BC + CD+ DA , G:: AB +$BC+3CD +EZDA . Z£G. 

7. Therefore from 5* and 6“, per prop. 11. Elem. 5. ) 

LAB -|- BC 3ZCD + ZDA ; 5G :: AI+LB+NC+PD , El. 

8. In which laſt Analogy the firſt Term is greater than the third; for tis evident by 
Fig. 1. and by what hath been demonſtrated in Lemma 1. that the double of the firit 
Term is greater than the double of the third, in regard the double of the third is but 
part of the double of the firſt: Therefore ( per prop. 1 4. Elems, 5.) the ſecond Term 
is greater than the fourth, vi. 

+G = EI ( the parallel diſtance. ) 
Which was to be Demonſtr. 


LEMMA 5, 


F I G6. 2 


If the angles A, B, C, D of the Trapezium AB CD be ſeverally divided into 
two equal parts by the right lines AW, DW, BV, CV; ud if from the points W , 
R, V and X where every two of the ſaid lines that lye next to one another do interſect, 
four right lines Wa, RT, VI and XZ be drawn perpendicularly upon AD, AB, BC 
and CD; and if the Perpendicular RT be ſhorter, or, if not ſhorter, yet not longer than 
any one ot the other three Perpendiculars VV, XZ and We: And laſtly, if à Trape- 
zium be made within the before-mentioned Trapezium AB CD, fo, as that the ſides of 
the one are parallel to the ſides of the other, and every where ſeparated by an equal parallel 
wy 4 en I ſay that the ſaid parallel diſtance ſhall be leſs than the ſaid Perpendicu- 

RT. 

For if it be ſaid that the parallel diſtance is equal to the Perpendicular RT, then 
by the point R let ERF be drawn parallel to A B, and finiſh the Trapezium EFG H 
ſo as FG may be parallel to B C, likewiſe GH HCD and EHIA D; draw alſo AE: 
Now if the ſides of the interiour Trapezium E FG H be every where diſtant from the ſides 
of the exteriour Trapezium by an equal parallel diſtance, then by Lemma 1. the angle E Al 
is equal to the angle EAK; but by Szppoſition in this Lemma 5. < RAI = RAK, and 
how ſhort ſoever the parallel line ERF be drawn, the angle EAI will be but part of, and con- 
ſequently leſs than < RAI, (= RAK) as i evident by Fig. 2. therefore the angle 
E Al cannot be equal to the angle E A K, and conſequently it contradicts Lemma 1. before 
demonſtrated. The like contradiction will enſue if a Parallel be drawn to A B at a di- 
ſtance greater than RT. Wherefore I conclude , that if a Trapezium be made within 
a Trapezium in ſuch manner as is above ſuppoſed , the parallel diſtance. ſhall be leſs than 
RT, which is ſuppos'd to be ſhorter, *or , if not ſhorter , yet not longer than any one of 
the three Perpendiculars VV. XZ and 'W « before mentioned. KS 


2 46 Probl. Xxx I. — 

A Trapezium being given by Poſition, as alſo the quantities of. all 

its ſides and angles — „to make a Trapezium the former, 
C 


— 


2 


in ſuch manner tlaat the ſides of the one may be every where ſeparated 


CCcc 2 from 
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from the ſides of the other by an equal parallel diſtance; and that the 
Space lying between the ſides of both the Trapezia may be equal to any 
poſſible Space (or Figure) given. | 


Note. This Problem hath two Caſes , viz. Firſt, when each of the Diagonals of the 
given Trapezium lyes within the ſame; Secondly, when one of the Diagonals lyes with- 
out. I ſhall handle the firſt Caſe only, for this well underſtood , will be a ſufficient 
light to ſnew the induſtrious Analyſt how to ſolye the latter Caſe , which is briefly done 
by the Learned Fran. 4 Schooten, in his Tractat. de concinnandis Demonſtrationibus ex 
Calenlo Algebraice. 


Sg 


FIG. 1. Me | \o 
0 


5 1 * 

AB CD is a Trapezium given, whoſe Diagonals A C and BD do lye within the ſame. 

c = a right line given, equal to the ſumm of AB, BC, CD, DA. 

x = the Radius, or Semidiameter of a Circle is given. 

s = a right line given equal tothe ſumm of the Tangents of the angles AEI, BFL; 
CGN and D HP, agrecable to the Radius r; which angles are the complements of the 
halves of che given angles of the Trapezium ABCD. 

5. (= the (ide of a given Square equal to the Interval or Space lying between the ſides 
of the given Trapezium A BCD, and the ſides of the Trapezium required to be made 
within the former. | 

Reg. to make a 

6. EF GH a Trapezium, ſuch, that EFI AB, FG || BC, GHH CD, and EH || AD. Alſo, 

7. Space AEFBCGHDAE = “, (or bb.) Alf, 

8. The Perpendiculars EI, FL, GN. and H P to be equal between themſelves, that there 
may be an equal parallel diſtance between the ſides of the Trapezium given, and of that 


required, 
"It Reſolution of CASE 1. 


9; . required, and put 4 for? , = H= EK =FM:5 GO. 
By 22 


by the foregoing Lemma 2. this Analogy is manifeſt » Viz. 


Tn 


+þ wt 
=. = I 


| E 

As Radius, to the ſumm of the Tangents of „ In ile < + 

| So is the parallel diſtance EI, to . .AI + LB + NC ＋ PD. 
11. Therefore in the letters of the Reſolution , 


FA 


„ „ = (= AM +LB+NC+'PD.) 
12, By the preceding Lemma 3. this Equation is manifeſt, vix. 
OE x AD—_A1+OEI*x AB-LB + = Space AEFBCGHDA. 


CQEI « BC—NC+QEI* CD - PD 
13. Therefore in the letters of the Reſolution , 


# 


0 12 = bb (= 6pace AEFBCGHDA. : 


14. Which 
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14. Which Equation in 135 en n into theſe þ 22 224 
Proportionals, viz.  . 8 n.2 
15. And by drawing r as a common Factor into each 8 ; 
the two firſt Terms of the laſt preceding Analogy , br., r- 1 21 4. bh 
ariſeth , viz. 0 | L 
16. Now to avoid an Equation between Solide, Fee 
would ariſe by comparing the Rectangle of the ex- 
tremes to the Rectangle of the means of the laſt Ana- 4 
logy , let it be made, as s to v, ſo 6 to a fourth Pro- 
portional, which may be called 4, therefore 
17. Whence, by comparing the Rectangle of the ex- 
tremes to the Rectangle ot the means, this 
is produced, viz, 15 
18. Again, let it be made, as . to ” ſo c toa fourth ; — 
Proportional, call it g, 'thetefore . . '$ 
19. Therefore from the laſt Analogy, by comparing the 1 
Rectangle of the extremes to the * of = « er. 
means, 
20. Therefore from 150 * and 19 b exchangi a 
_ _ Rectangles, this 2 195, by exc 1 4. 4 :: 4 . b. 
Therefore from 20* , by caſting the common Fa- 
hs 5 out of the two ficſt e 
22. From vrhich laſt Analogy, by comparing the Rect· 
angle of the means to the Rectangle of the extremes, > g — 44 = bd, 
this Equation is produced, vix. , 
23. _ Equation may be reſolved into theſe © Pro-2 g—6 od „ 4. 
rtionals, vid. . ff 
24. But of thoſe three continual Proportionals, the mean, to wit, bd is given, asalſo 
g the ſumm of rhe extremes £—4 and 4, therefore (per Probl. 1 — 5.) the 
extremes ſhall be given ſeverally, which by the Theorem in 217 of the ſaid Probi. i 3. are 
equal to theſe right lines, (or numbers „J vis. | 


* + via ag —= —. 2 * the extreme Proportionals in 230. 
1s — f aff — Teer — bd: 
Which extreme Proportionals, (or Roots of the Equation in 227) are equal one to the 
other when g = Vid, in which Caſe each of the ſaid extremes is evidencly equal to 325 
bur jf amend, then the {aid extremes are unequal, as they happen to be in the Re- 
ſolution of this Problem , but che leſſer of them only (for the reaſon enen given in 26 
chall be the parallel diſtance fought. - Hence this 


CANON. | 
ig — V. g — bd: = EI = EK the parallel diſtance. this ©, 46 pie: 


"ow it be made, As (2) the ſumm of the Tangents of the complements of the halves 
of the angles of the given Trapexzmm A BCD, & to the Ratte (); Sp(#) the given 
ſide of a Square equal to the preſcribed Interval or Space between the ſides of both the 
Trapezia, to a fourth Proportional (4); and fo (e) the ſumm of the four ſides of the 
given Trapezium to a fourth Proportional (g). Then ſubtratt ae Roct of the 
exceſs whereby the Square of half g exceeds the Rectangle made of o d, from half 88 
the remainder ſhall be E ( = EK) the parallel diſtance ſought. 

Which Canon may be propounded in the form of a | Theorem, tw Demonſtration 
whereof may be ealily framed by a repetition of the- ſteps of che Reſolution, 
by proceeding in a direct order from the beginning to the end thereof; 


84. 42223 6, 


mentation therein uſed is clearly Geometrical, as well 2s Arichmetical x "Bur waving the 
Demonſtration of the Canon, I ſhall in the next place ſhew what Dezerminations are 


neceſſary for limiting the given lines, that there may be a peſlivility of Tagen 


Determinat. I, | \ | 
72 => 6 Ig 


26, ns. We 28 9 /bd ; that is, _ — ws: b X* — 2 1 
s * 


olem propounded. 


Alchough 
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Although there be a poſſibility to find out the extreme Proportionals in 24*, (or the 
two'Roots of the Equation in 22*,) if 2g be not leſs than /d, yet the parallel diſtance 
is not poſſible unlels 2g be greater than „/d; for if 28 — Vd, then each of the ſaid 
extreme Proportionals is equal to 2g; but by the preceding Lemma 4. 28 is greater than 
EI or EK (che parallel diſtance,) therefore neither of thoſe equal extremes can be the 
parallel diſtance : But if 2g c V, as Determinat. 1. requires, then the two extreme 
Proportionals before mentioned are unequal; for if 2g, that is, half the ſumm of the 
extremes of three Proportionals be greater than the mean, to wit, /d, then the extremes 
are unequal, and conſequently in ſuch Caſe 2g is greater than the leſſer extreme; there- 
fore agreeable to Lemma 4. the leſſer extreme ſhall be the parallel diſtance required; but 
the greater extreme is to be neglected, becauſe tis greater than 2g, and conſequently doth 
contradict the ſaid Lemma 4. h 


Determinat. 2. 
27.1% > > „ bg — I: 20g — bd: > RE. 


The perpendicular line RT in Fig. 2. prefix d before the precedent Lemma F. is ſup. 
poſed to be ſhorter , or if not ſhorter, yer not longer than any one of the othet three Per- 
pendiculars V V, XZ and W «. But the quantities of the ſaid four Perpendiculars may 
be found out in numbers by the Doctrine of Plain Triangles, for in each of the Triangles 
ARB, BVC, CXD and AWD, the Baſe is given, as alſo the angles at the Baſe, 
to find the Perpendicular. Which Baſes are the given ſides of the Trapezium AB CD, 
and the angles at the Baſes are the halves of the given angles of the ſaid Trapezium, 
therefore the ſaid Perpendiculars are given alſo, whence it may be known which of them 
is the ſhorteſt. Now becauſe by the foregoing Canon in 25%, agd by what hath been 
ſaid in 26* , the parallel diſtance is found equal to 2g — y/:3gg — bd: and becauſe by 
the preceding Lemma 5+ the ſaid parallel diſtance muſt be leſs than RT, which is ſuppos d 
to be the ſhorteſt of the ſaid four Perpendiculars, or if not the ſhorteſt , yet not — 
than any one of the other three , therefore 28 — 4/: 7gg — bd: muſt be leſs than RT; 
otherwiſe that cannot be done which the Problem requires. 
| But if the given lines be qualified according to the import of the precedent Determi- 
nations, then the parallel diſtance EI or ER ſhall be given by the foregoing Canon; and 
then, after the angles A, B, C, D of the given Trapezium AB CD in Fig. 1. are ſeverally 
divided into two equal parts by the right lines AE, BF, CG and DH; and ater right 
lines are drawn parallel to the ſides A B, BC, CD, DA, at the diſtance of the ſaid EI or 
E K 5 the points where thoſe Parallels do concurr in the lines biſecting the ſaid angles will 
form the deſired Trapezium EFGH : And it will not be difficult ro demonſtrate, by 
a repetition of the ſteps of the foregoing Reſolution in a backward order, (in like manner 
as in divers preceding Problems of this Chapter, ) that the Area of the Interval or Space 
lying between the ſides of both the Trapezia is equal to the Square of the given ſide 6b. 
But leaving the Compolition of this Problem to the Learners practice, I ſhall prove the 
truth of its Solution by an Example in Numbers. 


An Example in Numbers , to illuſtrate the preceding Reſolution of Probl, 21. 


Suppoſe 


28. ABCD is a Trapezium. 

29. EFG H is a Trapezium. 
EHI AD. EE HAB. 

3% 2 FG HBC. GH || CD. 

31. AE,BF, CG, DH are right lines. 

32. EI and HQ, | AD. 

33. EK and FL I AB. 

34. FM and GN BC. 

35. GO and HP | CD. 


36. AD = 40 


37- AB = 24 3 
38. BC = 29 are given. 


39: ED = 36 


= 
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Gr, Ain. 
40. < EAl 2 6. 
41. FBL = < FBM= x5 2: 56. . 
42. WU GCN = {tt GCO = H: 43. ; Are given. 
43- < HDP =< HDQ = 35 2 15. 
44- << AE] = <C ABK == 45 3: 54 Theſe aun; . 
2 S 4A = I 44 = — . - ; — K 1 
46. = = 45 : 17. | . - a 
47. S DHP = © DHQ = 54 : 44 h, P. Que right angles. 
48. c = 129 = AD+ AB+BC+CDs given; (from 36˙, 37, 38*, 39%.) 
49. bb = 45cr888 is given for the Area of the Space AEFBC GHD A 
50. 7 = 100000 the Radius of a Circle is given. 
Reg. to find 

51. EI = FL = GN = HP, (the parallel diſtance. ) 

Solution Arithmerical. 


Gr, Ain. 
52. 103192 = Tangent of 45: 54 = 
53. 67620 = Tangent of 34: 04 = = . 
54. 100994 = Tangent of 45: 17 = <CGN = <CGO, 
55. 141409 = Tangent of 54: 44 = = 
56. 413215 s = the ſumm of thoſe four Tangents. 


Then according to the foregoing Canon in 257, let it be made, 
Me 413225 . 100000 :: : 4507333 Friss, ce. 


6 4 


{ 


s 1 Cc g- | 
58. * J 43275 - 100000 :: 129 - 317835, Oc. 


— I 


Laſtly, by the precedent Canon in 25*, 
59. is — „. *gg — bd: = 4 (very near) = EI = EK. 
The Proof. 
To r, s and EI find a fourth Proportional, ( agreeable to the foregoing Lem- 


ma 2.) Vit a 
SE 1 r s El AI + LB +- NC 5 PD. 


Io00000 413217 22 4 . 1673338. 


— — —_— 


— 
—— _ _ 


Then ( by Lemma 3.) 


a0 -— ALAS LE Pick | „ 
That is, 4 into 129 — 161883 = 44973%, ce. 
| Which Area doth not want 5: of 4505542 the preſcribed Area of the Interval 
AEFBCGHDA, the defect ariſing from this, that ſuch numbers as were found out 
near the truth, were aſſumed to be exactly true, to avoid tediouſneſs of Calculation. 
Therefore the truth of the Solution of the Problem propounded is evident. 


—_— — _—_ 


— 


Probl, XXII. 


In a right-angled plain Triangle , the Area being given, as alſo the 
Perimeter, (that is, the ſumm of all the three ſides,) to find out the 
Triangle. But the quadruple Area muſt be leſs than the Square of the 


Perimeter. 
Swppe/. 
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poſe. 
1. AABC is right-angled at A. 
2. O AC, AB = the Area of A ABC is given. 
3. AC AB + BC = the Perimeter is given. 
Reg. to find out AC, AB, BC ſeverally. 


Prepar. 


4. Suppoſing ABC to be the Triangle ſought , biſect (by Probl. 9. Elem. 1.) the angles 
BAC and ABC by the tines AD BD meeting in D; and make DF . AC. 
DG LAB. DE. LBC; and draw DC: Then is DF (= DG = DE) the Se- 
midiameter of the inſcribed Circle DF GE, which toucheth the Triangle in the points 
F, G and E, (per prop. 4. Elem.q.) | 

"T © Reſol, I. 


5. From the premiſſes tis eaſie to perceive , that in any plain Triangle, the Semiperimeter 
multiplied by the Semidiameter of the inſcribed Circle produceth the Area of the Tri- 
angle; and conſequently the Ares divided by the Semiperimeter gives the Semidiameter 
of the inſcribed Circle: As in A ABC before expos d, the Rectangle (or Product) 
of ZAC into DF is equal to the A ADC, (per prop.41.Elem.1.) Likewiſe, 
AB, DG(DF)= A ABD: Al, BC, DE(DF) = ABCD; 
and thoſe three Triangles are evidently equal to A ABC. 

6. Moreover , in every right-angled plain Triangle, if the Diameter of the inſcribed Circle 
be ſubtracted from the Perimeter , the remainder is equal to the double of the Hypothe- 
nuſal: As in A ABC before expos d, if AF, AG, (= DF -þ- DG = the 
Diameter of the inſcribed Circle D EG E,) be ſubtracted from the Perimeter AC - 
AB ＋ BC, there evidently remains EC -- GB + BC = 2BE + 2z EC = 
2 C; for FC D EC, and GB = BE. Therefore, 

From 5* and 6* we may deduce 
+ 4 . CANON I:. "oy" 

7. Divide the given Area by the Semiperimeter, and ſubtract the double of the Quotient 
from the whole Perimeter ; the half of the remainder (hall be the Hypothenuſal; which 
ſubtracted from the Perimeter leaves the ſumm of the ſides about the right angle. Then 
the Rypothenuſal being given, as alſo the ſumm of the ſides about the right angle, the 
ſides ſhall be given ſeverally, both Geometrically and Arithmetically, by Prob/.4. Chap. d. 


Another way to find out the Hypethenuſal. 
Suppoſe 
3. ABC is right-angled at A. 
o AB C is given. 
10. 6 =AC TAB -+ BC is given. 
eg. to find BC the Hypothenuſal. 
' Reſolms. II. 
4 420 . . 2 Nr s = D 
72, Therefore from to“ and 117, the farm of t Jon. 
- about the right angle is. S b—«(=AC+ AB.) 
r3.: And from 11 lde Square of the Hypothenufal is . 5 4s. 
14. And from 12*, the Square of the ſumm of the _— 2 2he 4- 


4 - 


about the right angle iss 


15. Thereſore 
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15. Therefore from 9“, 13* and 14*, (by Theor. f, in 12* | 8 
of Probl. i5. Chap. 8. ) this Equation ariſeth, vis. 8 aa — 2ba +bb = aaþ- acc 
16. From which Equation reduced, the biypothenuſa 8 284 2CCc 


will be made known , 2x. A 2 


b 
Hence CANON 2. | 
17. From the Semiperimeter ſubtract the Quotient of the double Area divided by the 
Perimeter, and the remainder ſhall be the Hypothenuſal. Then the ſides about the right 
angle ſhall be given as before in Canon 1. 
18. But to the end there may be a pollibilicy of finding 
out a right-angled Triangle to ſolve the Problem pro- ay — 2c 


pounded , it is evident by Canon 2. that the given . 6 
tities þ and cc muſt be ſuch, that 


19. Whence, by doubling each part. 7 6 2 2. 
20. Therefore from 19, by N each part into ů, > bb A4 ce. 
21. And conſequently . . 8 Wo - 3's 4cc I bb. 


Therefore the reaſon of the b added to Probl. 22. is manifeſt ; and the 
Canons may be exemplified by any right- angled Triangle in aa numbers, | 


1 — — itt. lt. 


CHAP. X. 
; Thy fourth Claſlis of Examples of the vu and 
Compoſuion of Plane Prablencs..., 


N which Examples, the Reſplution ends in an Analogy conſiſti of three _ 
in continual Proportion , whereof the Mean is 2 alſo 4 72 


to the Difference, or elfe to the Summ of the Extremes ; and th Fe the Peres - 
ſhall be given ſeverally, by Probl. 15, or 16. of Chap. 5. | | 
Probl, I. 


The difference of the Squares and the — 7 two right lines 


being given ſeverally, to find out thoſe lines. 


Suppo/. 
1. 4 — the given (ide of a Square equal to the difference of the Squares of two right lines, 
2. # = the given (ide of a Square equal to the Rectangle of the ſame lines. 
Reg. to tind out the lines. 
Reſolution, 


3. For the lefſer of the two right lines ſought put . 4. 
Therefore the Square of the leſſer line is. . 44. 
5. And from 1 and 4 the * of the greater 
line is — 7 46 + 4. 
6. Therefore from 5* "the greater line i: ca A 


7. And from 3“ and 6“ the Rectangle made of the 
two right lines ſought is | '$ *. . . , 
Which Rectan 12 110114 20. ed > WA . 
"" Problem) muſt. be equa] io the Square of the tzivet 9 . | 


right line m; therefore, ; OT, 
2. And that Equation may bi ba: CE ace il. 0 


portionals, wiz... . 
Which Analogy is qualified in every. relpe& like rhay in Zibb ra 
ſhall be given by 


therefore the lines ſought , which are re bye and y/i.ee 
the Geometrical ConftruQtion of. the d Probly 15; and aheit 3 dlamhee (hall .1Þ 
be given alſo by the Canon. in 77% 0k the ſame . Hrublem. +, | 
* D d d Probl, II. 
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Probl. II. 


In a plain Triangle, any two ſides and the Area being ſeverally given, 
to find out the Triangle. But eight times the given Area mult not 
exceed the exceſs by which the Square of the ſumm of the two given 
ſides is greater than the Square of their difference. 


Note. The two given ſides of the Triangle ſought are either equal one to the other, 
or unequal; if equal, then the Triangle is either equicrural, or equilateral; each of which 
s compos d of two equal right - angled Triangles , having a common Perpendicular falling 
from the angle contain d under two equal ſides upon the middle of the third ſide, (or Baſe;) 
in which Caſe, the Problem propounded may be ſtated thus; vix. The Hypothenuſal 
of a right angled Triangle is given, as alſo the Area, ( that is, half the given Area, ) 
to find the lies about the right angle; which ſides may be found out both Geometrically 
and Arithmetically , by Probl. 15. Chap 8. and then either of thoſe ſides about the right 
angle being doubled , gives the Baſe of a Triangle , either equicrural or equilateral, to ſolve 
the Problem. Bur if the two fides given be unequal, then the Triangle ſought is either 
right-angled, or elſe obruſe-angled, or hath unequal acute angles at the Baſe, it 
right-angled , then the third fide or Baſe ſhall be given by prop. 47. Elem. 1. by which 
Prop. it may be diſcovered whether the Triangle ſought , when the two given ſides are 
unequal, and expreſt by numbers, be right-angled at the Baſe or not; for if the Square 
of the leſſer (ide given be ſubtrafted from the Squate of the greater, and the ſquare Root 
of the remainder be multiplied by half the ſaid lefler ſide, and if that Product be equal to 
the given Area, then the Triangle ſought is right-angled at the Baſe. Now when the 
Triangle ſought is neither right-angled at the Baſe , nor hath equal acute angles at the 
Baſe, the Reſolution of the Problem propos d may be formed in manner following. 


Sappeſ. 
1. ARO isa A whoſe angles A and R are acute and unequal, alſo <R = <A, 
and conſequently AO c RO, ( per prop. 19. Elem. 1.) 


2. b A0 is given. 

3. k = RO is given. 

4c = b + k, = AD is given. 

5. 41 = b —— k = AG i given. : 

6, m — a given right line, whoſe Square is equal to the Triangle ARO. 

Reg. to find out the Triangle. 

AR = 21 
AO = 17 
RO = 10e 
OF = 8 
AE 9 
EF = 6 
FR = 6 
AF = 1F 
AG = 7 
OM = 84 = AARO 


A E. 
Reſolution. 
7. Put a for the Baſe (or third (ide ) ſought, „„ IRE 
8. Then by Ther. 5. in 69* of Probl. 8. Chap. 8. this Equation is manifeſt , viz. 
/ 44 — dd: into : ice — 444: = mm. 
9. Which Equation may be reſaved into theſe Proportionals, vi. 
4 a — ddl: m :: m Vic — as: 
10. Aud their Squares are alſo Proportionals, vic. 

4 — dd. mm :: mm . cc — 444. 

11. Which Proportionals being ſeverally quadrupled give theſe , viz. 
44 — 


11. And 
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12. And by extracting the ſquare Root out of every one of the four laſt Proportionals, 

theſe alſo ſhall be Proportionals , vi. | 
J: 1 —dd: 2 :: 2 Jil, — 48: 2 

13. Now foraſmuch as the two laſt Analogies in 11* and 127 are in every reſpect like to 
thoſe in 57* of Probl. 16. Chap. 5. therefore by the Geometrical Conſtruction of that 
Problem, reſpect being had to what hath been deliver'd in the ſaid Se. 5 7. two right 
lines may be found out, either of which may be taken for the value of 4, that is, the 
Baſe of the Triangle ſought , which right lines are equal to one another when 8mm — 
cc - dd, but unequal when 8m is leſs than cc 4d; in which latter Caſe, two 
Triangles may be found out having unequal Baſes , but each Triangle ſhall have the 
ſame Area and leggs , as will hereafter appear in the Compoſition of this Problem. 
But to the end there may be a poſſibility of effecting the ſame by the help of the lines 

given , ay muſt be ſubje& ro the following Determination , which is diſcovered by 

Analogy in 11*. 


14. The octuple of the given Area muſt not be greater than the exceſs by which the Square 
of the ſumm of the two given ſides exceeds the Square of their ditference. 
The truth of this Determination will be evident by the following 


L EMMA. 


15. The octup le of the Area of a plain Triangle having unequal leggs, is never greater 
_ the exceſs by which the Square of the ſumm of the leggs — Square of their 
. difference, 


6. AR the Bak 

16. R t TT TP. 

17. AO and OR the leaps $ KH A ARO. 

18. AO c- OR. 

19. M is a right line, ſuch, that q M = A ARO. 
20. AD AO + OR 

21. AG = AO — OR 


22. + . . Reg, demonſfr. . « 80M, or 8A ARO, not C CAD. 


Prepar. | LEY 
23. By Probl. 4. Chap. 5. find a right line 8, ſuch, that its Square may be equal to 
AR - HAG; therefore, V-4 1 
S = /:OAR — AAG: KY, | 
24. Likewiſe by the ſame Probl. find a right line T, ſuch, that its Square may be equal 
to DAD—OAR; therefore, CRE 2 
T = 4:0OAD - AR: 
25. Foraſmuch as by Theor. 5. in 69* of Probl, 8. Chap 8. ( reſpeR being had to the 
Diagram here in view, ) 
Ody/iOAR—-ioAG: i /:ino0AD—30AR: = AARO. 
| A 


26. And S ow in 9% „ 3 & M = AARQ. 
27. Tante Ne 7. nd 265 ( per Au. 1. Chap: 2 .. 4 
of /:50AR-ioAG: „tun AD-iOAR; w OM 
a Ddd 2 28, And 
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And . reſolving the laſt Equation into Proportionals, this Analogy is maniteſt, vic. 


AR UAG: M:: M. „r ½UAD - UA: 
29. The Squares of which Proportionals are alſo Proportionals, (per prop. 22. Elem. G.) viz, 
ARAG. aM:: OM . L0AD—50AR. 


you dad by quadropling all in 295 
AR - UAG 40M :: 40M AD - AR 
31. * the ſides of proportional Squares are alſo Proportionals, therefore from 30“, 


JAR UAG: 2M :: 2M . /:O0AD—OAR: : 
32, And becauſe by Conftr.in23%, . . $S = AR DAG: 
29. bloc bag, . a SOD Oak: 


4. Therefore from 31*, 32* and 33*, by exchanging equal right lines, this Analogy 
is manifeſt , vx. 
mn odd. 17 


35. And becauſe the laft Analogy conſiſts of three Proportionals , therefore by what hath 
been ſaid in 20 of Probl. 13. Chap. 5. 
4M not c 8 ＋ 1. 
36. And by ſquaring each part in 35*, , 
16 M not c- oQS-+OoOT + 205, I. 
37. And becauſe by Comſtr. in 333% AR — OAG = 08. 
38. And by Cour. in 24%, . - - - 8 AD - ARS ul. 
39. Therefore by adding the two laſt Equations together, 
AD — AGS a5 + oT. 
40. Therefore from 36* and 38*, by — — 
16 OM not © DAD — DA Ko 
41. But from 34*, (per 17. prop. Elem. 1.) 1 Jp 
42. And conſequently, „ 1} 9529 , © 8OM 
43. Therefore from 40* and 42*, 
160M not c AD - MAGH＋T SUM. 
4. Wherefore from 435, by ſubtracting 80 M from each part, 
80M not g AD —o AG, 


Which was to be Demonſtr. Therefore the truth both of the Lemma and Determi- 
nation is manifeſt. 


Suppoſ. 
45. AO and OR the leggs of the Triangle ARO are given ſeveral} 
= 20 7 OY 
47. AD = R is given. 
48. AG = AQ — OR is given. 0 
49. M = the given (ide of a Square equal to A ARO. 
50. 8OM not g DAD — AG. ( Determination. ) 


Reg. to find out the Triangle. 


Os, 1. 
208, I. 


The Compoſition of Probl. 2. 


Conftruttian, 


51, By Nl A. C Gnd a right line H, fuch; hat ts Squa 
„gc whe * ay 


2 = DAD —oAG. 


52, Then 
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52. Then making i to be the Hypothenuſal of a. 9 and 2M a mean 
Proportional between the Ba n out ( per Probl. 16. Chap. 5.) 
the Baſe and Perpendicular , but fuch à Triangle cannot be found out unleſs it be proved 


that 4 40 is is not greater than 3 H; for, ( agreeable to the Determination annexed 


to the ſaid Probl. 16. the right line ariling by the Application of the Square of the 
given mean Proportional to the given Hypo muſt not be greater than half the 


Hypothenuſal; I ſhall therefore firſt prove that 4 os is not greater than 4H. 


„„ — * not = H. 
By the Determination in 5o*, « » % 8OM at cg 840 — 8406 
And by Conftr. in 81 . 6 > - . OH = GHAD—AaAG 
Therefore, (per Ax. 3: Chap. 3.) | + „ YOM not g OH. 
And conſequently, . . 4OM not g 40H, 
Wherefore by Application of . part to H, 4 — 4 — at = 1 H. 


Which was to be Demonſtr. 
Havi oved that tis ble to find out a — T which ſhall have 
3 right fine H for a bn and the 420 the M for a mean 
Proportional between the Baſe and Perpendicular , ſuppoſe that 2 16. Chap, 5.) 
the right lines F and G are found equal to the ald Baſe and Perpendiculat; therefore 
by ſuch Conſtruction , 
F. 3M :: A — 0 | 


* „erer þ OD m 

4- By Prob. Chap. 5. id 6x thir the L, ſuch ; tht bs Spaten be by to 
55. Likewiſe, — right line N, ſach , that in Square. thay: be equal to CA G 
4-0F, therefore, * 

ON = OAG-| OF. 

56. Now either of the ſaid right lines N and L., he ewe velubg of « jv. thy 
going Reſolution , J ſhall be the Baſe of a Triangle, isfie the Problem 

therefore let a Triangle , as ARO be made, fo, that i its Baſe A R may be equal to the 
right line N, and the leggs equal to the given rig ht lines AO, OR, which may be 
_ ( by prop. 22. Elem. 1.) it 2 AR, A0 OR be ſuch 


wo taken rogether as ene right line is longer than the third z but that the 
— eee ene 


57. + + I. Reg. d fr. ART AO®OR © 
4. | I 

58. Foraſmurh as by Sappoſition in 46%, , „ - . . AO © OR: 

59. Therefore much more. „ AR + AO OR 


60. II. Reg, dmr. AR + OR & A0. 
0 0 | D 4. ion. | _ | 

61. By Clef ly 1a: „ DAG + OF = N. 
62. Allo by Con in 36. A and con- , ä 

: — | '$-. . DAR = oN. 
63. Therefore from 61 and 62* a Ax 

2 Ar I ; of (7 *1'2 OAR= QAG +OF. 
64. Therefore from 64%, 5. „33 i OAR © uA. 
65. | And conſequently , * * 0 0 * * * * AR A6. 
66. But by Swppoſ in 485, : .> + AG = AQ —- OR. 
67. Therefore irowy65* a0d 66*,(per s cf ARF A0 — OR 
68, Wherefore by adding O rr 67/20 AR Q 


Which was to Demonſtr. 
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69. III. Reg. demonſtr. - + +» - AO ORC AR. 


Demonſtration. 
70. By Confrntties SP. i- + - „ 
71. Thereiore tran in 53*, . * 1 8 oF + OG San. 
* cfore trom 70? and ut 1. 
77%. * 1 7 FRE 8 OAD — AG = HA. 
And from by addi oAG to each 
— 4 72*, by adding 8 CAD = FAG nA. 
74. And from 73*, by equal ſubrraRtion of G, > DAD—DOG = oOF+oAG. 
75. —_— LF 5 (hw 3 A. 3 .. ON = OF+oAG. 
76. Therefore from 74* 75 » X. 1. eo 
a. ber 5 CAD—oOG = oN. 


p- 
77. And berauſe by Conſtr. in 56", AR = = N., 1 
and conſequently; . 287 | 
78. bo el from 760 and 77 0 (per Ax, I. 8 OAD—OG =n AR 
Chap. 2.) . | 
79. And by adding the aG to each part in 78*, > DAD = ARG. 
80. From 79* tis evident, nem. * * 3. 5 ADS QAR. 


ARS ON. 


3 . . 
81, And N S +» oo RS 
NT. Ll > AD AO OR. 


Which was to 5 be Demonſtr. * 
* Having proved that of the ſaid three right lines A R, AO and O R every two taken 
ether — one right line is longer than the third, it is pollible to make a Truogie 
of them, (by prop. 22. Elem. 1.) ſuppoſe it then to be A ARO . T 
1 ———— Now we mult ſhew that it will ſatisfie the Prob 
propounded. 

85. Firſt then, by Canftractios in 84; the s AOand OR are equal to the two right 
lines given in 45* to be the leggs of the — ſought; and that the A A RO is 
equal to the Square of the given right line M, the following Demonſtration , formed 
by a retrograde repetition ot the ſteps of the Relolution aforegoing, will make maniteſt. 

86. 6 0 ae 933 . e . A ARO = QM. 

Demonſtration. 

2. ene „„ %% B oo 6 nts As 

88. Therefore, n * Elem.) - + ->} OF . 40M: : 400M. as. 

89. B Confer. in 55* ? ON = AGH. 

90. Alſo by Con. in 069. N = AR, , and con-2 dt 
ſequently , 

91. Theretore from 89* and 90, * er Ax. I.) > DAR = OAG-+ oF. 

92. And from 91, by equal ſubtraction of AG, OAR — OAG = QE, 

93. It hath been proved in 29, that . .o AD = GAR + aG. 

CINE 6 AR «from oOAD — OAR = OGG, 

Therefore from 88*, 92 > and 94 » by exchanging equal Planes , this Analogy will be 
ane. vis. -n 0 :: 40M . OAD- MAR. 
That is, in 115, 44 — dd am:: 4 cc — 4. 
96. And by taking a quarter of all in 95 
' $GAR—jOAG . OM :: M. f0AD- R. 
That is, in 10% 44a — dd . mm :: g 44. 


97. And becauſe ( per prop. 2 2. Elem. 6. ) the ſides of proportional Squares are alſo Pro- 
portionals , *therefore from 96 


WY % DNA: . M.: M « /: 40 AD—DAR: 


That is, in 9, /: 14 — dd: „: m. er — 24: 
S IIe 


98. And 
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98. And from 97*. (per 17. prop. 6. Elem. ) 
Ooy:iOAR—ioOAG: x /:i0AD-ioAR: = OM. 
That is, in de, - 
V 44 — dd: into /: ico — 44: = mm. 
* by Theor. 5. in 69“ of Probl. 8. Chap. 8. reſpect being had to the laſt preceding 
ram, 
O of /: 1 AR — AG: „ „AD - OAR: = AARO. 
100. Therefore from 98˙ and 99“, ( per Axiom. 1. 
E FI ILY 'F ARO = OM. 
Which was to be Demonſtc. 

Therefore one Triangle is found out to ſolve the Problem; and by the like Conſtruction 
and Argumentation another Triangle may be made upon the right line L as a Baſe, which 
latter Triangle ſhall have its Area and leggs correſpondently equal to the Area and leggs 
of the firſt Triangle. 


101. But in order to raiſe an Arithmetieal Canon for the finding out of the third (ide ( or 
Baſe) of the oy ſought , firſt let us ſuppoſe the given quantities to be expreſt by 
numbers, and then let the Analogy in 1 1 be here repeated, 25. 

44 — „ 400 : 4 , (ff — 44. 
102. Which Analogy is reducible to this following Equation , viz. 
ccan E ada — 44% —= 1Emmmm + ccdd. 

I 4 if that Equation be reſolved according to the Canon in 5 5® of Probl. 16. Chap. 5- 

is following Canon will thence ariſe , whereby the Baſe of the Triangle ſought may 
be found out Arithmetically. | 


CANON. 


V *cc + Edd + : Lecce g addd — 36cdd — 1 mmm: = 4. 
: 2 Alſo, 
Ji $6 + 1d — : gccer + 4d — ccd — l: = 4. 
An Example in Numbers, to illuſtrate the feregoing Reſolution of Probl. 2. 
Swppoſ. 
0 = 3 6 
— 1 4 8 the leggs of a plain Triangle are given; whence , 
106. c — 27 the ſumm of the leggs is given, and 
107. d — 7 the difference of the leggs is given. 
108, wn — 84 the Arca of the ſame Triangle is given: 
Reg. to find out the Baſe or third (ide. 


Solution Arithmerical. 

109. By the help of the numbers given in 106*, 1077, io“, and of the Canon in 193*, 
the numbers 2 1 and 4/3 37 Will be tound out, either of which may be taken for the value 
of à in the foregoing Reſolution, that is, the Baſe of a Triaggle which ſhall have 17 
and 10 for its leggs, and 84 for its Area: For as well from theſe three ſides 21, 17 
and 10, as from theſe, 4/337, 17 and 10, the Area will be found 84, (by Canon 1. 
in 77* of Probl. 8. Chap. 8.) And therefore the Problem propounded is ſolved both 
Arithinetically and Ceometrically. 


—_— 


— — —_— 


probl. III 
The Baſe, Perpendicular and Rectangle of the leggs of a plain Triangle 

being given ſeverally, to find out the Triangle. But — given quantities 

muſt be ſubject to the Determinations hereafter expreſt. | 

Suppoſe 

the Baſe of a Triangle is given. 

the Perpendicular is given. | | 

the (ide of a Square equal to the Rectangle of the leggs is given, 

Reg. to find the Triangle. 


22 
1 
[81M 


4. Viaa, 
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13. Therefore from 12* , (per prop. 14. Elem. 5.) this Equation 


4. Vieta, in Probl. 1. of his Appendix to his Appollonius Gallus, ſhews the Conſtruction 
of this Problem with great facility, by the help of this Theorem, viz. The Rectangle 
of any two lides containing an angle of a plain Triangle is equal to the Rectangle of 
the Perpendicular falling from that angle upon the oppoſite ſide, and the Diameter of the 
Circle circumſcribing the ſame Triangle. Atterwards Marinus Ghetaldus in his Treatiſe 
of Mathematical Reſolution and Compoſition ſupplies Vietas Conſtruction with Deter- 
minations : But it will be difficult for Learners to deduce the Arithmetical Solution from 
that Geometrical Effection; I ſhall therefore form Reſolutions and Compoſitions to ſolve 
this Problem both Atithmetically and Geometrically in all Caſes, which are theſe five, viz. 


Caſe i. When 77 2 20 Y- pp. 
Caſe L =" + 5 - © 24. pp. 
HIS IR, 
Caſe 4. e - LEA 


PEE" * ä A — 


Caſe 5. —_— 4 + 4 rr 2 + pp. 


Now to ſolve the propoſed Problem in every one of thoſe Caſes, I ſhall give a peculiar 
Reſolution, with a Canon and an Example in numbers; and if the given Quantities be 
expreſt by numbers, it will be ealie to diſcern under which of thoſe Caſes they fall. 


The Reſolution of CASE t. 


5. One Triangle may be always eaſily found out to ſolve the Problem in Caſe 1. viz. when 
rr = 2bb pp; for if upon the middle of the given Baſe, the given Perpendicular be 
erected, and trom the ends of the Baſe two right lines be drawn to meet at the top of 
the Perpendicular , then the equicrural Triangle ſo formed will ſatisfie the Problem. For 
in every Iſoſceles, or equicrural Triangle, the Square of half the Baſe , (or a quarter 
of the Square of the whole Baſe,) together with the Square of the Perpendicular is ( per 
prop. 47. Elem. 1.) equal to the Square of either of the equal leggs , that is, the Rect- 
angle of the leggs. | 

Moreover, when in Caſe 1. it happens that 6 = 2p, then beſides that equicrural 
Triangle, another having unequal leggs may be found out to ſolve the Problem , by this 
following Reſolution , 25z. | 

6. For the unknown difference of the leggs put . .> 4. 

Then by Theor. 7. Ch. 4. the Square ot the ſumm of the leggs is > 44 + z2rr. 

. Therefore from 6* and 7*, (per Theor. 2. in 34 of Probl. S. Chap. 8.) 

an arr — bb , aa-|-qrr — 66 — 4% :: bb . aa. | 

9. And becauſe by Sappoſ. in Caſe . „ mw = 23bb | pp. 

10. And conſequettly, . . . . 5 + «© „ 4 = bb arp- 

11. Therefore from 8* and 10*, by exchanging equal quantities, 

ae1-bb-j-qpp-bb . aa-\-bb-yapp-bb—app :: bb . aa „ Proportionals. 

12. Whence , by caſting away ſuch equal quantities as deſtroy one another by reaſon of 
contrary ſigns -E and —, this Analogy ariſeth , = 

aa E 4pp 44 :: bb . aa. 


AQ V 


5 aa ＋ 4pp = bh. 
&'= 4: bb — app: 


r 
14. And by ſubtracting 4p from each part of that Equation, . > 
15. Therefore by extracting the ſquare Root out of each part 

Ar r '. 'F 
16. And out of 7 and 145, the Square of the ſumm of the leggs 
will be found equal to „ - © R396 © 20 6 bb — 4% + * 
17. And from 10% and 165, by exchanging 47 for its equivalent) | 
quanifty bb EE g, the Square of the ſumm of the leggs 5 bb = qpp -j- 6b-1-4pp. 
V | 


Ir 18. Which 
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18. Which laſt quantity being firſt contracted, and then the ſquare ont 7% 
extracted, the ſumm of the leggs will be made known, to wit, - 


The preceding 15" and 18* ſteps do afford this 
CANON. 
+: bb — 4pp: = the Difference 
. 3 /26bb = the Summ F of the Leggs ſought, 

= the ſumm and difference of the leggs ſought being 2 the leggs ſhall be given 
ſeverally , ( per Theor. 9. Chap, 4.) and iy the Triangle. 

By which Canon it appears, that the Triangle ſought in Caſe 1. cannot have unequal 
leggs unleſs the given*Baſe exceeds the double of the given Perpendicular: For by the 
Canon, the difference of the leggs is equal to /: by — 4pp: which cannot be a real Quan- 
tity, (to wit, greater than nothing,) unleſs i = 25. 


The Compoſition of Caſe 1. Probl. 3. 


O > V.tn 
Wh = 
N 


Suppoſ. 
20. B = the Baſe of a Triangle is given. 
21. Þ = the Perpendicular is given. 
22. R = the ſide of a Square equal to the Rectangle of the leggs is given. 
23, OR =4OB + g8P. All, Bg 2b. 
Reg. to find the Triangle. 
Conſtructiion. 


24. By Probl. 4. (Bap. 5. find a right line A, ſuch, that its Square thay be equal to Q B 
—40P: Which Efeftion i is poſſible, for by Suppeſ. i in 23%, Bc-2P; therefore, 
A=xF7%oOBb—znoP: (that is, a= yy: bh — app: ) 
25. Again, by Prob. 2. Chap. 5. find a right line C, ſuch, that its Square may be equal 


unto 2 B, therefore, C=yJiok meld) 
Thus far the Conſtruction hath been made according jo the direction - the Canon in 190%. 
26. Now let a Triangle be made of theſe three right lines, to wit , 3C+.3iA, and 
20 — 4A; which Effection is poſſible, ( per prop. 22. Elews. 1. ) ie CA, and the 
ſumm of every two of thoſe lines be greater than the third : But that thoſe lines are ſo 
qualified, I prove thus; 
Firſt , from the Conſtruction in 247 and 25* it is eaſie to inferr that C c A, and 
conſequently 10 — 3A is equal to ſome real right line. 
Secondly , it is manifeſt that the ſumm of the right lines B and 10 - 4A is greater 
than the third line: C - FA. - 
Thirdly , that the ſumm of the two lines 10 + A and 40 — zA is greatet than 
the third line B, viz. that Cc B, is evident b Can. in 25. 
Fourthly, that the ſumm of the two lines B and 10 — A is greater than the third 
line £C-+ 3A, viz. that Bc A, I prove thus; 
By Cenſtr. in 24*, . +44 QB — 40P = AA. 
Therefore by adding 405 io each part , 1 2 ab = Gn A+ 40. 
Therefore, (per Ax. * _— 2. ) .> OB - od 
Therefore, SS a „„ „ Rx 
Which was to be demonſtrued i in the bent laſt place. 


Having proved that 10 — 4A is a real right line, and that the ſumm of eyery wwo- of 
theſe three right lines, co wit, B, 3G + 3A * CA, is greater than the third, 
ce tis 


ah 
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tis poſſible to make a Triangle of thoſe three lines; ( per prop. 22. Elem i.) Suppoſe 
then it be made, and that the Triangle found out is ABC, having its Baſe AB B, (the 
Baſe preſcribed in the Problem,) and the greater legg AC =3C-|-3A, and the leſſer 
legy BC = 5C— A: | ay the Triangle AB C will ſatisfie the Problem propounded. 
But to render the Demonſtration thereof the more clear and eaſie, I ſhall premiſe a tew 
things in ſeven ſteps next following. 


27. If the given Quantities be expreſt by numbers, the kind of the Triangle ſought in Caſe i. 
when the leggs are unequal, as they were ſuppoſed in the foregoing Reſolution , may be 
diſcovered by the help of the Canon in 19 of this Problem, and of Theor. 3. in 35 of 

4 Probl. 8. Chap. 8. Suppoling then it be diſcovered that the Perpendicular falls without 

the Triangle ABC upon A B increaſed, from C as a Center at the diſtance of CB 
(SCA) deſcribe the Circle CBGD cutting C A in G; then produce AC 
and A B to the Circumference in D and E; draw alſo the Semidiameter C E, and from 
the Center C make CF L BE, whence FE = FB, ( per prop. 3. Elem. 3.) 

28. Then becauſe (per Defin. 15. Elem. i.) r CB = CD. 

29. It follows, (by adding C A to each part, ) that > CA-| CB = CD-+ CA = AD. ' 

30. And becauſe by Conſtr in 26%, . . . « «@ 35C+3A = CA, 

31. Allo by Conſtr. in 26%, . . . . . · 3C—3A = CBS CD CG. 

32. Therefore the ſumm of the Equations in 30 8 C = CA4+CB = AD. 


and 31* gives * A N Cs - ; 

33. And by ſubtracting the Equation in 31* from 2 Yap £2 
1 8 A = CA CB = AG. 

34. Now I ſhall ſhew that the Triangle AB C made as before will ſatisfie the Problem. 
Firſt then by Conſtr. in 26* the Baſe AB is equal to the preſcribed Baſe B. Secondly, 


that the Rectangle of the leggs A C and B C is equal to the Square of the given line R, 
(to wit, the preſcribed Rectangle, ) I ſhall here demonſtrate, 


35- of © ©» Reg. demonſtr. * . . . . . . 0 . AC, BC — DOR 
| Demonſtration. 
s, 0 


37. 1. ä 5 UAS 46. 
7, Theorem . and 37% (r uf ae a r 
39. And by adding 400 to each part in 38%, . . 4O0P+oOAG = oAB. 


40. And by adding q AB to each part of the laſt 4 
Equation, W 8 

41. But from 325, 25 and 266ꝶ 4 .» 

42. Therefore from 40 and 41, ( per Axiom. 1. 
4 7 * 0 5 


AB 40P + OAG = 20A. 
- - DAD = zOAB. 


D AB + 4oP + OAG = DAD. 
1 T2 by a 0 9 _—_— my OAB++ 4OP=OAD — dA. 
44. From 32* and 33*, AD is the ſumm, and AG ) 
the difference of CA and CB, therefore, ( per > . 4ZAC,BC = OAD — AG. 
T heoy. 7. Chap. 4. — o . 5 o * . . N 
rr from 43* and 44%, (pr Anim, 1:2. pls r Once 
46. But from 237 and 2666. „ OAB-+4qoP = 40R 
47. Therefore from 45 and 46*, (per Ax. 1.) „ 4QAC,BC = 40R. 
48. Therefore, (per Ax. 21. Chap. .)) „„. QAC,BC = oR. 
Which was to be Demonſtr. 


Thirdly and laſtly, that the Perpendicular C F is equal to the given Perpendicular P, 
1 ſhall here demonſtrate by a retrograde repetition of the ſteps of the preceding Reſolution. 


49s 7 0 . Reg. demonſtr. - . ” . P * . . . - CF — P. 


Demon ſtration. 
80. By Conſtr. in 4 „„ AS B — 40Þ: 
51. And it hath been ſhewnin 335, that. . „ A = AG, : 


52. There. 
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52. Therefore from fo? and 515, ( per Axiam. 1. 

Chap. 548 1 N 8 AG=4:o0B —40P: 
53. And e by Conſtr. in 26* AB = B, , there — — 
fore from 325, , : 8 AG = :DAB — 40Þ; 
OR I 5% 3 > +. . 2 = „ — 4p: 

54. And from 53*, y com 1110 the ares of 
each part one to another , 1 0 . 7 8 OAG = oAB—4oP. 
That i Te „ S . 4a = bb 455. 

55. And y addin +0 0 art of the Eq ua» 
tion in 54, : b 25 k C AG 40P = oAB. 


That is, in 1% . + «+ «Þ «+ 44 + 4pp = bb. 


56. And from 55%, (per prop. 7. Elem. 5.) this Analogy ariſeth, viz. 
DAG + 40P AG :: AB . oAG. 
That is, in 125 
Ss a yt SS © as 
57. It is manifeſt that the Analogy in 56*is s equal to this that follows , (for AB— 
AB = o. Alſo, aP— 4oaP=0o,), vis. 
oO AG+oAB-+ qoP—oAB . 


0AG-+0AB-j- 40P — DAB — 40Þ . 8 — 
AG 


aa ＋ bb ＋ 7 — . 
as ＋ bb + 4pp — 6% "qv. Proportionals 


58, From 23* and 26*, «» « * 1 40R = a. 0 
] . [ ˙⸗˙ ˙ ô tos 5:4 * 4 = bh + 4%. 
59. Therefore from 57* and 58*, by exchanging equal quantities , this Analogy 


ariſeth , 


That is, in 11*, 


AG ＋ A40R — DAB . r . 
— IDETIONT. 8 2 That is, in 8* 44 ＋ art — W 22 
- 9 

AG — . 


60. But it hath been ſhewn in 47*, that . .5> 4 DAC,BC = 40K 
61. Therefore by ſetting eee 


this ariſeth, vir. 
AG A-Aνν AC, 8C - HAB 


AG CIAC,BC — HAB — 4oP :: a 
DAG + 4 2 — N are Proportionals. 
AG . 


62. And becauſe from 32 and 33®, AD. is the ſumm, and AG the difference of AC 
and BC, therefore by Theor. 7. Chap. 4. 
OAD=oOAG-+4D0DAC,BC. 
63. Therefore from 61 and 62*, by exchanging equal quantities, this 2 


ariſeth , viz. 
QaAD—oAB. OAD —OAB—40P :: DAB . gn AG 
64. And from 63*, by Converſion of Reaſon , 
c AD - AB . 4o0P :: OAB . DAB —DOAG. 
65. And from 65*, by altern and inverſe Reaſon, 
OAB . AB - AG :: OAD— OAB . 40P. 
66, But by Theor. 4. in 68* of Probl. 8. Chap. 8. 
AB. AB - AG:: AD - NAB. 4a CF 
Eee 2 67. There- 


— _ —_— 


—C— 
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67. Therefore from 65 and 66*, (per prop. 11. and 14+ Elem. 5.) 
1 4OCF = 4oP. And conſequently, CF P. 


Which was to be : Demonſtrated in the laſt place; and therefore Caſe tl Probl. 4. 
is ſolved. a ' mon < 


| | oA » Exgmple in Numbers, to illuſtrate the foregoing Reſolution i 
|. A of Caſe 1. Probl. 3. > 31 
Suppoſe. 


$1 1.4 


68. h: = 20_the Baſe of a Triangle is given. 

69. p — 6 thy Perpendicular is given, 

70. rr — 136 the Rectangle of the legys is given. 
71. rr = A -p; allo, 

— re 1 8 agreeable to Caſe 1. 


Reg. to find the Triangle. 
Solution Arithmetical. 
© p 99 | 
2345 = the differgnce of the leggs,, is found out of 68 and 697, by the Canon in 
19* of this Problem, _ 
74. 4/800 = the ſumm of the leggs, is found out of 68, by the ſame Canon. 


75. jt a. - of the leggs are found out of 73* and 74*, (per Theor, g. Chap 4.) 
The Proof. 
76. U of RT w ys = 136 the given Rectangle. Alſo, 


20 = the Baſe... '*2 a 
77. If . i f 3, 2. < of a Triangle. 
3 x90 8 the legs 
78. Then (per Theor, 4. in 68 of Probl. 8. Chap. 8.) the Perpendicular will be found 6, 
which is the ſatne with the given Perpendicular in 69*. en 
Moreover, 4/136 and ,/136 ſhall be the leggs of an equicrural Triangle having the 
ſame Baſe, Perpendicular and Reftangle of the leggs as are before given in 687, 6g? 
and 70", e 
ed | Tue Reſolution of CASE 2. Probl, 3. 
Suppoſ. 
= the Baſe of a Triangle is given. 
= the Perpendicular is given. 


a right line given, whoſe Square is equal to the Rectangle of the leggs of the ſaid 


I 
2 
3 
135 A 
. (ws 11 C by Suppeſ in Caſe a. 


Reg. to find the Triangle. 
6, The Triangle ſought in this ſecond Caſe , as alſo in the third, fourth and fifth Caſes of 
the Problem propoupded, cannot be equicrural , for in every equicrural Triangle rr = 


+bb - pp, which agrees only with the Swppoſc in Caſe 1. and conſequently the leggs 
of the 1riangle ſought in all the other Caſes are unequal ; therefore, Ts * 


l For the difference of the leggs ſought put > a 
7. Then from 4“, 5* and 6“, (per Theor. 7. Chap. 4. ) the 
Square of the ſumm of the leggs ſhall be 8 2288 | 

8. Therefore from the premiſſes ( per Theor, 2. in 34* of Probl. 8. Chap. 8.) this Ana- 
logy ariſeth, viz. | , 

4 arr — bb. . 4 ＋ arr — bb — 4pp :: bb as. 
9. Therefore alternately, | 

aa + 4rr — bb . bb :: aa + 4rr — bb — 4 . aa. 
10. From 4* tis evident that 4r1r—bb—qpp © ©. 
11. And from 10*,, by:adding 44 to each part, . > aa+-qrr-bb-gpp © as. 
r þ 2 12. There- 


i 


Chap. 10. Mathematical Reſolution and Compoſition. 405 


12. Therefore from the Analogy in g*, by Divilionof Reaſon, (which is evidently poſſible 

from the Equation in 11*,) theſe are Proportionals, viz. , 
as | qrr — 206 . bb :: arr — bb — 4 . aa. 

13. From 5* tis eaſie to perceive that 477 — 266 3 33 
is greater than nothing, ſuppoſe therefore 5 9 

14. It appears alſo in 100m that 4ry exceeds bb--4pp, 
we may therefore ſuppoſe : * * 
1 5. Then from 12“, 13“ and 14%, by excha ? 4 

* equal quantities, this Analogy ariſeth, vis. > 7 e.: „ . 4s. 

16. And from 155, ( per prop. 2 2. Elem. 6.) „ „as ec: 6 :: 4. 4 

17. Then between h and 4 find a mean Proportional, 2 , 
ſuppoſe it to be , therefore, „ 

18. Therefore from 16“ and 17*, by exchanging 
the mean Proportionals, (according to Defin. 8. Via Fat: 
Chap. 3. concerning Inordinate proportion, ) this r n 
— e 9 

19. Which laſt Analogy doth evidently conſiſt of three Proportionals, whereof the 
greater extreme, to wit, : 44 ce: is equal to the Hypothenuſal of a right-angled 
Triangle, having c for its Baſe, and 4 for its Perpendicular: Now in that right- 
angled Triangle the Baſe c is given, alſo m, a mean Proportional between the Hypo- 
thenuſal /: 42a - cc: and the Perpendicular 4, is given, therefore the Perpendicular 4 
ſhall be given alſo, (per Probl. 15, Chap. 5.) which Perpendicular is equal to the 
ditference of the leggs of the Triangle ſought by this Probl. 3. in Caſe 2. Then the 
Rectangle and the difference of the leggs being given, the leggs ſhal! be given ſeverally, 
by Probl. 1. Chap. 9. Therefore the Triangle ſought is given alſo. 


> dd = ae. dM. 


W ':: mw 4. 


39.90 „ 4. 


. The Compoſition of CASE 2. Probl. 3. 


Ne. a 


1 


m EO ON 


Sani. 
20. B — the Baſe of a Triangle is given. 
21. P — the Perpendicular is given. h 
22. R = the fide of a Square equal to the Rectangle of the leggs, is given. 
. 0 0B P, . 
i 9K = 183. 8 + by Sappeſ- in Caſe 2. 
Reg. to make the Triangle. e 


Conſtructiom. 


25. By Probl. 4. Chap. 5. find a right line C, ſuch, that its Square may be equal to 
408 — 2 QB, (which Effetion is evidently poſſible from the Swppoſ. in 24) 
therefore , =, 

oOC=4o0R—20B. N 


25. Find likewiſe a right line D, ſuch , that its Square may be equal to 480R— B 


40, ( which may be done, for tis eaſie to inferr from the Szppoſ7, in 235, that 
40 Rœ OB -+40P,) therefore , | * : 


OD =4O0R —OB — 40 P. 


25. By 
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27. By Probl 9. Chap. 5 find a mean proportional line M between the given Baſe B and 
the line D, ( tound out in 26* ) cherefore, 

B M M D. 

28, Then eſteeming the line C to be the Baſe of a right-angled Triangle, and the line M 
to be a mean Proportional between the Hypothenuſal and Perpendicular , find out (by 
Probl. 1 5. Chap. 5. ) the Perpendicular it ſelf, ſuppoſe it be the right line A: Then 
it A be the Ferpendicular , and C the Baſe , the Hypothenuſal ſhall be equal to 
UA C: and from that Effection this Analogy ariſeth, vi. 

Vi:OA + OC: M M A. 
Which line A ſhall be equal to the difterence of the leggs of the Triangle ſought. 

29. By Probl. 2. Chap 5. find a right line F, ſuch, that its Square may be equal to 
40R + A; therefore, 

OF =4 OR + OA. 
Which line F ſhall be equal to the ſumm of the leggs of the Triangle ſought. 

30. Then let a Triangle be made of theſe three right lines, wiz. B, *F 4+-*A and 
*F — 3A; which may be done (by Prop. 22. Elem. 1.) if F be greater than A, 
and the ſumm of every two of thoſe three lines be greater than the third: Firſt , that 
F c= A, is evident from the Conftr. in 29%. Secondly, it is alſo evident that the ſumm 
of B and ZF + $A exceeds F — A, Thirdly, that the fumm of *F -+- 2A and 
*F — A exceeds the Baſe B, viz. that Fc B, I demonſtrate thus g 


by Cuaffy. n' 29%), » - < +» 

And from the Conſtr. in 25%, . . 

But *cis evident ( per Axiom. 25. Chap. 2. 
nt XR 
Therefore from the three laſt 
ſteps, ( per Ax. 3. Chap. 2. ) 

And conſequently , 1 

Which was to be Demonſtr. 
Fourthly and laſtly, that the ſumm of B and 1F— A is greater tan ZF +- 2A; 


viz. that B c A, the following Demonſtration, formed by a repetition of the ſteps of 
the foregoing Reſolutĩon in a retrograde order, will make manifeſt. 


.> 40R+ oA = uE. 
. 2O0R —*CC-= aB. 


)8 ,oR + 0A co 20R-t0C. 
oa oF = oB. 
ob fre 


31. 99 Req. demonſtr. 0 ” B —"—_ A. 
Demonſtr ation. 
32. Becauſe by Conſtr. in 28%, . . f /:OA+ DOC: . M „ 4 
That is, in 187, ( the laſt ſtep of the Re- Ts: 
ſolution, ) r * ä WE 
33. And by Confer. in 27*, „ > MW - B 2 ans 
34. Therefore from 32* and 33's by ex- 
changing the mean Proportionals, ( ac- . 
cording to Defin. 8, Chap. 3.) this Ana- ,, B:: DU. A 
logy , 28S. .- - - o« + «© 
TL lol © © + ©» +» oias + & b d 4. 
35. But the Squares of proportional lines 
are alſo Proportionals, therefore from > AAC nB 0D. OA. 
34*, ( per prop. 22. Elem.6.) . . 
LSE Too © © © r bb :: dd . as. 
36. And becauſe by Conſtr. in 255 - i 40R — 10 — C. 
37. Alſo by Confr. in 266 r . „ 408R— OB — 4DP = DoD. 


38. Therefore from 35*, 36* and 37, by exchanging equal quantities, this Analogy 


ariſeth, viz. 


OA -4oR—20B . B 40R - OB 4a P . 4. 
That is, in 12, 
44 + r — 26b bb :; arr —bb - .. 


39. There- 
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39. Therefore from 38*, by Compolition of Reaſon, \ 


A- KR- 203 . oB :: OA+q,cR—oB—gqaP . g. 
That is, in 9“, 
4. ＋ ar- . bb :: 4 , - — app. . aa. 


42+ But the fuſt Proportional in 39“ is evidently greater than the third , therefore ( per 
prop. 14. Elem. 5.) the ſecond (hall be greater than the fourth , vis. 


aB S OA; therefore B = A. 
Which was to be Demonſtr. 


41. Now becauſe it hath been demonſtrated that F-— A, and conſequently *F — 4 A 
is equal to a real right line, and that the ſumm of every two of thelc three right lines, 
to wit, B, *F-|-3A and f — A is longer that the third, "tis poſſible ro make 
a Triangle of chem (per prop. 22. E'em. 1) Suppoſe then it be done, and that the 
Triangle fo made is Ah C, having its Baſe A B equal to the right line B, (the 
Baſe preſcribed in the Problem; allo AC F- A, and BC = F — A, 
I fay the Triangle ABC will fatishe Caſe 2. Probl. 3. before propounded. But 
to render the Demonſtration thereot the more eaſie, I ſhall premiſe a tew things in 
ſeven ſteps next tollowing., 

42. Firſt, it the quantities given in the Problem be expreſt by numbers, the kind of the 
Triangle ſought in Caſe . (hall be known: For the Baſe was firſt given, and by what 
hath been ſaid in 19*, the leggs are given alſo; therefore by the Corollary in 45 
of Prebl. to. Chap. 7. it may be diſcovered whether the Triangle ſought be obtuſe- 
angled , acute-angled, or right-angled at the Biſe. Suppoſing then it be found that 
the Perpendicular talls upon the Baſe A B within the Triangle; from the Center C, at 
the diſtance of CB, ( = E — A, ) the leſſer legg of the Triangle AB C made as 
before, deſcribe the Circle CBGD cutting CA m G; then produce AC to the 
Circumference in D, and draw tfie Semidiameter C E; and\from the Center C let fall 
CFLEB, therefore FE FB, ( per prop. 3. Elem. 3.) Then, 


43. Becauſe (per defin. 15. Elem. 1.) . . CD = CB = CG. 

44+ Therefore by adding AC to each part, > AD = AC + CB. 

45. By Cosftr. in 1% AC SF + A. 

46. Alſo by Conftr. in 4177. , CB = FE — 4A 

47. Therefore the ſumm of the Equations in AD=F = AC+CB 
45* and 46* gives 1 of * 

48. And the Equation in 46“ being ſubtra 7 N 
trom that in 45%; leaves 1 AG=A=AC—CB. 


Now I ſhall (hew that the Triangle ABC, formed as before is expreſt in 41*, 
will fatisfie Caſe 2. Probl. 3. Firſt then, by Confty. in 41 the Baſe AB is equal to the 
preſcribed Baſe B. Secondly, that the Rectangle made of the leggs A C and B C is equal 
to the given Rectangle, that is, the Square of the right line R, I ſhall here-under de- 


monſtrare. 


49-\.- +» » by. dof 0 © © © © © © f SSSR 
Demonſtr ation. 


50. By Car. in 298%, . © 4 . OF = 4OR-þ DA. 
51. And becauſe from 47%, «- „% CAD = ak. 
52. And from 48”, > OAG = UA 


53. Therefore from doe, 51 and g NW” 
exchanging equal quantities OAD = 40R . 
54. And from 53*, by ſubtracting © 29 AD 
from cach part, «© © « » « 0+ © «© 
55. It hath been (hewn in 47* and 1 that) 
AD is the ſumm, and A G the differenc 0 
of AC and BC, therefore ( per Ther. 7. VAD = 4DAGBC + DAG. 
6. And om , M 0 AG] 
56. 553", by lubtracting a 
from each part, . . * . * . . 8 OAD — OAG 40A, BC. 


AG = 40R 


57. There- 
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7. Therefore from 54* and 56*, ( per Axiom. 1. 2» | 
che 66) D 0 SE WU PINES: 8 4QAC,BC=4oR 
58, Therefore from 57*, (per Ax. 21. Chap. 2.) . .> UAC, BC AR. 

Which was to be Demonſtr. 

Thirdly and laſtly , that the Perpendicular C F is equal to the given Perpendicular P, 
the following Demonſtration, form'd out of the ſteps of the ing Reſolution by N 
a repetition of its ſteps in a backward order, will make manifeſt, 
LEGS oo ee > - ed «© © 6 o CE mn 

| Demonſtration. 

k hath been proved in 39*, that 
60. DA+4O0R-oOB . oB :: nA-H4o0R-noB-4gcP . 04. 

That is, in 9“, 

4 Ar -, „%:: 44 4 - - 4% 224. 

61. And becauſe from 41 and 48%, . . . AB = OB; and GAG = UA. 

62, Therefore from 60* and 61* , by exchanging equal quantities, 

AAG + 40R — HAB. DAE :: DAG-+q4oOR— OAB—4qoP . A. 

63. Therefore from 62*, by alternate Reaſon , 

DAG-+4o0R — AB. DAG-+40R— GAB 4oP :: nAB. 0. 

That is, in 8*, 

44 ＋ 4rr — bb 44 ＋ qrr —bb—4qpp 2: i „„ 

64. It hath been proved in 335, tht . , . . AD = GAG + 40k. 

65. Therefore from 63 and 64*, by exchanging equal quantities, 

DOAD—-OAB. GAD-aAB-4q40P :: GAB . OAG. 

66. Therefore from 65*, by Converſion of Reaſon , 

OBAD—OAB . 40P :: OAB . GAB  OAG. * 

67. And from 66*, by Altern and Inverſe Reaſom, 

OAB . GAB - QOAG :: GAD - AB. 4goP. 

68. But by 7 heor, 4. in 68 of Probl. 8. 

AB. DAB—DAG :: AD - UAB . 40CF. 

69. Therefore from 67* and 68˙ (per prop. 11. Elem. 5. 

OAD—oOAB . 4aCF :: GAD — AB 40. 

70. Therefore from 69; (per prop. 14. Elem. 5. „ 4OCF = 40P. 
71. Therefore from 70, ( per Ax. 21. Chap 2.) „% CF = P. 
72. But the ſides of equal Squares are alſo equal, therefore from 71% > . CF = PF. 

Which was to be Demonſtr. 

73. An Arithmetical Canon to find out the difference of the legs of the Triangle ſought 
in Caſe 2. may be deduced from the Analogy in 12*, for by comparing the Rectangle of 
the extremes to the Rectangle of the means of that Analogy, this ariſeth, wiz. 

anna Arran — 2bbas = Ari — bbbb — 4ppbb. 

Which Equation being reſolved according to the Canon in 77 of Prebl. 15. Chap. 5. 

will give this tollowing CANON 


Tio „ (2) : /arrrr — 4bbpp + bb — : = < 
An Example in Numbers, to illuſtrate the foregoing Reſolution of Caſe 2. Probl. 3. 


Suppe. 
75. 6 = 14 the Baſe of a Triangle is given. 
76. p 12 the Perpendicular is given. 
77. rr = 195 the Rectangle of the leggs is given. 
4 ; 8 
"= gd * PP » 8 ( per Suppe. in Caſe 2.) 
Reg. to find the Triangle. 
1 4 Solution Arithmarical. 
80, 2 = the difference of the leggs, is found out of 74*, 75*, 76* and 77*. 
81. 28 = the ſumm of the leggs, is found out of , 77“ and 80“. 
82, 15 and 13 = the leggs are found out of 80* and 81“, by Ther. 9, Chap. 4. 4 
T 
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The Prof. 
$3- 43 « 13 2 195 the given Rectangle; and if | 


14 = the Baſe ; 
335 = tht bag j of a Triangle, then 


$5., 12 = the Perpendicular will be found out 
Chap. 8.) which is the fame with the given Þ 


Theor. 4. in 68* of Probl, 8. 


out, ( 
icular in 76*. 


pals 1 


The Reſolution of CASE 3. Probl. 3. 


1. = wing 4 of a Triangle is given. 

2. þ = the Perpendicular is given. 

3. . 8 8 Square equal to the Rectangle of the leggs i * 
22 5 ( per Suppeſ. in Caſe 3.) 


Rez. to find the Triangle. 
The of the Triangle ſought in this Caſe 3. are unequal, for the reaſon before 
in ” of the Reſolution of Caſo 1. — of , _ 
6. 7 Nec difference of the | 0 4 
ore from 30 and 6“, the Square of the fm "of the 
Een. Chap. 4.) ſhall be 3 '$ * „ 
8. Xe m 1, 2 4%, 6* and 5*, ( por Theor. 2. in 34* of Probl. B. Chap. 8.) this Ana- 


logy arileth, vic. aa\-4rr—bb . 2 : bb. as. 
9. Therefore alternately , 
aa+-4rr—bb . 22 "—_ bb—4qpp « 44. 

10. From 4 tis evident that 899 0 89 477 — bb — 4Þþ © 0. 

11, Whenct k follows, by adding as to each part, » +» ac4+4rtr—bb-apd—ad 

12. Therefore from the Analogy in g*, by Diviſion of Reaſon, ( which is evidently pollible 
from the Equation in 11% _ * ; Proportionals Vit, 

a g- Ar 66 : 4 bb—4 pp . 44. 

13. It is evident by Geer Tem * laſt Analogy , that 5 a4 - art , 266, 

14. And is ealie ro infert from the Sappoſ. in 5* „that .> 10 c art. © 

15. Therefore from 13*, by ſubtracting 4ry from each part, & i#s © 266 — mu. 

16, Iris evident, that if 2þ6 — Ar be ſubtracted from 44, the remainder a4 ＋ 4#r — 26 
is the ſame with the firſt Terch of the Analogy in y therefore Feb e 
266 — 7, and a9 — eo be den fel. all Ref Tem 2 J 4% = 26h 
that Analogy will be converted into this, 

44 —- cc. bb :1 — 4 «5 

17. And by putting 4d = qrr- bb—4pp , the laſt cling 2 will n into 

this that follows, viz. n 


18. But the ſides of proportional Squares are Prop alſo, (per prop. 23. Elem. 6.) 
therefore, N 


7 
19. Berween 6 and 4 find a mea Ptoportlotil, ; wii ay be cle mz therefore, 
” — 
20. Therefore from 18* and 197, an ls, according to 
j W FT taper ariſeth , vic. 
4/1 44 — 06: + 
21. Which three continual Progiertionals 1 een deing Pr it will heat 
that the greater exireme 4 ay be end enge of a right-angled Triang 
Whoſe Baſe is c i the Parner yo eh Now in that tight- Tei 


the Baſe e is given, as alſo 2 mean between at 4 and 
e which ie equal to the differente 
. + \orbg nl gen fs, e 'Cbay.5.) 
eg x: al gre ls, yobl. x. ſy, gn 4 8 


being given, Selb . eh. y Theory. Chap. 4), 


» as * 
0 1 
” * 1 
F | v q e 
** Wi < * 1 MS Wes * 7 
D e er, eee eee 1 
* , 


* 
— — 
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This third Caſe needs not any other Determination than what is implied in the Sup. 
poſitions; and the Compoſition may be formed (by the help of Probl. 15. Chap. 3.) 
in like manner as before in Caſe 2. 


22. But for the Learner's fuller ſatisfaction, an Arithmetical Canon to find out the value 
of a, to wit, the difference of the leggs of the Triangle ſought in Caſe 3. is deducible 
from the premiſſes: For the ReQangle of the extremes of the Analogy in i 2 being com- 
pared to the Rectangle of the means, and it being obſerved (as is eaſie to inferr from the 
Suppoſ. in 5*,) that 266 rr, this following Biquadratick Equation ariſeth, viz. 

| aane — 2bb — arr * aa = 4qrrbb — bbbb — aqppbb. 
Which Equation, if it be reſolved according to the Canon in 5 8* of Probl. 15. Chap. 5. 


gives this CANON. 
23. « 8 = ff: bb —trr + Varmr ap: = the difference of the leggs. 


An Example in Numbers, to illuſtrate the precedent Reſolution of Caſe 3. Probl. 3. 
Suppeſ. 


24. = 10185 the Baſe of a Triangle is given. 
25. 3 4751 the Perpendicular is given. 
26. rr —= 50397696 the Rectangle of the leggs is given. 
. i © 3 ; 
of EQ, 766 6 PP. 8 agreeable to the Suppeſ. in Caſe 3. 


Reg. to find the Triangle. 
Solution Arithmetical. 


29. 5529 = the difference of the leggs is found out of 23*, 24 25* and 269, 
30. 15225 = the ſumm of the leggs is found out of 7“, 26“ and 299. 


51.705 4 — the leggs are found out of 29® and 30*, (by Theor. 9. Chap. 4.) 
The Proof. 


32. 10377 * 48348 = 50307696 the given Rectangle: And, if 

33. 9 — 444 © an of a Triangle; then, by thoſe three ſides, 
4848 = the leggs 

34. 4752 = the Perpendicular will be found out, ( per Theor. 4. in 68® of Probl. 8. 


Chap. 8.) which is the ſame with the Perpendicular given in 2 5?. 


The Reſolution of CASE 4. Probl. z. 
Suppoſ. 
b = the Baſe of a Triangle is given. 
p = the Perpendicular is given. 
S the (ide of a given — equal to the Rectangle of the leggs. 
4 . 
Reg. to find the Triangle. | 
6. For the difference of the leggs ſought put . , > 4. 
7. Then proceed as before in the Reſolution of Caſe 3. from the 60 ep to the 12, and 
let the Analogy in that 12 ſtep be here repeated, viz. 
aa arr —2bb . bb :: qrr —bb — app 44. 
8. Now becauſe by Suppoſ.in 5%, . +» « .. „ 4er = 26. 
7. And conſequently from 8*, by ſubtrafting bb from each part, & 47r — bb ='b6. 
10. Therefore tis evident from 8* and 9*, that by exchanging equal quantities the Pro- 
portionals in 7* are reducible to theſe , viz. | 5 


72292 7 


424 1 17 44. 2 8 LO 
11. But the ſides of proportional Squares are alſo Proportionals , therefore from 10˙%, 
4 . b :; y/:bb— app: . 4. 
| 12. There- 
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12, Therefore from 115, by com ihe le of the extremes to ReR le 
of the means, this Equation ariſeth, vi. — ak * 
4 = by: bb 4 
13. Therefore from 125 by exrraRting the ſquare Root out of each pred 
of the leggs ſought is made known , vis. 

* — ä — 

4 =ytb x Ibb — app: 

14. And becauſe by Ther. 7. Chap. 5. che Square f the ſum of any rv right lines Cr 

nd is equal to four — Rectangle together with the Square of their diſference g 
therefore from 3 wy 2* and 137, the ſuram of the leggs ſought n 


: 44 + arr: = ½⁰ — — OT 
The two laſt 23 Equations give this following 
CANON. 
8 473 — = the difference of the leggs. | 
bbb — 4pp -|- 4rr: = the ſumm of the legys. 


Then the ſumm and difference of the leggs being given, the leggs ſhall be given ſeve- 
rally by Theor. 9. Cha 

By which Canon and Reſolution eforegoing , the Geometrical Effection and Demon- 
ſtration of Caſe 4. is very caſte (0 be made. and therefore I ſhall leave the ſame ihe 
Learner's practice. 


An Example in Numbers, to „ illuſtrate the foregoing Reſolution f Caſe 4. Probl. 3. 


Suppeſ. 
16. b = 3 the Baſe of a Triangle is given. 8 1:73 \ 
17. p 2 the Perpendicular is given. 5 x 


18. mT = 124 the Rectangle of the leggs is given. + 
Wang 0 8 agreeable to the Smppoſ. in Caſt 4. 


20. rr 21 
* + Keg. to find the Triangle. 
| Solution | Arithmetical. | 

21. 4/15 = the difference of the leggs is found out of 157, 16* and. 19%. 
22. 4/65 = the ſumm of the leggs is found out of x5*, 16*, r7* and 18˙. 

2 A , 
2 5 * 18 = the leggs, found our of 21*and22 „(per Theer, 9. Chap. 4.) 

&S : Ad ab | C 

4 V The Prof | 
24. „„. into $5 — „ = 124 the given Reftangle. 

5 = the Baſe of a Triangle. 
25. And, if t + 439 
82 + hy e 
26. Then 2 = the Perpendicular will be found out, ( per Theor. SHOT "I 8. 
Chap. 8.) which is the ſame with the given Perpendicular in 19% 


5 


— — 


The Reſolution of CASE 5. n 


of the Rect of the is gives, 
EEE 5-4 
Triangle. 


E 
Fff 2 | $. For 


E 
4 
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1 F. For the difference of the . ſought put 4. . LT 
6. Then from 3® and 5®, (per Theor 7. Chap. +/ "eg EY * 

3 of the ſumm of the leggs is — 7. 


% Arms, 527% J and 6*, ( per Theor. 2, in 34* of Propl. 8, r 
| ariſeth , viz. ati 
| —_—— . 4s EEITOE, :: bb , an. © 
8. Therefore alternly, by 
4 Therefore inver ſly, p (nend 
es Nona ae þ gr A ' bb . - 10751 
ag By uadrupling all. in 4*, and ſubtracting 1144 pp if 

from => . 1 will be evident that ps s » . — bb — 5 . 
11. And by adding 44 to each part in 1 10%, „ „ oP a6 457 — db — 427 = as. 


12. Therefore from 9*, by Converſion of Reaſon, (which the 11 ſep ſhews i is poſlible,) 
theſe are Proportionals;; viz. 
an » bb ＋ 4 — . Ty th . 26b—q5r — as, 5 
13. It is evident from the * of. in 4, at 7 5 + 4 © ar. 
14. Therefore for the — whereby bb +: 4pp ex- 14 bh | 
ceeds qrr we may put dd, whence, . . ＋ nh A. 
15. By viewing: the 115 ſtep. it will appear chat the 
third Proportional i in 8, is leſs than the fourth, there- > 44 + arr * * 2 th 
fore the firſt is leſs than the ſecond, vx. | | 
16. Whence, by adding bb to each part, „ 44 + arr = 246. 
17. And froh 16 , by comparing 1 the latter un to 


the firſt, tis eaſie to inferr that 2bb © arr. £ 
18. Therefore for the exceſs whereby 266 exceeds ar, 3 8 

we may put ce, Wwhen gte 8e 2 — 4. 
19. Then from the Analogy in 12, by exchanging ( BUY 1 2 


equal quantities according to the Poſitions in 14 4 d:: &, ied, 
and 185, this Analogy atiſeth, 1rd. * n 
20. And becauſe ( per prop. 22. Elem. 6.) the | ſides of | n 
be rom 190 Squares are alſo Proportionals , there- > 4. ' « d:: „itt — 44: 
ore from 19%, . . 
Between b and d find a mean Proportional, which 4 
"Tn be called m, therefore vs 2 $ 
22. Therefore; from 20* and 21*, by exchanging the 3%.” - > MT 
mean Proportionals according to Defis. 8. Chap. 3.> :: . rec — 40: 
this Analogy ariſeth, 2s 
23. Which laſt Analogy doth evidently conlilt of three continual 8 , Whereof 
the extremes 4 and /: cc — 44; may be eſteem d the Baſe and Perpendicular of a right- 
angled Triangle whoſe Hypothenulal c is given, as alſo m a mean Proportional between 
the Baſe and Perpendicular ; i therefore ( per Probl. 16. Chap. 5.) the Baſe and Pexpen-" 
dicular ſhall be given ſeverally, either of which may be taken for the difference of the leggs 
of a Triangle to fatisfie the Problem propounded in Caſe 5. For here, two different 
Triangles may be always found out that ſhall have theſe 4 things common, to wit, 
the Baſe, the Perpendicular , and Rectangle of the leggs, except when it happens that 


2 Dr, for then the two values of 4 will be equal to one another, in which Caſe there 


can only one Triangle be found out to agree with the preceding Suppeſ. in 1 2, 37 
and 4. 


- 22 „ 4 


But that there may be a poſſ bility of finding out a Triangle to ſolve Probl. 3.inCaſe 5. 
the right line repreſented by 2 muſt not be longer than +: Now to make it evident 
that this Determination is necelfury © inCaſe 5, 


24. 5 » Reg, demonſtr,” , 5 ES SY „ „ dot . 


Demonſfr. 


Chap.: 496 


Mathematical — Canpeſition, 3 


, x 
* u Nr YL. — % * 


25. Firſt, 3 for e IN _ 
- for a mean Proportiona e 
and — Angle , iy om * Wot cf 


(as before is ſuppoſed in 15 3 then to find oui "not. * te. bs 
that Triangle by Probl. 16. Chap. 5. this Ne-; * 
termination is neceſſary . 
26. Therefore from 255, by eie 
part into c̃CH + 
27. But from 215 „(er prop. 17 Fla. 6. "Js 
28. Therefore from 26“ and 25% * (e 


215 ke l 
* 75 | wm not e ge 9 52 


111 
Me 
: f * 1 not ＋ ee. 


Bind bad (a evident i in 14* 7 £ _ 9 BEI Er: =2 


Therefore from 280 5 
equal Faftors, Seb « 9 reren 
31. And becauſe from I go! | 3 bb — 2rr = zer. 55. 
3 from 30* and 30 : \ (; per Ax. 3, „ by: Map arr: not En 


33. And from 32., (by dividipg each part by J * ET not Eb 

34. And from 33*, by . each part, = * 
kt 2520 8 ITT not Sg ror 1 4 £7 

2 5. And from 34 , by adding gr unto, and ſitd- 

tractiag i from each part, N off! 5 an _ LY * 


36 And — 35% by r _ Res, 
out of each part " 2p not &-, 72 


37. And from 3 6%, by muliplying eich pan by b ; _ not = arr. 
38. And by halving each part in 370 8 N J = 7728 rr. 


* from 3 8?, by . = par not 8 1. Which! was to to beDeid, 
5 - - * * - 


40. Suppoſing then that by ; is not t greater ads r. . Compoliion of Caſe 5. Probl. 3. 


may be eaſily formed out of the laſt preceding Reſolution, by the help of Probl. 16. 
Chap. 5. in like manner as before in — 2˙% and an Arithmetieal Canon to find the 
difference of the leggs of the Triangle j the faid 5®-Caſe may be deduced from 
the Analogy in the foregoing 12" ſtep? For the R of the extremes of that 
Analogy being compared to the — of the means; 5 his following Biquadratick 
Equation ariſcth, vs. | 


= = Arr x 44, — 444 = Ba J. 4b. 
Which Equation being reſolved according to the Canon in 5 5* of Probl. 16. eur Fo 
gives this | 
AN. 
41. 4= 7 ee Alſo; 4=y: Bore e; 
42. Now either of thoſe Roots or values of 4 may be taken for the difference of the leggs 
of a Triangle to ſolve Cafe 5. Probl. 3. before propounded z and if it happens that Li 


r, (and conſequently, % 7,) then thoſe values of a are unequal, and * 
= be two different Tegel found out to ſauisße the id Caſe 5+ "Bur when 


2 Dr, and conſequently, bp re,) then the aid values of « are equal to one another, 
- det 10 y/:bb — 377: which ſhall be the difference of the leggs of a Tri. 
angle having a right angle oppoſite to the Baſe, ( as appears by Canon 1. in 21* of 
Probl. 14. Chop. 8.) Which Triangle, w when 2 = * is the only Triangle that can 
be found to ſolve Caſe 5. Probl. 3. 


Example. 
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Examples in Numbers, to"illuſtrate the preceding Re e f 
** Caſe 5. Probli 3. 4 


Examp. 1. Where two e are — aut 5 nd Caſe 5. 


Sappeſ. 
43-6 = 51 the Baſe of a Triangle is given. 
44. Þ = 12 the Perpendicular is given. 
45. rr = 740 the Rectangle of the leggs r 
46. rr D 266 . agrecable to the by td in Caſe 5. 

Reg. to find the Triangle. 

. Solution eAvithmitical. 
47. 17 = the difference of the leggs is found out of 43*, 44 and 45* , by the leder Rvor 
in 41. 
48. 57 = the ſumm of the leggs is found out of 6*, 45* and 4. 
49. 37 and 20 = the leggs are found our of 47* and f. ( per Theor. 9. Chap. 4. S 
| The Proof. 

50. 3 37 x 20 = 740 the given Rectangle. 


51 = the Baſe nel 
51. 4 5 5 37 72 1 * of a Triangle then, 


52. 12 = the Perpendicular will be found out of 51*, ( per Theor. 4« in 68* of Probl. 8 
Chap. 8. ) which is the lame with the giyen Perpendicular i asf. 

Again , from the ſame things given as before in 43*, 44*,.45*, another le may be 
found out b y the greater Root in 417, to ſolve Caſe fe Probe 3+ the ln 2 
Triangle are here-under expreſt, viz. . 

53. 1953 = the difference of the — 

54. 74513 = the ſumm of the leggs. - 


S213 4252 
— Vera 11 7 t the leg. 


The Proof is eaſie to be made, in like manner as in Example 1. | 
Exawp. 2. Where only ont Triangle can be found ont to ſolve Caſe 5. Probl. 3. 


57. b = 169 the Baſe of a ay 4 8 
58. p = — þ 


59. 1 * — 2 — leggs is given. 
66. rt . 
Ei Tring 
E * Arithmetical. 
61. 91 = the difference of the leggs is found our of 57%, 58* and 59", by cicher of the 
Roots in 41 . 
62. 221 . of the leggs is found out of 6“, 59“ and 61. 
63. 156 and 65 = the leggs are found out of 615 and 62*, ( per Theor. g. Chap. 5 
The Prof. 
64. 156 x 65 = 10140 the Rectangle given in 597. 
* 169 = the Baſe of a T 
65. And if 27 the legg⸗ a Triangle, then 


66. 50 = thePerpendicular will be found out of 65˙ Tbeor. 4. in 68* of Probl. 8. 
cho 3 aid iraquet oo the glean Prevents Ie 56 2 . 


Note. This laſt Triangle hath a right angle oppoſite to the Baſe, agreeable to what 
was before hinted in 42*. 


—_—__ 


A LEMMA, leading to the follewing- Probl. 4. 

In - Arr riangle, As the Sine of an angle is to the Radius, (or total Sine 3) 

= Arex of the Triangle, — made oft Pept 
oo he ee 


Chap. 10. 


Swppoſ. 
1, EI the Baſe 


23A] the leggs 
3. <A, (chat is, CE AI) is contain d under the leggs AE, AL 
4. EO 1 Al. 
5. R the Radius, (or total Sine.) 
6. S A = the Sine of the angle A. 
WS 0 6 „ Req. demonſtr. „ S CA. R 22 EO, AA. OAE, AI. 
Demonſtr ation. 
8. By a vulgar Axiom in the Doctrine of plain 6 
Triangles this Analogy is manifeſt , vis. 8 nne . AK 
9. Theretore by drawing Al into each of the two D 
latter Terms of that Analogy, this ariſeth, vis. A. R MEOAL . MAEAL 
Which was to be Demonſtr. 


f of the oblique-angled A AIE. . 


Probl, IV. 


The Baſe of a plain Triangle being | as allo the Perpendicular, - 
and angle oppolite to the Bale, to find the Triangle. 
Conſtructiom. 

Let a Circle be deſcribed by a Radius (or Semidiameter) taken at pleaſure, and according 
to the Note at the beginning of Probl. 19, Chap. 8. find out a right line that ſhall be the Sine 
of an angle equal to the given angle. Then (by Probl. g. Chap. 5.) find out a Square equal 
to a Rectangle made of the given Baſe and Perpendicular. That done, let it be made, (by 
Probl.1 1. Chap. 5.) As the Sine, (found out as above, ) to the Radius firſt aſſumed ; So the 
ſaid Square to another Square, which Square ( or fourth Proportional) found out, ſhall be 
equal to the Rectangle of the leggs —— the given angle, (as is evident by the fore- 
going Lemma ) Now there is given the Bale and Perpendicular, as alſo a Square equal to 
the given Rectangle of the leggs , to find out the Triangle; and therefore if thoſe given 
quantities be expreſt by numbers, this Probi. 4. may be ſolved both Geometrically and 
Arithmetically in all Caſes , by the help of the preceding Probl. 3. 

Note. Some ſubtil Geometrical Problems, wherein the meaſures of angles as well as 
of right lines are given in numbers, may be ſolved Arithmetically by the Doctrine of Plain 
Triangles , without the help of A/gebra , of ſuch kind is the following Problem, with 
which I (ſhall conclude this Treatiſe, 


Probl, V. 


The diſtances AB, AC, BC between three Towers A, B and C 
not ſtanding in a cas line, being given ſeverally in Feet. Alſo 
a fourth Tower being {uppos'd to ſtand within the Triangle ABC, as 
at D; and the meaſures of the n_ ADB, BDC and CDA being 
given ſeverally in Degrees; to find the diſtance between the fourth 
Tower D and each of the other three, viz. the meaſures of the thr 
right lines DB, DA and DC in Feet. | 8 

| | Prepar. X 

Faralmuch as by S»ppo/. the point. D lyes within the Triangle ABC, and conſequently 
the three points A, D, B do not lye in a ſtraight line; let the Circumference of a Circle 
be fuppoled to paſs by thoſe points, as ADB, whoſe Center is E; ſuppoſe alſo the 

| ' Se mi- 
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Semidiameters EA, ED, EB to be drawn, and EF.L AB. In like manner , 8 
poſing G to be the Center of a Circle whoſe Circumference paſlerh by the points B. D, C, 
draw the Semidiameters G B, GD, GC, and make GH CB. 


Feet. 

AB = 20000 

AC = 15000 

BC = 18000 

EB = 12521 . 286 ＋ 

GB = 9317+445 + 

DB = 13888.610 + 

DA = 8283.832z + 

DC = 8406. 944 + 

Gr. Mn. A — 

< ADB = 127: © R 
< BDC = 105: o 12 * 
CDA = 128; 0 8 
< FEB = $3: © 8 
Ii = 37: © — 
< HGB 71: 0 E 
<< GSC = 19: e 
<< CBA = 46: 8 
< GBE = 98: 8 
OUTS = 33:4 .- f 

DBA = 19:19 
SdBC = .26:49 1 


Solution Arithmetical , by the Doctrine of plain Triangles. 

Firſt, ſubtra the given ADB from two right angles, (vis. from i 80,Degrees,) the 
remaitider ſhall be the ſurnm of the unknown angles DAB and DBA, (per prop. 32, Elem.1.) 

r foraſmuch as (by prop. 20. Elem. 3.) CDEB = 2<DAB, and <DEA 
S2 DBA; it follows that C AEB = 2 C DAB-+2< DB A; there- 
fore in & EEB right-angled at F, the FEB ( that is, *<AEB) = <DAB+ <DBA 
is given; and by Suppeſ. FB = ZAB is given, therefore the Semidiameter EB = ED 
= L «bogs be given — 1 ac 

irdly, y arguing as above in the firſt and ſecond ſte GB — is given ; 
alſo GD = = GB rhe Semidiameter of the Ge GBDOE gies. «5 

Fourthly , becauſe EF L AB and FEB ie given as before, therefore <EBA the Com- 
plement of the FEB to a right angle is given; likewiſe the GC the plement of 
<HGB toa right angle is given; and the C CBA is given, for it may be found 
out by the three given AB, AC, BC; therefore © GBE the ſumm of thoſe. 
three angles, EBA, CBA, GBCis given. 

Fifthly, in AGBE, the ſides GB and EB, ( to wit, the Semidiameters of the two 
Circles GBDC and EAD B,) are given ſeverally, as alſo the angle G BE compre- 
hended by thoſe ſides, therefore the angle GE B is given alſo. 

. Sixthly , becauſe the two Triangles EGB and EG D have two ſides G B, EB equal 
to the two ſides GD, E D, viz. GB = GD, afid EB — ED, alſo the Baſe G E com- 
mon to both thoſe Triangles ; the angles comain'd'under equal right lines ſhalt be equal, 
vi. GEB CED C DEB: Bm <GEB ( = : OEB) is giver id the filthy 
ſtep, and ( per prop. 20. Bm. 3.) < DAB is equal to 4 C DEB (=.<CGEB,) 
therefore < DAB is given. Now in AADB there is given < DAB, as alſo < ADB 
and NN therefore the ſides D B and D A, (to wit, two of the Diſtanees ſought,) 
are given alſo. 

Seventhly and laſtly, in A DA C there is given DA, as alſo AC, ind ADC, 
therefore D C (the third Diſtance ſought, ) is given. 


The End of the Fourth and laſt BOOK. x 
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